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1. Introduction

Tempered stable laws were introduced in physics as a model for turbulent velocity fluctuations (Koponen, 1995; Novikov,
1994). They have also been used in finance (Carr et al., 2002, 2003) and hydrology (Meerschaert et al., 2008) as a model of
transient anomalous diffusion (Baeumer and Meerschaert, 2010). The general class of tempered stable distributions for
random vectors was developed by Rosiriski (2007). In short, the Lévy measure of a stable law is modified in the tail to reduce
the probability of large jumps. Often this is done in such a way that all moments exist, but tempering by a power law of
a higher order is also useful (Sokolov et al., 2004). This paper develops random walk models that converge to a tempered
stable law. Starting with a random walk in the domain of attraction of a stable law, the basic idea is to modify the tails of the
jumps to mimic the tempering function of the limit. A triangular array scheme is essential, since the limit is no longer stable.
The results of this paper are intended to form a useful random walk model for natural processes that are well described by
a tempered stable. The main result of this paper is Theorem 4.3, which shows that the weak limit of the row sum of that
triangular array is a tempered stable distribution. In Theorem 4.8, we show that the random walk process converges to the
Lévy process generated by the tempered stable distribution in the sense of finite-dimensional distributions.

Section 2 gives a brief background of stable distributions and their domains of attraction. In Section 3, we define tempered
stable distributions and the triangular array model. In Section 4, we state and prove the results regarding the convergence
of the random walk to the tempered stable distribution.
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2. Stable limits for random walks

Recall that a random vector X on RY is infinitely divisible if and only if its characteristic function E[e!**X)] = eV where

1
Vo) =ifa ) — 5 (1, Q) +/

) (e = 1= i 010 < DM, (2.1)
x#£0

where a € RY, Q is a nonnegative definite symmetric d x d matrix with entries in R, and M is a o -finite Borel measure
on R? \ {0} such that f#O min{1, ||x||*}M(dx) < oc. The triple [a, Q, M] is called the Lévy representation, and it is unique
(Meerschaert and Scheffler, 2001, Theorem 3.1.11). The measure M is known as the Lévy measure of X.

A R? valued random vector X is said to be stable if and only if for all n > 1, there exist b, > 0 and a, € R? so that

X1+ -+ Xn 2 b,X + a,, where X1, X5, ... are i.i.d. copies of X. Clearly, a stable random vector is infinitely divisible. It
is well known that given a stable random vector, either it is Gaussian, or the Gaussian part is completely absent, i.e., in the
Lévy representation (2.1), Q = 0. In this paper, “stable random vector” will refer to the latter case, i.e., non-Gaussian stable
random vectors. For such a random vector X, P(||X|| > -) varies regularly with index —« for some 0 < o < 2. Sometimes, X
is also referred to as an a-stable random vector. The Lévy representation of the random vector X is [a, 0, My] for some a € R?
where My (dr, ds) = r~*~'dro (ds), and o is a finite non-zero Borel measure on the unit sphere S ' = {x e R? : ||x|| = 1},
see for example (Meerschaert and Scheffler, 2001, Theorem 7.3.16). The measure o is known as the spectral measure of X.
For more details on stable distributions, the reader is referred to Samorodnitsky and Taqqu (1994).

The domain of attraction of an a-stable random vector X consists of R¢ valued random vectors H such that there exist a
sequence of positive numbers (b,) and a sequence (a,) in R? satisfying

b ' (Hy+ -+ Hy) —a, = X (2.2)

asn — oo, where = denotes weak convergence and Hq, H,, . .. are i.i.d. copies of H. A necessary and sufficient condition
for (2.2)is that V(r) = P(||H|| > r) varies regularly with index —«, and

