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1. Introduction

A random vector is called full if its distribution is not supported on a lower dimensional hyperplane.
A random field X = {X(¢)}term with values in R™ is called proper if X (¢) is full for all ¢ # 0. A linear
operator P on R™ is called a projection if P? = P. Any nontrivial projection P # I maps R™ onto a
lower dimensional subspace. We say that a random vector field X is degenerate if there exists a nontrivial
projection P such that X (¢) = X (Pt) for all ¢t € R™. We say that X is stochastically continuous if X (t,) —
X (t) in probability whenever t,, — t. A proper, nondegenerate, and stochastically continuous random vector
field X is called operator self-similar (o.s.s., or (F, H)-o0.s.s.) if

{X (Pt }ierm ~ {T X (t)}serm  for all ¢ > 0. (1.1)
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In (1.1), ~ indicates equality of finite-dimensional distributions, E € M (m,R) and H € M(n,R), where
M (p,R) represents the space of real-valued p x p matrices, and ¢™ = exp(M(logc)) = > r (M logc)* /k!
for a square matrix M. We will assume throughout this paper that the eigenvalues of E' and H have (strictly)
positive real parts. This ensures that ¢t and ¢z tend to zero as ¢ — 0, and tend to infinity in norm as
¢ — oo for any ¢,z # 0, see Theorem 2.2.4 in Meerschaert and Scheffler [23]. Then it follows from stochastic
continuity that X(0) = 0 a.s. At the end of Section 2, we will discuss what happens if some eigenvalues
of H have zero real part.

Operator self-similar random (vector) fields are useful to model long-range dependent, spatial and spatio-
temporal anisotropic data in hydrology, radiology, image processing, painting and texture analysis (see, for
example, Harba et al. [14], Bonami and Estrade [6], Ponson et al. [25], Roux et al. [27]). For a stochastic
process (with m = n = 1), the relation (1.1) is called self-similarity (see, for example, Embrechts and
Maejima [13], Taqqu [29]). Fractional Brownian motion is the canonical example of a univariate self-similar
process, and there are well-established connections between self-similarity and the long-range dependence
property of time series (see Samorodnitsky and Taqqu [28], Doukhan et al. [12], Pipiras and Taqqu [24]).

The theory of operator self-similar stochastic processes (namely, m = 1) was developed by Laha and
Rohatgi [19] and Hudson and Mason [15], see also Chapter 11 in Meerschaert and Scheffler [23]. Operator
fractional Brownian motion was studied by Didier and Pipiras [9,10] (see also Robinson [26], Kechagias and
Pipiras [17,18] on the related subject of multivariate long range dependent time series). For scalar fields (with
n = 1), the analogues of fractional Brownian motion and fractional stable motion were studied in depth by
Biermé et al. [5], with related work and applications found in Benson et al. [2], Bonami and Estrade [6],
Biermé and Lacaux [4], Biermé, Benhamou and Richard [3], Clausel and Vedel [7,8], Meerschaert et al. [22],
and Dogan et al. [11]. Li and Xiao [20] proved important results on operator self-similar random vector
fields, see Theorem 2.2 below. Baek et al. [1] derived integral representations for Gaussian o.s.s. random
fields with stationary increments.

Domain exponents E and range exponents H satisfying (1.1) are not unique in general, due to symmetry.
More specifically, the set of domain or range exponents comprises more than one element if and only if
the respective set of domain or range symmetries contains a vicinity of the identity. This paper describes
the set of possible range exponents H for a given domain exponent F, and conversely, the set of possible
domain exponents F for a given range exponent H. In both cases, the difference between two exponents
lies in the tangent space of the symmetries. The corresponding result for o.s.s. stochastic processes, the case
m = 1, was established by Hudson and Mason [15]. In the characterization of the sets of domain or range
exponents, the key assumption is that of the existence of a range or a domain exponent, respectively. This
allows us to make use of the framework laid out by Hudson and Mason [15], Li and Xiao [20] as well as
that of Meerschaert and Scheffler [23], Chapter 5, the latter being more often used for establishing results
for domain exponents. In addition, we provide a counterexample showing that the existence of one of the
two exponents is a necessary condition for establishing the relation (1.1).

2. Results

This section contains the main results in the paper. All proofs can be found in Section 3.
The domain and range symmetries of X are defined by

Gom .= {A € M(m,R) : X (At) ~ X ()},
G :={Be M(n,R): BX(t) ~ X(¢)}.
For the next proposition, let GL(k,R) be the general linear group on R¥.

Proposition 2.1. Let X = {X (t)}+crm be a proper nondegenerate random field with values in R™ such that
X(0) = 0 a.s. Then, G} is a compact subgroup of GL(n,R), and G$°™ is a compact subgroup of GL(m,R).
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The definition (1.1) is more general than it appears. Given E € M (m, R), a proper nondegenerate random
field X will be called E-range operator self-similar if there exist invertible linear operators B(c) € M (n,R)
such that

{X(cPt)}ierm ~ {B(c)X (t)}rerm for all ¢ > 0. (2.2)

Theorem 2.2. (Li and Xiao [20], Theorem 2.2) For any E-range operator self-similar random vector field X,
there exists a linear operator H € M(n,R) such that (1.1) holds.

Given H € M (n,R), we say that a proper nondegenerate random vector field X is H-domain operator
self-similar if there exists an invertible linear operator A(c) € M(m,R) such that

{X(A()t) rerm ~ {cT X (t)}ierm  for all ¢ > 0. (2.3)

Theorem 2.3. For any H-domain operator self-similar random vector field X, there exists a linear operator
E € M(m,R) such that (1.1) holds.

