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Space-time duality for the fractional advection-dispersion

equation
James F. Kelly' °= and Mark M. Meerschaert?

'Department of Statistics and Probability, Michigan State University, East Lansing, Michigan, USA

Abstract The fractional advection-dispersion equation replaces the second spatial derivative in the usual
advection-dispersion equation with a fractional derivative in the spatial variable. It was first applied to tracer
tests in underground aquifers, and later to tracer tests in rivers. An alternative model replaces the first time
derivative with a fractional derivative in time. Previous work has shown that both models provide a reason-
able fit to breakthrough curves in rivers, which has led to a controversy regarding the physically appropriate
fractional model. This paper shows that the relevant space-fractional model is mathematically equivalent to
the corresponding time-fractional model, thus resolving the controversy.

1. Introduction

The fractional advection-dispersion equation (FADE) was introduced to model anomalous superdiffusion
[Benson et al., 2000a]. The FADE modifies the traditional advection-dispersion equation (ADE) by replacing
the second derivative in space with a fractional derivative. The FADE has been successfully applied to tracer
tests in underground aquifers [Benson et al., 2000b, 2001; Zhang et al., 20071 and in rivers [Deng et al., 2004,
2006; Zhang et al., 2005; Kim and Kavvas, 2006]. Point source solutions to the ADE are symmetric in space.
Point source solutions to the FADE with a positive fractional derivative are positively skewed, with a long
leading tail. Point source solutions to the FADE with a negative fractional derivative are negatively skewed,
with a long trailing tail. A stochastic interpretation of the FADE model [Meerschaert and Scheffler, 2004; Meer-
schaert, 2012; Benson et al., 2013] connects the positive fractional derivative in space with long particle
movements in the flow direction, and the negative fractional derivative with upstream movements, against
the flow. Hence, it is natural and physically meaningful to apply a positively skewed FADE, as is typical in
applications to tracer tests in groundwater. Indeed, Zhang et al. [2009] caution that the negatively skewed
FADE may not be physically realistic for applications to hydrology.

However, all known applications of the FADE to river flow hydrology employ a negative fractional derivative,
which Deng et al. [2004] attribute to a “wide spectrum of dead zones” in the velocity field. Thus, it appears
that, while the positive fractional derivative models early arrivals caused by preferential flow paths, the neg-
ative fractional derivative is modeling particle retention. Another modification of the traditional ADE repla-
ces the first derivative in time by a fractional derivative in time. This time-FADE can be derived from a
stochastic model with long resting periods between particle movements [Meerschaert and Scheffler, 2004;
Meerschaert, 2012; Benson et al., 2013]. This statistical physics model led Zhang et al. [2009] to recommend
the time-FADE instead of the FADE with a negative fractional derivative to model tracer tests in rivers.
Baeumer et al. [2009, Remark 4.5] revisit this controversy. They point out that, in the time-FADE, a particle
remains at rest while the plume center of mass moves downstream. That particle is effectively displaced
upstream relative to the center of mass, mimicking the effect of a negative fractional derivative in space.

In this paper, we resolve this controversy, by establishing a space-time duality between the negatively
skewed FADE and the corresponding time-fractional model. First, we note that the point source solution to
the FADE is given by a stable probability density function [Benson et al., 2000a]. Then we apply a space-time
duality result [Baeumer et al., 2009, Corollary 4.1] to show that the solution to the negatively skewed FADE
with no drift, restricted to the positive real axis, also solves a time-FADE with no drift. The proof of Baeumer
et al. [2009, Corollary 4.1] relies on a deep duality result of Zolotarev [1961] for stable densities. Next we offer
a very simple and revealing argument for space-time duality using the dispersion relation, followed by a
new proof of space-time duality on the positive real axis using Fourier-Laplace transforms. Then we extend
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duality to the negative real axis, thereby proving space-time duality on the entire real axis. Finally, we apply
space-time duality to the negatively skewed space-FADE with drift, by adopting a coordinate system that
moves along with the plume center of mass. The resulting space-time duality resolves the controversy out-
lined in Zhang et al. [2009] and [Baeumer et al., 2009, Remark 4.5] by showing that the negatively skewed
space-FADE used to model tracer tests in rivers is just another way of writing a time-fractional model.