P(iED‘”H”>r):P<“H“>T,|%ED>_) G(D) (23)
IH]] V(r) o (841 '

asr — oo for all Borel subsets D of S~ such that o (dD) = 0, see for example (Meerschaert and Scheffler, 2001, Theorem
7.3.16). Whena > 1, m = E(H) exists, and we can center to zero expectation in (2.2) by setting a, = nb, 'm. Then the limit
X also has zero mean, and its log-characteristic function

V() = / (e“”‘> —1-i, x))M(dx). (2.4)
x#£0

When 0 < @ < 1, no centering is required: Set a, = 0 in (2.2); then X is a centered stable law with log-characteristic
function

v = / (eW> _ 1)M(dx). (2.5)
x#£0

See for example Meerschaert and Scheffler (2001, Theorem 8.2.16).

Suppose that X is a stable random vector. Let {X (t)} denote the Lévy process associated with X, so that X (0) = 0 almost
surely, X (t) has stationary, independent increments, and X (1) = X in distribution. Suppose that (2.2) holds with a, = 0,
let b(c) = brey,and S(c) = jﬂ H; for ¢ > 0.Then, as ¢ — o0, we also have process convergence {b(c)7'S(ct)}t=0 =
{X(t)}t>0 in the sense of finite dimensional distributions (Meerschaert and Scheffler, 2001, Example 11.2.18) as well as
convergence in the Skorokhod space D([0, co), RY) of right continuous functions with left hand limits, in the J; topology
(Meerschaert and Scheffler, 2004, Theorem 4.1). The random vectors X (t) have smooth density functions P(x, t) that solve
a fractional differential equation %P(x, t) = DVIP(x, t) for anomalous diffusion (Meerschaert et al., 1999). The fractional

derivative operator Vy,f(x) is defined, for suitable functions f(x) with Fourier transform f A = f el™Xf (x) dx, as the
inverse Fourier transform of f”S”:] (—i(A, s))“a(ds)f(k), and H > 0 is a positive constant that depends on the choice of

the norming sequence b(c). The random walk S,, provides a physical model for particle jumps, whose ensemble behavior is
approximated by the stable density functions P(x, t). For example, the random walk can be simulated to solve the fractional
diffusion equation, a numerical method known as particle tracking (Zhang et al., 2006). The purpose of this paper is to
develop analogous random walk models for tempered stables.
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3. Tempered random walks

This section develops random walk models that converge to a tempered stable, using a triangular array scheme. As in
Rosinski (2007), we define a d-dimensional proper tempered «-stable random vector to be an infinitely divisible random
vector with Lévy representation [a, 0, M] with

M(dr, ds) = r~*"1q(r, s)dro (ds) (3.1)

forr > 0ands € S !. Here « € (0, 2), o is a finite Borel measure on the unit sphere S~ = {x € R? : ||x|| = 1}, and
q : (0, 00) x S9! is a Borel measurable function such that for all s € S¢°1, q(-, s) is non-increasing, q(0+, s) = « and
q(oo, s) = 0. We also assume that q is continuous in the second variable, i.e., q(r, -) is continuous for all r > 0. In Rosiniski
(2007), the assumption is that g(0+, s) = 1. However, a simple reparametrization yields g(0+, s) = «. Itis also assumed in
Rosiniski (2007) that q(-, s) is completely monotone, but we do not need that assumption in this paper. Note that tempered
stable random vectors are full dimensional, since the Lévy measure is not concentrated on any lower dimensional subspace
(Meerschaert and Scheffler, 2001, Proposition 3.1.20). Let H be a random vector in the domain of attraction of X such that
(without loss of generality) P(H = 0) = 0. We will define a random walk that approximates the tempered stable using a
conditional tempering of the jumps. Define a function 77 : (0, c0) x S~! — R by

w(u,s) =u” /oo r=*1q(r, s)dr. (3.2)