Remark 2.1. One could also consider a more general scaling relation X (A(c)t) =~ B(c)X (t), but this need
not lead to an o.s.s. field even in the case m = n = 1. For example, let b,cy > 1 be constants such that
o :=logco/logh € (0,1), and let ¢(dy) be a discrete Lévy measure defined by ¢({b*}) = ¢5 ", k € Z. Now
define a probability measure v by means of its characteristic function exp (), where

oo

b(0) = / (€ — Do(dy) = 3 (" — 1)eg*.

R k=—o0

Then, ¥ (b0) = cow0(6), and thus v = by = c(l)/au (here, bv(dx) := v(b~'dz), so that if v is the probability
measure of a random variable Y, then bv is the probability measure of the random variable bY’). Then,
v is a strictly (b, o) semistable distribution with o =logcg/logd. If {X (¢)}ier is a Lévy process such that
X (1) has distribution v, it follows that X (cot) ~ c(lj/aX(t), i.e.,, X is semi-self-similar (see Maejima and
Sato [21]). Taking A(c) = ¢o and B(c) = c(l)/a yields a process with the general scaling, but since the f.d.d.
equality only holds for ¢ = c&, k € N, the process is not 0.s.s.

Given an o.s.s. random field X with domain exponent F, the set of all possible range exponents H in
(1.1) will be denoted by £5*(X). Given a range exponent H, we denote by £4°™(X) the set of all possible
domain exponents. Given a closed group G C GL(m,R), one can define its tangent space

G, —

n

T(G) = {A € M(n,R): A= lim

n—oo

I, for some {G,,} C G and some 0 # d,, — O}. (2.4)

The next two theorems are the main results of this paper.

Theorem 2.4. Given an 0.s.s. random vector field X with domain exponent E, for any range exponent H
we have

EFM(X) =H+T(G™). (2.5)
Moreover, we can always choose an exponent Hy € ER™(X) such that

HyA= AH, for every A € G*". (2.6)
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The nilpotent part of every H € EF™(X) is the same, and it commutes with every element of the sym-
metry group GP". Furthermore, every matriv H € ER™(X) has the same real spectrum (real parts of the
eigenvalues).

Theorem 2.5. Given an 0.s.s. random vector field X with range exponent H, for any domain exponent E
we have

Edom(X) = B+ T(G™). (2.7)
Moreover, we can always choose an exponent Ey € EX™(X) such that
EoB = BE,, for all B € G{*™. (2.8)

The nilpotent part of every E € S;l["m(X) is the same, and it commutes with every element of the symmetry
group G{°™. Purthermore, every matriz E € £3°™(X) has the same real spectrum.

In the next example, and throughout the paper, O(k) denotes the orthogonal group in GL(k,R).

Example 2.1. Let X = {X(t)};crz be an R?-valued operator fractional Brownian field (OFBF), namely,

a zero mean Gaussian, o.s.s., stationary increment random field with covariance function EX (s)X (¢)* =
I'(s,t), s,t € R%. From the Gaussian assumption,

Glom = {A € M(2,R) : T'(As, At) = T'(s, ), s,t € R?},
Gy ={B € M(2,R) : BI(s,1)B* = T'(s,1), s,t € R°}.
In addition, assume that X has a spectral density fx(z) = ||z||771, z € R*\{0}, 2 < v < 4, where | - ||

denotes the FEuclidean norm and I is the identity matrix. This means that its covariance function can be

written as

1
Tl dz, (2.9)

[(s,t)=1 / (e¥5®) — 1) (e B®) 1)

R2

where (-, -) is the Euclidean inner product. By (2.9) and a change of variables, X is (E, H)-o.s.s. with E = I,
H = hlI, where h = (v — 2)/2. Tt is clear that H and E are commuting exponents (see (2.6) and (2.8)).
Since T'(s,t) is a scalar matrix for s,¢ € R?, then the condition

AT (s,t)A* =T'(s,1) (2.10)
for A € GL(2,R) implies that AA* = I, namely, A € O(2). Moreover, any A € O(2) satisfies (2.10). Hence,
G = O(2). Now note that, by a change of variables in (2.9) and the continuity of the spectral density
except at zero, A € G{°™ & || A*z| = ||z||, z € R™\{0}, i.e., A € O(2). As a consequence, G{°™ = O(2).
Therefore, from (2.5) and (2.7),

EPN(X) = h + 50(2), EX™(X) =TI+ so(2),

where so(2) = T(0O(2)) C M(2,R) is the space of 2 x 2 skew-symmetric matrices.
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Corollary 2.6. Given an o.s.s. random vector field X :

(a) If E1, By are two domain exponents for X, then for any Hy € EE*(X) and Hy € EEM(X) we have
E0(X) — Hy = EE™(X) — Hy. (2.11)

(b) If Hy, Hy are two range exponents for X, then for any Ey € Sg‘im(X) and Es € Sdom( ) we have
ERX™(X) — By = EF™(X) — Eo. (2.12)

Hudson and Mason [15] also considered o.s.s. stochastic processes for which the eigenvalues of the range
exponent H can have zero real parts. In this case, the process can be decomposed into two component
processes of lower dimension. One is associated with the eigenvalues of H with null real parts, and the
resulting random field has constant sample paths; the other has a range exponent whose eigenvalues all
have positive real parts, and equals zero at ¢t = 0 a.s. Next we show that the same is true for random fields.
Hence the condition assumed throughout the rest of this paper, that every eigenvalue of H has positive real
part, entails no significant loss of generality.

Theorem 2.7. Let X be a proper, stochastically continuous random vector field that satisfies the scaling
relation (1.1) for some E whose eigenvalues all have positive real part. Then, there exists a direct sum
decomposition R™ = V1 & Va5 into H-invariant subspaces such that, writing X = X1+ X5 and H = H, @ H>
with respect to this decomposition:

(i) X1 has constant sample paths; and
(ii) Xo is (E, Hz)-o0.s.s. with X5(0) =0 a.s.