From the fact that the function g is bounded above by «, it is immediate that the integral on the right hand side is finite.
Clearly,

am(u, s)

o0
= au“_lf = lq(r, s)ydr —u~lq(u, s)
au u

= qu*! /OO r q(r,s) — q(u,s)}dr <0, (3.3)

the inequality following from the fact that q(-, s) is non-increasing. Thus 7 (-, s) is also non-increasing. A simple application
of L'Hopital’s rule yields that 7 (04, s) = 1 and 7 (00, s) = 0.
Define a family of probability measures on (0, co) by I7(du, s) = —;—un(u, s)du. Since g is a measurable function, for

every Borel set A C (0, 00), IT1(A, -) is a measurable function from S%~! to R. Hence there exists a random variable T > 0
whose conditional distribution given H is I7 (-, H/||H||).
Now we construct the tempered random walk. For t > 0, define

HE = (IH] A eT) (34)
IHl ' '
Let {(H; : Tj)) : j = 1} be ii.d. copies of (H, T). Suppose v, — o0 is a sequence of positive numbers. Define Y,; =
(IIH; 1l A vaT;) Hj/|IHjl| for n, j > 1, and let
Sp(K) == Yn1 + -+ + Y. (3.5)
The next section shows that, for suitably chosen truncation thresholds v,,, the random walk (3.5) is asymptotically tempered
stable.

4. Limits of tempered random walks

The results in this section show that for suitable truncation thresholds v, and centering, the random walk (3.5) converges
to a tempered stable. The form of the centering is then related to the case with no tempering. We begin with a few technical

results. Recall that for sigma-finite Borel measures p,, uw on I' = RY \ {0}, un 5 i (vague convergence) means that
(D) — (D) for Borel sets D C I' that are bounded away from zero, for which w(oD) = 0.

Lemma 4.1. Suppose that H® is defined by (3.4). Then
P(t"'H' e:) 1
%
P(JIH] > 1) o (ST
on I ast — oo, where M is as in (3.1).

M()

For the proof, we shall need the following result from weak convergence. This result is similar to Theorem 1.3.4 in van
der Vaart and Wellner (1996), which states the corresponding result for probability measures. Although the result is well
known, we include the proof here for completeness, since we could not locate a suitable reference.

Lemma 4.2. Suppose (u,) iS a sequence of measures on some metric space 4§ equipped with the Borel sigma-field,
converging weakly to some finite measure w. Then, for all bounded non-negative upper semicontinuous functions f, we have

limsup,,_, o, [ fdu, < [fdu.



992 A. Chakrabarty, M.M. Meerschaert / Statistics and Probability Letters 81 (2011) 989-997

Proof. Since f is bounded and non-negative, we can assume without loss of generality that 0 < f < 1. For k > 1, denote
=1 Sk (F'[52. 1)). 1tis easy to see that f < fi < f + 1. Thus, for fixed k > 1,

i—1
limsup/fkd,un < - lemsup,un <f 1 |:IT 1))

IA

n—oo n—oo n—oo

e [5h) = [rans s

i=1

lim sup /fdun

IA

by the Portmanteau Theorem (Billingsley, 1968, Theorem 2.1) and the observation that f ! [% 1) is a closed set because
f is upper semicontinuous. Since y is a finite measure, this completes the proof. O

Proof of Lemma 4.1. Note that if q(r, -) is continuous for all r > 0, then the same is true for 7 (u, -) for allu > 0. To see
this, suppose that the former holds. Fixu > 0 and s,, s € S~ ! such that s, — s. By the assumption on q and the dominated

convergence theorem, it follows that lim,_. o [, r=*7'q(r, sp)dr = [~ r=*~'q(r, s)dr.Then (u, s,) — 7 (1, ),s0 7 (u, -)

is continuous for every u > 0. A similar argument shows that 2~ (“ )

For the proof, we shall use the fact that as t — oo,

is continuous for every u > 0.

H v
P(||H| > t)_]P|: t'|H| € dr, — THT ds:| — r~*~dro (ds) (4.1)

o
O'(Sd_l)
which is a restatement of Theorem 8.2.18 in Meerschaert and Scheffler (2001). It suffices to show that for every closed set
A C RY\ {0},

limsupP(t"'H € AP(JH| > t) ! < o (S )" M(A), (4.2)

t—00

and that for every ¢ > 0,

Jim P(t7'H' € BOP(JH|| > t)™' = o (ST M (B), (4.3)
— 00
where B, is the closed ball of radius r centered at origin: B, := {x € R : ||x|| < r}. Fixa closed set A C R \ {0} and note

that

Pt 'H' € A) = / /d / 14((r A u)s) I (du, s)P( t'|H| € dr, — ”H” ds).
S 1

i >0,r, >r1r>0, - — S.
Fix sequences r, and s, so thatr, > 0, 1, r>0,s, €S ands, s.Then

o0 8 v 9n
1-— / liminf 14c (1, A 1)) (—M) du
0 n— oo ou

o0 a s
- 1— / (_M> liminf 14c ((r, A u)s,)du
0 n—oo

Ju

IA

oo
lim sup/ 14((rp A w)sy)II(du, s,)
0

n—oo

< /oo 1,((r A u)s)I1(du, s)
0

by Fatou’s Lemma, continuity of 357 (U, -), and the fact that A° is open. Then (r, s) fo 14((r A w)s)I1(du, s) is upper
semicontinuous. From (4.1), it follows that for all ¢ > 0, the restriction of P(|H|| > t)~'P [t YH| edr,H/|H| e ds] to

B¢ converges weakly to that of ar~*~'dro (ds) /o (S4=1). Thus, by Lemma 4.2 and the fact that A is bounded away from zero,
it follows that

. P(t7'H' € A) o0 > o a1
limsup ———— < 14((r Aw)s)IT (du, s) ————r~%"'dro (ds)
t—co  P(|H| > t) 0o Jsi-1Jo o (s4-1)

= ) r o —a—1
= ‘/0‘ /;(H {/0 1A(us)17(du,5)} a(Sd—l)r dro (ds)
00 0 . o
+ /0 /sd—1 {/r lA(rS)U(du,S)} O'(Sd—l)r ldro (ds) = I + I,

Note that Lemma 4.2 applies since I7(du, s) is a probability measure for each s.
A change of the order of integration yields that

I = ; /oo/ 1,4 (us)u™® <—M) o (ds)du.
o8 Jo  Jsa du
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It is immediate that I, = o' (S4~") ™" [ [e4 1a(rs)am (r, s)r =%~ 'dro (ds). Thus,

) P(t7'H' € A) 1 o0 AT(r,s) ] 4
hﬂgp PUHI = D < 5 GE) /o /541 14(1s) {an(r,s) —-r o }r dro (ds). (4.4)

From (3.3), it follows that o (r, s) — r%n (r,s) = q(r, s). Plugging this in (4.4) yields that

limsup LM €A _ 1 / N / 1L9)q(r, Hrdro (ds) = —)
1 u s o =0
o P(HI >0~ ot Jo Sy A o (51
thus showing (4.2). For (4.3), note that as t — oo,
o0
—1 gt C —1 H
P(t™ ' H €B,) = / / (e, s)P (t |H|| € dr, — € ds)
e Jsd—1 I1HI|
Oo o —a—1
~ P(”H” > t)L ‘/S‘dl ﬂ(S,S)mr dTU(dS)
= P(IHI > ) ——— f e (e, o (ds) = LU =0y pey
o (S Jea o (S4-1) ¢

by (4.1), the fact that 7 (¢, -) is continuous, and the definitionof . O

The following theorem is the main result of this paper. It shows that the tempered random walk (3.5) converges weakly
to a tempered stable, for suitable tempering constants v, and suitable centering vectors aj.