3. Proofs

Lemmas 3.1-3.9, to be stated and proved next, will be used in the proofs of Proposition 2.1 and The-
orem 2.3. Define the operator norm ||A|| = sup{||Aw|| : ||w|] = 1} for any A € M(m,R). Hereinafter the

symbol X 2y denotes the equality in distribution of two random vectors or variables X and Y.

Lemma 3.1. Let {Ag}ren € GL(m,R) such that || Ax|| — oo. Then, there exists a sequence {wy,} C Sg'~1 :=
{w e R™: ||w| =1} such that A} 'wy, — 0.

Proof. By compactness and continuity, there exists a sequence {v;}ren € Sg'~" such that ||Agvg|| — oo.
Akvk m—1

Now let ety € Sg'~ . Then,

1

Alwyl = ——— 0
|| k || HAkvk” )

k — o0,
which establishes the claim. O
Proof of Proposition 2.1. Since X is proper and nondegenerate, it is easy to check that G{°™ and G%*" are

groups. Hence we need only establish their topological properties. We first look at G}*". To show closedness
(in the relative topology of GL(n,R), cf. Lemma 3.8), let G** 5 A — A € GL(n,R). Then,

(X (t1),..., X(t)) < (ApX(t1),..., A X (t5)) 5 (AX(t1),...,AX(tj)), k— oo,
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ie,, A € GP*". As for boundedness, by contradiction assume that there exists some {A;}reny € G such

that ||Ag|| = oo. Then, X (o) 4 A X (to), to # 0. Since we also have ||Af|| — oo, then by the auxiliary

Lemma 3.1 there is a convergent subsequence {wy,} C S§~*, wyr — wp, such that (Af,) " twy — 0, k' — oo.
Consequently,

wiX (to)  wih X (to) £ wi A X () 5 0.

This contradicts the properness of X (tg).
We now turn to G$°™. To show closedness, take {Aj}reny € G$°™ such that 4, — A € M(m,R).
Consider any j-tuple ¢1,...,t; € R™. Then,

(X(t1), o, X(8)) £ (X (Aptr), - X (Axty)) B (X (A),..., X (At;)),

where convergence follows from stochastic continuity. Then, A € G$°™. Since X is nondegenerate, then
A € GL(m,R). Thus, G{*™ is closed in the latter group.

To show boundedness, by contradiction suppose that there exists { Ay }reny € G$™ such that || Ag|| — oc.
By Lemma 3.1, there is a subsequence {wy} C Sﬁg*l, wgs — wo, such that A;lwk/ — 0. Therefore, since
X(0)=0as.,

P

0=X(0) & X(A  wp) £

X(wpr) 5 X (wo).
This contradicts the properness of X (wp). O

The next lemmas show that an H-domain o.s.s. random vector field X must satisfy a domain scaling
law. For any A > 0 and any C) € GL(m,R) such that

X (O ~ AT X (1), (3.1)
let G denote the class of matrices defined by
Gy = C\Go™ #£ 0. (3.2)
Note that, since X is domain o0.s.s., the set G\ is not empty. Also, note that G{°™ = G;.
Lemma 3.2. A matriz D € GL(m,R) satisfies
X(D71) ~ M X (1) (3.3)
if and only if
D e G,. (3.4)
Proof. Assume (3.3) holds. Then, X (D71Cyt) ~ M X (Cyt) ~ X(C;'Cxt) = X(t) by (3.1). Therefore,
Cy'D € G$o™ whence D € C\G$°™ = G. Conversely, assume (3.4) holds. Then, there exists S € G{o™
such that D = CyS, and so X(D~'t) ~ X (S71C M) ~ X(Cy ') ~ NIX(t). O
Lemma 3.3. For any matriz C' € Gy we can write
Gy = CGdom, (3.5)

Moreover, for any choice of Cx, Dy € GL(m,R) satisfying condition (3.1), Gy = C\G$°™ = D, G{o™.
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Proof. Let C' € G. If D = CS for some S € G{°™, then by Lemma 3.2,
X(D7') ~ X(STI07M) ~ X(C7) ~ A X (1),

Thus, again by Lemma 3.2, D € G,. This shows that CG{*™ C G,.

Conversely, if D € G, then for any C' € G\ we have X (D~ 't) ~ M X (t) ~ X (C~'t), by Lemma 3.2,
which implies that X(C~1Dt) ~ X(D~1Dt) = X(t). Thus, C~!D € G{°™. Therefore, D € CG{°™, proving
G C CGY*™ and establishing (3.5).

Now let Cy, Dy € GL(m,R) be two matrices satisfying (3.1). Lemma 3.2 implies that Cy, Dy € G,.
Thus, (3.5) implies that Gy = CA\G{°™ = D\G{*™. O

Lemma 3.4. For any A\, pu > 0, if GA\N G, # 0, then G = G,,.

Proof. Assume there exists A € GL(m,R) such that A€ GyxNG, = C)\G‘liom N C’MG‘fom for some Cy,C}, €
GL(m,R). Therefore, there exist Sy, S, € G‘fom such that A = C\Sx = C,S,. Thus, C,, = C’)\(SASAT).
Consequently, for all A, € G, there exists Sa, € G$°™ such that

A, = CuSa, = CA(SxS,154,),

where SASlleAu € G‘fom. Then A, € Gy, which shows that G, C G. The same argument can be used for
the converse. O

Lemma 3.5. For matriz classes Gy, G, A\, u >0, as in (3.2), define the product relation
G G, = {A € M(m,R) : A= C\S\C,,S,., for some Sy, S, € G{*™}, A\ u>0. (3.6)

Then, under (3.6), the set

G:=JGx (3.7)

is a group of equivalence classes Go of matrices in GL(m,R).
Proof. Let C' € G and A > 0. Since X is nondegenerate, there exist C and Sc € G{°™ such that
X(t) = X(C7'Ct) = X(Sg'CICt) ~ X (CMCt) =~ N X ().

Thus, C~! € G/, which implies that G;l C Gy/a- By taking o = 1/A, this in turn implies that
Gi/s C G, 1, and therefore Gy C G;l. As a consequence,

Gy =Gy €G. (3.8)
Now take C € Gx,D € G,,. Then
X(D7'C7) = p T X(C7M) = AT X (1) = (uN) X ().

Thus, CD € G, and, consequently, G\G,, C Gy,. By taking r = 1/\, s = Au, we also obtain that
G1/rGrs € G. Expression (3.8) then implies that G 1G,s C Gs. Thus, G,s C G,Gs. Therefore,

GMG)\ = GHA € G. (3.9)

Consequently, G is a group, as claimed. O
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Lemma 3.6. For A # p, Gy NG, = 0.

Proof. We argue by contradiction. By Lemma 3.4, if Gx\NG,, # 0, then G = G,. Without loss of generality,
assume that A < p. By (3.9), for any t > 0, Gy, = GG, = G:G) = Gy, By taking t = 1/p, we obtain
Gy = G1. Thus, for any ¢ > 0, G4/, = Gy. By taking t = A\¥ /%, we obtain a system of equalities leading
to the conclusion that Gx/,» = G1, k € N. Thus,

NF\ H
X(t) = X(It) ~ <ﬁ) X ().
Since every eigenvalue of H has positive real part, a straightforward computation using the Jordan de-
composition of H shows that ¢z — 0 as ¢ — 0 for any x € R™, see Theorem 2.2.4 in Meerschaert and
Scheffler [23]. Tt follows that |(A*/u*)H X (¢ H — 0, k — oo. We arrive at a contradiction because X is
proper. 0O

Lemma 3.7. The mapping ¢ : G — Ry defined by ((C) = X\ when C € Gy is a group homomorphism.

Proof. Lemma 3.6 shows that ¢ is well-defined. Suppose that C' € G, D € G,,. Then Lemma 3.5 shows
that CD € Gy, and ((CD) = ((C)((D). O

Given a topological space Z, the subspace (or relative) topology on a subset U C Z consists of all sets
ONU where O is an open subset of Z. For example, if Z =R and U = [0, c0), then [0,1) is an open subset
of U in this topology. For another example, the set U = {AI : A > 0} is not a closed subset of M (m,R).
However, by considering sequences of matrices in U, it can be seen that the latter is a closed subset of
Z = GL(m,R) in the relative topology, thus implying that Z \ U is an open subset of Z.

Lemma 3.8. The group G in (3.7) is a closed subgroup of GL(m,R) in the relative topology, and ¢ is a
continuous function.

Proof. Suppose that {Dy}ren € G and that Dy, — D in GL(m,R) as k — oo. Then, for all k, Dy, € G,
for some A\ > 0. We first need to show that D € G.

If for some subsequence {Ag/}, Ay — 00 as k' — oo, then )\E,H — 0 by Theorem 2.2.4 in Meerschaert and
Scheffler [23], since every eigenvalue of H has positive real part. Moreover, for ¢ # 0, stochastic continuity
yields X (Dy't) 4 X(D~1t) as k' — oo. Therefore, in view of (3.1) we have X (t) 4 M X (D) 5o,

which contradicts properness. Therefore, {\;} is relatively compact and there is a convergent subsequence

such that Ay — Ao as k' — oo. If Ag = 0, then for any fy # 0 we have X (D 'to) & X(Dj;'te) <

/\gX (to) £ 0, which again contradicts properness. Therefore, Ao > 0 and
-1 P -1 d \H P \H
X(D7t) + X (D t) = Mo X (t) = A\ X ().

Thus, D € G,, and by Lemma 3.5, G is a closed subgroup of GL(m,R) in the relative topology, as stated.
Let us turn back to the original sequence {\; }ren of scalars associated with {Dg}ren. We claim that
there does not exist a convergent subsequence {Ag«} C {Ag} such that Ag= — p # Ag. Otherwise, D €
Gy, NG, = 0 by Lemma 3.6, which is a contradiction. As a consequence, for any subsequence {\y},
by relative compactness there exists a further subsequence {A\r»} C {Ap} such that Ay — Xg. This is
equivalent to saying that ((Dy) = A\, = Ao = {(D) as k — oo, i.e., the mapping ¢ is continuous. 0O

Lemma 3.9. G{°™ is not a neighborhood of I in G.
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Proof. We need to build a sequence of matrices Dy, in G\G$°™ such that D, — I as k — oo. So, let
r, =1+ %, k € N. Since G, # (), we can choose Cy € G,, such that

X(CoMt) ~rfX(t), keN.

Assume by contradiction that {C; '} is not relatively compact in the relative topology of GL(m,R). This
means that HC,;1 H — 00, because by Lemma 3.8, G is a closed subgroup of GL(m,R) in the same topology.
So, by Lemma 3.1, there exists a sequence {ty} C Sg'~* such that Cy/tp — 0 and g — to # 0. By (3.8),
stochastic continuity and the assumption that X (0) =0 a.s.,

0=X(0) <& X(Crrt) £ (rp )X (b)) S X (L), K — oo

This contradicts the properness of X (o).
As a consequence, there is a subsequence {C,;l} such that Clz,l — C~!, where C € G by Lemma 3.8.
Stochastic continuity then yields

xX(t) & rExt) L x(cpt) 5 X(C ).