Theorem 4.3. For n > 1let b, := inf {x :P(JH|| > x) < nfl}. If the sequence (v,) satisfies

lim v, by = o (sTHVe, (4.5)
then,
v, 'Sy(n) —a, = p (4.6)

where p is an infinitely divisible probability measure on RY with Lévy representation [0, 0, M1, and (a,) is defined by
ap :=n / xP(v; 'Yy € dx). (4.7)
{lIxll<1}

Proof. Note that nP(||H|| > b,) — 1 (Resnick, 2007, p. 24). Since P(||H|| > -) varies regularly with index —«, (4.5) implies
P(|[H|| > va)/P([[H|l > by) — o (S""). Then
lim nP(J[H|| > vy) = o (S ). (4.8)
n—oo

An appeal to Lemma 4.1 shows that

nP(v; Yo € ) = M(), (4.9)
and then it suffices to check (Meerschaert and Scheffler, 2001, Theorem 3.2.2):

lim lim sup nv;, 2E [| Va1 1([| Yar | < va8) 1> = 0. (4.10)

810 p—soco

For this, note that || Y1 [I*1([|Ya1ll < va8) < [[H1[P1(|H1ll < va8) + v2T{1(vp Ty < w8, [Hall > ved) < |[Hq|*1(||H;]| <
vp0) + vﬁ&zl(llHl | > v,8). Since P(||H|| > -) is regularly varying with index —« and ¢ < 2, by Karamata’s theorem
(Resnick, 2007, Theorem 2.1) it follows that E [[[H|*1([|H|| < vs8)] ~ (vad)*P([H|| > vnd)at/(2 — &) ~ 8> *v2P(||H| >
vp)/(2—a) asn — oo.Using the regular variation of P(||H|| > -) once again, it is immediate that E [vﬁ821(||H|| > vn8)] =

V282P(|H| > vpd) ~ 8*“v2P(||H|| > vy). To complete the proof, use (4.8) to obtain C < oo such that for all § > 0,

lim sup nv, 2E [| Yy 1(| Y || < vad)|1? < €8*7%. O (4.11)

n—oo

The next two results show that the centering constants in (4.6) can be chosen in the same way as for (2.2) when o # 1.
We say that a tempered stable law with index 0 < o < 1 is centered if its log-characteristic function can be written in the
form (2.5) where M is given by (3.1).

Theorem 4.4. If 0 < o < 1and v, satisfies (4.5), then v, 'S, (n) = p1 where p; is centered tempered stable.
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Proof. In view of Theorem 4.3 and (2.1), it suffices to show that, if a, is defined by (4.7), then a, — f{”x”<1} XM (dx). Fix
0 < & < 1and note that
a, = n/ xP(v; 'Yy € dx) + n/ XP(v; 'Yy € dx) = I + I.
{e<lixl<1} {lIxll<e}
Clearly, by (4.9), lim,_ o0 [1 = f{£<”X”<” XM (dx). Thus, it suffices to show
limlimsup ||I;]| = 0. (4.12)
el0 p—oo

Note |||l < nv, "E[IYu 1[I Ym |l < vee)] < nv '[E(IHINIH] < vae)) 4 vagP(HI| > vye)]. Since @ < 1, Karamata
along with regular variation yields E (|[H||[1(|H|| < v&)) ~ v,&'"*P(||H|| > vy)/(1 — o). Then (4.12) follows, using (4.8)
and regular variation. O

Theorem 4.5. Suppose o > 1 and that for some 8 > «,

limsup sup u'Pla —q(u, s)] < oo (4.13)
ul0  sesd-1

where v, satisfies (4.5). Then, v, 1[S.(n) — nE(H)] = p, where p, is an infinitely divisible law with no Gaussian component,
Lévy measure M and mean

m=—«a /oo/ {/r(r — u)sI1(du, s)} r~*~ldro (ds). (4.14)
0 sd=1 LJo

Proof. Let

0 =a /OO/ {/r(r — u)sI1(du, s)} r~*ldro (ds) +/ XM (dx). (4.15)
0 sd-1 0 {lIxl=1}

We start with showing that the integrals on the right hand side of (4.15) are well defined. Let g(r, s) := for (r —u)sII(du,s).
It is easy to see that ||g(r, 5)|| < for(r — w1 (du, s) =: g(r, s). Clearly,

am(u, s) du

; 4.16
o (4.16)

E(r.s) = 1[1 —n(r,s)]+fru
0

and hence, 2g(r,s) = 1 —m(r,s) = r* [Tu ™ 2PulPla — q(u, s)]du = r* frl U 2By Bla — q(u, s)1du + O(r%).
Clearly (4.13) holds with g replaced by 8 A 2. Thus, without loss of generality, we can assume that § < 2. Define
K = sup{u'P[a — q(u,s)] : s € S%', 0 < u < 1}. By hypothesis, K < co. Thus,

1 B 1
r¢ / yro-2hp X T A S Z(lj’ 9 du < Kr¢ / U Py < K'rP T,
r u - r

where K’ = K/(@+1— ) > Osince 8 <2anda > 1.Thus,asr | 0, %g’(r, s) = O(r?~1) uniformly in s, and hence for
some C < 00,

gr<a’f, r<1 sestl (4.17)

It follows that fol Jsa1 &(r, 9)r~*"'dro(ds) < oo. Itis easy to see that g(r,s) < r.Since & > 1, /100 Jsa1 E(r,9)r~e1dr
o(ds) < oo. Thus, the first integral in (4.15) is well defined. Since o > 1, it is easy to check that the second integral is
also well defined. Then it follows, using Theorem 3.1.14 and Remark 3.1.15 in Meerschaert and Scheffler (2001), that any
tempered stable law with index « > 1 has a finite mean.

Next we want to show that

Tim |:v£E(H) _ an] —0. (4.18)

Write nv, 'E(H) — ay = nE [v; ' (Hy — Ya) | 4 nvy 'E [Yar1(|Ym |l = vo)] =11 + L. Fix 1 < N < 00 and write

I = n/ xXP (v Y1 € dx) + n/ P (v Y1 € dx) = Ly + In.
(1=]x] <N) (I =N)

By (4.9), it follows that

n—-oo

lim I, =/ xM (dx). (4.19)
{1=lIx||<N}
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Using Karamata’s Theorem we get ||lz || < nv, 'E [||[ Y1 | 1([| Ya1ll > vaN)] < nv, 'E [||[H1(||H|| > vaN)] ~ N'™*nP(||H|| >

vp)a/( — 1) as n — oo. This, in view of (4.8) show that limy_, o lim sup,_, o, ||I22]| = 0. In conjunction with (4.19), this
shows that
lim I, =/ XM (dx). (4.20)
oo {Ix=1)

It remains to show that

lim I, = afoof {/r(r - u)sH(du,s)} r~%ldro (ds). (4.21)
n—00 0 sd—1 0

To thatend, fix0 < € < 1 < N < oo and note that

E [”5—” (v "IIHI = T) 1 (v, H > T)]

€ H
=n/0 /Sdlg(r,s)P< ||H||edr meds)—i—n/ / (rs)P( ||H||edr meds)

o0 H
+n/ / g(r,s)P ( ||H|| edr,— € ds) = Iy + 112 + Ls.
N Jsd-1 IH|

We shall now show that g is jointly continuous. Clearly, g(r,s) = g(r, s)s. Thus, it suffices to show that g is jointly
continuous. Since g is assumed to be continuous in the second variable, an appeal to the dominated convergence theorem
shows that 7 is jointly continuous. By (3. 3) it follows that . 9 3.7 (U, -) is continuous for every u > 0.In view of (4.16), it suffices

to show that the function (r, s) — fo U= yr(u s)du is Jomtly continuous. For that, fix a sequence r, — r and s, — s. Note

that
9w (u, 9w (u, [ am(u, am (u,
/ uMdu — / uMdu +/ u 7T(u Sn) — jT(u S) du = ]-l —|—]2
0 au 0 au 0 au au