This implies that C' € G{°™. Define Dj, = C’,;lc. Then, Dy — I and Dy € G, -1. By Lemma 3.6,
kl
Dy ¢ GS°™, k' € N, which concludes the proof. O

Proof of Theorem 2.3. Although our result complements that of Li and Xiao [20], it builds upon domain-
based (as opposed to range-based) concepts, and thus is closer in spirit to Meerschaert and Scheffler [23],
Chapter 5. By Lemma 3.8, G(3 I) is a subgroup of GL(m,R) which is closed in the relative topology of the
latter. Then, the image of T(G) under the exponential map exp(-) (as defined by the matrix exponential)
is a neighborhood of I in G (e.g., see Meerschaert and Scheffler [23], Proposition 2.2.10.d). By Lemma 3.9,
G{°™ is not a neighborhood of I in G; therefore, there exists A € T(G) such that e? ¢ G{°™. Recall the
function ¢ from Lemma 3.7 and define the mapping R > s+ f(s) := log ((e*#). Then, by Lemma 3.7,

F(s+71) =log¢(e"™4) =log ((e**e™) = log ((e**) +log C(e™*) = f(s) + f£(r),

for s,r € R. Therefore, f is a continuous additive homomorphism. Thus, there exists 5 € R such that
f(s) = Bs (e.g., see Hudson and Mason [15], p. 288). Moreover, if 3 = 0, then e!4 = ¢4 € G{°™, which is
a contradiction. Thus, 3 # 0, and we can take E := 8714 to obtain log ((r¥) = logr for r > 0. Therefore,
rf € G, for r > 0. By Lemma 3.2, (1.1) holds. O

Proof of Theorem 2.4. Let

G = {Ax € GL(n,R) : X(\Pt) = A, X(1)}, A >0,
Gran — U Gg\an

A>0

Since X is E-range o.s.s., G # 0, A > 0.
By the proof of Theorem 2.1 in Li and Xiao [20], p. 1190, G™" is a subgroup of GL(n,R) which is closed
in the relative topology. Moreover, by Lemmas 3.3 and 3.5 in Li and Xiao [20],

€:G™ SR, ¢(A) =log(s) if A€ G, (3.10)

is a well-defined, continuous homomorphism.
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Now define the continuous group mapping £ : T(G™") — R by the relation

L(Q) =log(¢(exp(Q))), Q€ T(G™).

In view of (3.10), the mapping £ is well-defined, since exp(Q) € G™" for Q € T(G"™), see for example
Meerschaert and Scheffler [23], Proposition 2.2.10.c. By the same argument as on p. 137 of Meerschaert and
Scheffler [23], the mapping £ is linear; moreover, £ characterizes the tangent space of the symmetry group
GP™ as T(GP™) = {Q € T(G™) : £(Q) = 0}. We would like to show that

EM(X) ={Q e T(G™) : L(Q) = 1}. (3.11)

For any H € £31(X), X (AFt) ~ M X (¢), A > 0. Therefore, \! € G5» C G**", and from the definition (2.4),
H € T(G™"). Consequently, £(eff1082) = ¢(A7) = ), implying that £(H) = log {(A\H) T 1. Now pick
H € T(G™") such that £L(H) = 1. Then, Hs € T(G™"), s € R, whence exp(Hs) € G*™". Since (3.10)
is a continuous homomorphism, the mapping s — &(exp(Hs)) is a continuous additive homomorphism.
Therefore, there is some 8 € R such that log&(ef*) = Bs. Since log&(eff) = 1, then 8 = 1. Therefore,
log &(exp(H log M) = log A, whence AT € G321, X > 0. In other words, H € £5™(X). This proves (3.11).

By the linearity of £, for any H such that L(H) =1, £L(Q) = L(H) + L(Q — H), where £(Q — H) = 0.
This yields

{QeT(@™): L(Q) =1} = H+{Q e T(G™) : L(Q) = 0},

which establishes the relation (2.5).

To prove the existence of a commuting exponent, let A € G**, H € E"(X). A simple computation
shows that AMHA™ = AXNH A1 and since A~1X(¢) ~ X(t), it follows that NMHAT X (t) = ANHX(¢) ~
AX(NFt) ~ X(A\Ft) ~ M X (t). Then,

AHA™! € £57(X). (3.12)
Let

Hy = / AHA'H(dA),

Athian

where H is the Haar measure on the compact group Gi*", so that H(S dA) = H(dA) for any S € G}*". By the
established relation (2.5), E2"(X) is closed and convex. So, from (3.12), we conclude that Hy € EF"(X).
Moreover, it is easy to check (compare Meerschaert and Scheffler [23], p. 138) that AHoA~! = Hy for
A € G, whence (2.6) follows. The last statement is akin to Theorem 5.2.14, Meerschaert and Scheffler [23],
and can be proved in the same way. 0O

Proof of Theorem 2.5. The proof is similar to Meerschaert and Scheffler [23], pp. 137-138. We outline the
main steps, and point out some minor differences.

Recall the definitions of G and G in expressions (3.7) and (3.2), respectively, and the mapping ¢(-) from
Lemma 3.15. As in the proof of Theorem 2.4, define the continuous group mapping L : T(G) — R by the
relation

L(B) = log(¢(exp(=B))), B eT(G).

By the same argument as on p. 137 of Meerschaert and Scheffler [23], the mapping L is linear; moreover,
L characterizes the tangent space of the symmetry group G$°™ in the sense that T(G{*™) = {B € T(G) :
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L(B) = 0}. We need to characterize the set of all exponents in terms of the function L(-), namely, we will
show that

EF™(X)={BeT(G): L(B) =1}. (3.13)

The argument resembles that for establishing (3.11), but we lay it out for the reader’s convenience. For
any B € £8™(X), X(A\Pt) ~ M X (t), A > 0. Therefore, \=F € G C G. Consequently, (e~ 5P18(V)) =
¢(A\™B) = )\, implying that L(B) = log(¢(A~%)) = 1. Now pick B € T(G) such that L(B) = 1.
Then, —Bs € T(G), s € R, whence exp(—Bs) € G,_;nd C(exp(—Bs)) is well defined. As in the proof of
Theorem 2.3, Lemmas 3.7 and 3.8 imply that the mapping s — log(¢(exp(—Bs))) is a continuous additive
homomorphism; therefore, there exists 3 € R such that log(¢(e~5%)) = Bs. Since log(¢(e™ 7)) = 1, then
B = 1. Therefore, log(¢(exp(—Blog())))) = log()\), whence A=5 € G, A > 0. In other words, B € £4°™(X).
This proves (3.13).

By the linearity of L, for any E such that L(E) = 1, L(B) = L(F) + L(B — E), where L(B — E) = 0.
This yields

{(BeT(G): L(B)=1}=E+{B e T(G) : L(B) = 0},

which establishes the relation (2.7).
We now prove the existence of a commuting exponent. Notice that for any A € G{*™, B € £fom(X),
X(MABAT ) ~ X (ABt) ~ A X (1), A > 0, so that

ABA™! € £8om(X). (3.14)
Let

By = / ABAT'H(dA),

AeGfom

where H is the Haar measure on the compact group G{°™. By the relation (2.7), £&°™(X) is closed and
convex. So, from (3.14), we conclude that By € £8°™(X). Moreover, the same argument as in Meerschaert
and Scheffler [23], p. 138, yields AByA™! = By, from which (2.8) follows.

The last statement is akin to Theorem 5.2.14, Meerschaert and Scheffler [23], p. 139, and can be proved
in the same way. O

Proof of Corollary 2.6. Equation (2.11) follows easily from (2.5), and equation (2.12) is a direct result
of (2.7). O

Finally we come to the proof of Theorem 2.7, where we relax the assumption that every eigenvalue
of H has positive real part. For this purpose, in the sequel we will state and prove Proposition 3.10 and
Lemmas 3.11-3.15.

Proposition 3.10. Suppose X is a proper, stochastically continuous random wvector field that satisfies the
scaling relation (1.1). Then:

(i) There is no pair of eigenvalues e and h for E and H, respectively, whose real parts have opposite signs;
(ii) If every eigenvalue of H has positive real part, then every eigenvalue of E has positive real part;
(7ii) If X(0) = 0 a.s., and if every eigenvalue of E has positive real part, then every eigenvalue of H has
positive real part.
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Proof. (i) Without loss of generality, assume by contradiction that there are eigenvalue e and h of E and H,
respectively, such that R(e) > 0 and R(h) < 0; otherwise, we can pick the pair of exponents (—E, —H),
instead. Let {c;}ren be a sequence of positive numbers such that ¢, — oo. Then, ||cf|| — oo, since the
eigenvalue c§ of cF goes to infinity in C. By Lemma 3.1, there is a subsequence {t;s} C Sp'~! such that

c,;/Etk/ — 0. Choose a further subsequence {t;} such that ty» — tg, for some ty € Sﬁ“l. For notational

simplicity, we drop the superscript and write k. By operator self-similarity, ¢ X (c,:Etk) L x (tx). The

Jordan form H = PJgP~! yields

T PX (6 Pte) £ PTX (1)

Let Y (c; Pty) = P71 X (c; Fty) € C". There s a j x j Jordan block Jj, in Jyr associated with the eigenvalue h;
for simplicity, we can assume that J;, occupies the upper left j x j block in Jg. Let m<; be the projection

operator onto the first j entries of a vector in C™. By the continuity in probability of the random field X,
Y (egty) B P=1X(0), k — oo. Since R(h) < 0,

_ d _ _
0 & mejlel Y (e Pti)] £ me [PTIX (8)] 5 ey [P X (1)),

which contradicts the properness of X (tg).

(i) Suppose that e = ib is an eigenvalue of E with zero real part. The Jordan form of the matrix
exponential ¢¥ = Pc’2P~1 P € GL(n,C), reveals that ¢ cannot converge to 0 as ¢ — 0%, since its
eigenvalue c® = ¢ remains bounded from below (and above). Therefore, there exist co,m > 0 and to # 0
such that [|cEFtg|| > m for all 0 < ¢ < ¢p. Since {cFty : 0 < ¢ < co} is relatively compact, there exists
a sequence ¢, — 0 such that ¢ty — ¢1 # 0, and then X(cFty) — X(t1) in distribution, where X (#1) is
full. If every eigenvalue of H has positive real part, then ||cf|| — 0 as ¢ — 0, and hence ¢ X (¢y) — 0 in
probability, which is a contradiction.

(7ii) If every eigenvalue of E has positive real part, then ||c”| — 0 as ¢ — 0, and hence X (cFt) — 0
in probability as ¢ — 0 for any ¢ € R™. Suppose that h = ia is an eigenvalue of H with zero real part,
and hence also an eigenvalue of the transpose H*, the linear operator such that the inner product relation
(Hz,y) = (xz, H*y) holds for all z,y € R™. As in (i7), it follows that there exists a vector zy and a sequence
¢, — 0 such that cf xg — z1 # 0. Then (g, cl X(t)) = (el zo, X(t)) — (21, X (t)) in distribution, and
since X (t) is full, we arrive at a contradiction. O

For the next lemma, recall that O(n) denotes the orthogonal group in GL(n,R).