Clearly,asn — o0, J; — for u%n(u, s)du. Let R = sup,,..; 1, and note that,

I

R 00
| 5/ y o (u, Sp) _ am(u, s) d §R/ o (u, Sp) _ am(u, s) d
0 ou ou 0 ou ou
[ 9 (u, o (u,
— R 2/ T sn) AT S | L]
0 ou ou
the second equality following from the identity [a — b| = 2(a v b) — (a + b). Since, |8u7r(u Sp) V n(u s)|
- aa—uyr (u, s), an appeal to the dominated convergence theorem along with the fact that - 3 a7t (U, -) is contmuous shows that
lim,,_, 5 fooo{ (U, sy V s n(u s)} du = —1, which in turn shows that J, — 0 asn — oo. This shows that g is jointly
continuous.
By (4.1), (4.8) and the fact that g is jointly continuous, it follows that lim,,_, o, [ = & ng fsd—l g(r,s)r *"!dro(ds). Note
that
€ H
Il < n / f 2, 9P (v;lnHu cdr, 1 c ds)
sd-1 IHl
8 H
< (Cn r’p ||H||edr,—eds
sd-1 IH I|

—ao_(sd—l)

= Cnvn_ﬁ/
0

asn — oo, using (4.17), Karamata’s Theorem, and (4.8). This shows that lim, ¢ lim sup,_, , [Il11]| = 0. Finally, by similar
calculations and the fact that ||g(r, s)|| < r, it follows that

o0
o
L3l < nv, ! f rP(IH] € dr) — — 1o~(sd*)NH'.
; -

Un

This shows that limy_, o, lim sup,,_, , [|[13]| = 0. Thus, (4.21) follows. By (4.20) and (4.21), (4.18) follows.
From Theorem 4.3 and (4.18) it follows that

n n
v, 'Sp(n) — —E(H) = v, 'Sy(n) —ap +a, — —EH) = p— 60 := p, (4.22)

Un Un
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so that p, has Lévy representation [—6, 0, M]. Using (Meerschaert and Scheffler, 2001, Remark 3.1.15), we can write the
log-characteristic function of a tempered stable law with mean zero in the form (2.4). Then it follows easily that (4.14)
holds. O

Remark 4.6. As noted in Section 2, we can center to zero expectation in (2.2) when « > 1, or dispense with the centering
when o < 1. Theorems 4.4 and 4.5 shows that the same centering can be used for the tempered random walk. If &« < 1, the
limit is centered tempered stable, analogous to a centered stable law. If « > 1, and we center to zero expectation for the
untempered random walk jumps, the limit contains a shift depending on the spectral measure and the tempering function.
The shift comes from the fact that I; = nv, 'E [H — Yy1] — —min (4.21).

Remark 4.7. The special case d = 1 is also important in applications (Meerschaert et al., 2008). Suppose d = 1, and
that H and 7 (-, -) are as before. In this case, the conditional distribution of T given H can be written in a simpler form:
P(T > ulH > 0)=n(u,1)and P(T > u|H < 0) = 7 (u, —1). Let (v,), (a,) and p be as in Theorem 4.3. For n > 1, suppose
that Y1, ..., Yy, are i.i.d. with

d
Yn1 = sgn(H)(|H| A vnT).

Let S, (k) := ZJ’.‘ZI Yy,;. As a restatement of Theorem 4.3, we obtain that
v, 'Su(n) — ay = p.

Ifo < 1,wecanseta, = 0.1fa > 1, we can take a, = nv, 'E(H), provided

. 200 — q(u’ 1) - q(ua _1)
lim sup < 00
ul0 up=1
for some 8 > «.

Let {X(t)} be the Lévy process generated by the tempered stable random vector X with distribution p, so that X(0) = 0
almost surely, {X(t)} has stationary, independent increments, and X (1) = X in distribution. The next result shows that the
tempered random walk (3.5) faithfully approximates the tempered stable process.