Lemma 3.11. Let H € M (n,R) be a diagonalizable matriz (over C) whose eigenvalues have zero real parts.
Then, there exists a Gaussian random vector X such that

xLx r>o. (3.15)
Proof. The proof is by construction. By the Jordan decomposition of H over the field R (see Meerchaert

and Scheffler [23], Theorem 2.1.16), there exists a conjugacy P € GL(n,R) such that H = PJy rP~!, where
Jur = diag(Jy,...,Jy). Bach block J;, j =1,...,¢, is either the scalar zero or has the form

_ (0 -
(2 8)
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Therefore, exp{cdiag(J, ..., Jy)} € O(n) for any ¢ € R. In particular, this holds for ¢ = 1. Now let X = PZ,
where Z ~ N(0,I). Then, (3.15) holds, since

0z < 7 for any O € O(n). O (3.16)

Remark 3.1. In Lemma 3.11, the Gaussian distribution is not essential. The argument holds with any random
vector Z displaying a spherical distribution, namely, one that satisfies (3.16). For example, for n = 2, Z can
have density fz(z) = C(1+ ||z||%)~! for a normalizing constant C' > 0 and some 3 > 2, where || - || denotes
the Euclidean norm.

Lemma 3.12. Assume that X is a proper, stochastically continuous, random vector field that satisfies the scal-
ing relation (1.1) for some E whose eigenvalues all have positive real part. Let [ be the minimal polynomial
of H, and write

f= It (3.17)

where the roots of f1 have zero real part, and the roots of fo have positive real part. Write the direct sum
decomposition R™ = V1 &V, where Vi = Ker f1(H), Vo = Ker fo(H). Write X = X1+ X5 and H = Hy ® Ho
with respect to this direct sum decomposition. Then, Xo is a proper (E, Hy)-0.s.s. random field on V.

Proof. Let my : R™ — V5 denote the projection operator defined by mo(v) = ve, where v = v + vq, for some

unique v; € V7 and vy € V5 by the direct sum decomposition. Then Hv = Hv; + Hvs = Hyv + Hov. Hence

H — ¢H2ry This in turn implies that

mo(Hv) = Hve = Hav, which leads to the commutativity relation mac
{2 X (c"t) eerm ~ {mX () }erm.

Therefore, Xo = mo X is a proper, stochastically continuous (E, Hs)-0.s.s. random field on V5. O

The next lemma uses non-Euclidean polar coordinates as in Jurek and Mason [16], Proposition 3.4.3,
see also Meerschaert and Scheffler [23] and Biermé et al. [5]. Suppose the real parts of the eigenvalues of
E € M(m,R) are positive. Then, there exists a norm || - ||o on R™ for which

T : (0,00) x So — R™\{0}, ¥(r,0) :=rF0, (3.18)

is a homeomorphism, where Sy = {x € R™ : ||z||, = 1}. One can then uniquely write the polar coordinates
representation

R™\{0} 3 z = 75(z)Flp(z), (3.19)

where Tp(x) > 0, Ip(z) € Sy are called the radial and directional parts, respectively. One such norm || - ||o
may be calculated explicitly by means of the expression

1
dt
lallo = [ %, 5 (3:20
0
where || - ||« is any norm in R™. The uniqueness of the representation (3.19) yields

m5(cPx) = ctp(x), 1p(cfz) =Ilp(x). (3.21)
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Lemma 3.13. Suppose that every eigenvalue of E has positive real part. Then the following are equivalent:

(i) H € ER™(X) for some E-range operator self-similar random field X ;
(ii) every eigenvalue of H has nonnegative real part, and every eigenvalue with null real part is a simple

root of the minimal polynomial of H.

Proof. The proof is a direct extension of the argument in Hudson and Mason [15], Theorem 3. First we
show that (i) implies (). Since we assume that every eigenvalue of E has positive real part, then by
Proposition 3.10, (i), it follows that every eigenvalue of H has nonnegative real part. Then we just need
to show that every eigenvalue of H having null real part is a simple root of the minimal polynomial of H.
For m = 1, our proof is mathematically equivalent to Theorem 3 in Hudson and Mason [15], although we
substantially simplify the technical phrasing of the argument.

Suppose by contradiction that some eigenvalue h = ib of H is not a simple root of the minimal polynomial
of H= PJyP~!. Then, in the Jordan decomposition of H there is a non-diagonal j x j Jordan block Jg 5,
associated with h. We can assume that Jp j, corresponds to the upper left j x j block. Let {tx}ren € R™
be a sequence such that t; — 0. Consider the polar decomposition t; = 75 (t)Flg(t;). By the compactness
of Sy, we can assume, without loss of generality, that Ig(t;) — lo € Sy as k — oo. By operator self-similarity,

(r5(te) ") X (t1) < X (Ip(ty)). Therefore,

(r5(te) " H)7" P1X (t) £ P X (5 (th)).

Let Y(ty) = P X (t) € C", Y(Ip(ty)) = P X (Ig(tx)) € C", and let m<; be the projection operator on
the first j entries of a vector in C™. Then,

mil(me(te) 7Y (t)] £ 7Y (s ()], (3.22)

where, by continuity in probability, 7<;[Y (I (tx))] R 7<;[Y (lp)] as k — oo. Moreover, by the expression
for the matrix exponential (see, for instance, Didier and Pipiras [9], p. 31, expression (D2)),

1 0 0 0
lOgTE(tk)fl 1 0 0 ilgtki
log? 75 (t) " _ o (tk
reil(ri(t) )Y ()] = | T logme(t) Tt 1 0 |
0gd =1 7 1 0sd =2 7 1 ijfl(tk)
e _reCe) lwl ree) Jogrp(t) !t 1

Looking at the first two entries of (3.22), we arrive at the system

Y1 (tx) d Yi(le(tr)) (3.23)
—log 7r(tk) Yi(tr) + Ya(tr) Ya(lg(tr) ) .

Since the term —log 7 (tx) — o0 as k — oo and Y (Ig(tr)) 5 Y (lp), we have Y7 (¢x) £ 0. In view of the
first entry of the relation (3.23), this contradicts the properness of Y (Ip).