Theorem 4.8. Suppose that (4.6) holds as in Theorem 4.3. Then

{vaSn([nt]) — tan}e=0 = {X(O)}=0 (4.23)
as n — oo in the sense of finite dimensional distributions.
Proof. The Lévy representation of the limit p in (4.6) is [0, 0, M]. Use (4.9) to get [nt] P(v, 'Yn1 € -) ~ ntP(vn’lYn] €) BN
tM(-) and (4.10) to get lim o lim sup,,_, o [nt] v, 2E [|Yy1 1([| Va1 || < v28)|I* = 0. Then v, 'S, ([nt]) — a,t = p; follows by

the general convergence criteria for triangular arrays (Meerschaert and Scheffler, 2001, Theorem 3.2.2), where p; has Lévy
representation [0, 0, tM], since

ant — [nt]/ XP(v; Yoy € dx)|| < / x[[P (v, ' Yy1 € dx)
{lIxll <1} {lxll <1}

_ 1/2
< v ?E Yt 11 Ymll < v P} > 0

using (4.11). To prove convergence of finite dimensional distributions, use the fact that increments of the random walk are
independent. O

Remark 4.9. Take the exponential tempering function q(r,s) = e *" for s = =1. Then the random vectors X (t) have
smooth density functions p(x, t) that solve a tempered fractional diffusion equation d;p = anf’;\p +c(1—9q) B;Mp, where
P(H < —r)/P(|H| > r) ~ qasr — oo. The operator on the right hand side is the negative generator of the continuous
convolution semigroup associated with X. Some properties of the tempered fractional diffusion equation are developed in
Baeumer and Meerschaert (2010). Theorem 4.8 shows that the tempered random walk (3.5) provides a useful approximation
to the process {X (t)}.In this case, the distribution of T; is given by P(T; > u) = 7 (u, s) = u“ fuoo r~*~le=*"dr, which involves
the incomplete gamma function. The tempering thresholds v, do not depend on g. For example, if H belongs to the domain
of normal attraction of some stable law, then we can take v, = cn'/? for some ¢ > 0. Any random walk in the domain of
attraction of a stable law can be modified using this tempering, to approximate an exponentially tempered stable.

Remark 4.10. Suppose that the tempering variable is conditionally exponential with P (T,- >t ﬁ = s) = m(t,s) =
e™’s! for some continuous s — As; > 0.Let h(r,s) = r~®~'q(r, s) and use (3.2) to get u=e™" = [* h(r,s) dr. Take
derivatives with respect to u on both sides to obtain —ou=*"'e % — A,u~%e~*¥ = —h(u) and write

q(u, s) = u* h(u) = (o + Asu)e 4. (4.24)
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Using this tempering function for the Lévy measure (3.1) yields a tempered stable law X with a particularly simple tempering
variable T;. If 1 < o < 2, then the form of the Lévy measure shows that X is the sum of two independent exponentially
tempered stable laws, one with index «, and the other with index o — 1.

Remark 4.11. The goal of this paper is to construct random walk models that lead to a tempered stable limit. To conclude this
paper, we provide a practical, heuristic interpretation of those results. A stable process serves to approximate a random walk
with power-law jumps. A tempered stable approximates the same random walk, once the largest jumps are reduced. The
tempering process represents an external force applied independently to each jump, the exact nature of which determines
the tempered stable limit. Any random walk in the domain of attraction of a stable, and subjected to this type of independent
tempering, can be faithfully approximated by a tempered stable. A few concrete examples are provided in Meerschaert et al.
(in press): Precipitation data can be tempered due to atmospheric water content; measurements of hydraulic conductivity
can be tempered by volume averaging; daily stock returns could be tempered by automatic trading limits. See also Aban
et al. (2006) for additional discussion.
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