The proof that (i) implies () is by construction. Write the direct sum decomposition R" = V; ¢ V5
as in Lemma 3.12. Write H = H; @& H, with respect to this direct sum decomposition, so that Hi is
semisimple (diagonalizable over C). Since every eigenvalue of H; has zero real part, the closure of the family
{rH1 :r > 0} in the operator topology is a compact group of linear operators on V;.
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Now let X1, X5 be two independent random vectors which are full and take values in V; and V5, respec-
tively. By Lemma 3.11, we can further assume that the distribution of X; is invariant under the group

{rf::r > 0}. (3.24)
Since the eigenvalues of E have positive real parts, we can define the random field X = {X (¢)}+cgrm by
X(t) = X(re®Flp®) =) (X1 + X2), teR™{0}, X(1)=X;.
In particular, X (0) = X; + X5, 6 € Sy, and
X(t) = ()™ Xy + 7602 Xy £ X1 + 1p(t) 2 Xs,  t#£0, (3.25)

where the second equality in law follows from the invariance of the distribution of X; under the group (3.24)
and the independence between X; and Xs. The random field X is proper, satisfies the scaling relation
X(cPt) ~ ¢#X(t), ¢ > 0, and is continuous in probability at every ¢t € R™\{0}. Now take a sequence
{tr}ken C R™\{0}, tx — 0, k € N. Then, by (3.25) at t; and the fact that the eigenvalues of Hs have

positive real parts, X (¢x) LY X1 as k — oo, i.e., X is continuous in law at every t € R™. O

Lemma 3.14. Assume that X is a proper, stochastically continuous random vector field that satisfies the
scaling relation (1.1) for some E whose eigenvalues all have positive real part. Then, every eigenvalue of H
has real part equal to zero if and only if X (0) is full.

Proof. Assume that the distribution of X (0) is full, and suppose by contradiction that some eigenvalue
of H, and thus of H*, has real part different from zero. Then, by Lemma 3.13—(ii), such an eigenvalue has
positive real part. As a consequence, there is v € R™\{0} such that lim. o+ e v = 0. Therefore, for t # 0,
and by the assumption that min R(eig(E)) > 0,

v X(0) & v X (Pt L vt X (1) —» 0°X(t) =0, ¢— 07

This contradicts the properness of X (0).

Conversely, assume every eigenvalue of H has real part equal to zero, and suppose by contradiction that
the distribution of X (0) is not full. Then, there is v # 0 such that v*X(0) = 0. But by Lemma 3.13 the
eigenvalues of H are simple roots of the minimal polynomial of H. Therefore, {c : ¢ > 0} has a compact
closure in GL(n,R), whence one can pick a sequence {c} such that ¢, — 0% and ¢ — A € GL(n,R).

Thus, since every eigenvalue of E has positive real part,
P E d g d

X(0) + X(ct) = ¢;; X(t) = AX(¢).
We arrive at 0 = v* X (0) 4 v*AX (t), which contradicts the properness of X. O
Lemma 3.15. Assume that X is a proper, stochastically continuous random vector field that satisfies the
scaling relation (1.1) for some E whose eigenvalues all have positive real part. If X (0) is full, there is a
version of X with constant sample paths.
Proof. Under the assumptions, by Lemma 3.14, every eigenvalue of H has zero real part. So, by Lemma 3.13,

the eigenvalues of H are simple roots of the minimal polynomial of H. Consequently, H is diagonalizable
over C with all roots having zero real parts. The group {c¥ : ¢ > 0}, where the closure is taken in GL(n,R),
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is then compact. We can pick a sequence {cj }ren, such that ¢, — 07 and ¢ — A for some A € GL(n,R).
Then, for an arbitrary g-tuple ¢1,...,t;, € R™, ¢ € N,
(X(0),...,X(0) & (X(cPty),..., X (cFt,))
d P
= (e X (t), - el X(tg) = (AX (t1), ..., AX(t,)).
4

In particular, A=1X(0)
t € R™. Then,

X(t) 5 X(0), as t — 0. Thus, {X(t)herm ~ {X(0)}rerm. Now let Z(t) = X(0),

Z = {Z(t)}ewm = {X (1) }rean (3.26)

and Z has constant sample paths. Consider Q™ and define the set of functions (sample paths)

D= () {f:R™ = R": f(s) = f(0)}.

SEQ"

Then, P({X(t)} € D) = P({Z(t)} € D) = 1, by (3.26). In particular, for ¢, € Q", P(X(tp) = X(0) =
Z(to)) = 1. For t{, ¢ Q™, consider a sequence {t;} € Q" such that t;, — t. Then, Z(t,) = X(0) = X (tx) —
X (ty) in probability, where the equalities hold a.s. and the limit is a consequence of continuity in probability.
Therefore, Z(t;) = X(t;) a.s., i.e., P(Z(t) = X(t)) =1, t € R™, as claimed. O

Proof of Theorem 2.7. The proof is akin to Theorem 4 in Hudson and Mason [15]. We provide the details
for the reader’s convenience. Recall the decomposition (3.17) of the minimal polynomial of H, where the
roots of fi have zero real parts. Let my be the projection operator onto V5 defined by the direct sum
decomposition. By Lemma 3.12, the restriction {meX (¢)} is (E, H2)-0.s.s. on V;. Since every eigenvalue of
H; has real part zero, it follows from Lemma 3.14 that 71X (0) is full in V;. Hence, by Lemma 3.15, there
is a version {X;(¢)} of {m1 X (¢)} with constant sample paths. Moreover, every eigenvalue of F has positive
real part, and every eigenvalue of Hs has positive real part,

m2X (0) £ T X (cFt) < moctl X (t) A 0, c—0".
This establishes (i) and (4). O
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