2. Simple Space-Time Duality

Here we outline a very simple argument for space-time duality. A more rigorous development will be pre-
sented later in section 4. The original FADE model for concentration C=C(x, t) of a passive tracer is [Benson
et al., 2000a]

M
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where the average plume velocity v [L/T] and fractional dispersivity D [L*/T] are positive constants. The frac-
tional index o € (1,2], and skewness f§ € [—1, 1] are dimensionless. When o = 2, the parameter f is super-
fluous, and equation (1) reduces to the traditional advection-dispersion equation (ADE) [Bear, 1972]. The
positive Riemann-Liouville fractional derivative *C/dx* is the function with Fourier transform (FT) (ik)*C,
where C(k, t)=J"_e ™C(x,t) dx is the usual FT. This definition extends the familiar FT formula for integer
order derivatives. The negative Riemann-Liouville fractional derivative 9*C/d(—x)" has FT (—ik)*C [Meer-
schaert and Sikorskii, 2012]. Applications to groundwater hydrology typically use =1, resulting in a posi-
tively skewed snapshot x—C(x, t) with a long leading tail. Applications to river flows typically use f=—1, so
that the snapshot is negatively skewed, and the breakthrough curve t—C(x, t) has a long trailing tail. In the

following derivations, we assume the negatively skewed FADE with f=—1.

Denote by C, the point source solution to the simplest negatively skewed FADE, taking v=0and D=1, so
that

0Cy  0"Co
= . 2
ot I(—x)" @)
Apply the Fourier transform in both variables,
Colk, cu)=J J e IOt (x, t) dx dt, 3)
to see that
[(i) = (—ik)*]Co=0, )

where k is the wave number and w is the angular frequency. Viewing the FT as a weighted average of non-
vanishing plane waves, the dispersion relation (iw)=(—ik)* follows, which is equivalent to (iw)’=(—ik)
where y=1/a. Substituting back into (4) and inverting the FT leads to the dual equation:

oc__ i
ot ox’

(5)

since 9/0(—x)=—030/0x. In the case o =2, so that y=1/2, this duality was observed by Heaviside in 1871,
see Das [2011, section 3.7] for a modern presentation. The Heaviside solution to the diffusion equation was
the first practical application of the fractional calculus, and the origin of what is now called operational cal-
culus. In short, Heaviside took the square root of the operator on both sides of the diffusion equation, yield-
ing a time-fractional equation of order y=1/2. Similarly, we take the o root where 1 < o < 2, yielding a
time-fractional equation of order y=1/0.

3. The FADE Model

The point source solution to the ADE, (1) with o = 2 and Dirac delta function initial condition C(x,0)=4d(x),
is given by a normal probability density function (PDF):
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1 2
C X, t)= e*(X*vt) /(4Dt)7 (6)
0o 1) VAanDt
for all t > 0. To check this, take FT x—k in (1) to get
Z—f=—v(ik)é+D(ik)2€; C(k,0)=1, 7)

observe that the unique solution to (7) is C(k, t)=exp [—v(ik)t+D(ik)*t], and recognize that C(k, t) is the FT
of (6). The normal PDF (6) has mean x = vt and variance 2Dt, so its standard deviation v/2Dt indicates a
plume spreading proportional to the square root of the time variable.

The solution to the FADE (1) for any 1 < o < 2 can be written in terms of a stable PDF [Benson et al., 2000al.
The stable PDF family includes the normal PDF as a special case. Taking FT in the FADE, (1) with
C(x,0)=0(x), yields

‘;—f =—v(ik)C+Dp(ik)*C+Dq(—ik)*C; C(k,0)=1,

where p=(1+f)/2 and g=(1—/)/2. Then
C(k, t)=exp [—vt(ik)+Dpt(ik)*+Dqt(—ik)"]. (8)
For o # 1, the FT of a stable PDF f(x; «, 3, g, i) can be written in the form [Samorodnitsky and Taqqu, 1994]:
f(k;o, B, o, u)=exp [—iku—c*|k|*(1+if sgn (k) tan (ne/2))], 9)

with stable index o € (0, 2], skewness € [—1, 1], scale ¢ > 0, and center p € (—00, 00). A slightly different
form applies when o« = 1 [Meerschaert and Scheffler, 2001, Theorem 7.3.5]. A little algebra [Meerschaert and
Sikorskii, 2012, equation (5.6)] shows that

p(ik)*+q(—ik)*=cos (ma/2)|k|*(1+if sgn (k) tan (mo/2)), (10)

where f=p—q. Substitute (10) into (8) and compare with (9) to see that the point source solution to the
FADE (1) can be written in the form of a stable PDF:

C(x, t)zf(x; o, f, (Dt|cos (noc/Z)\)”“,vt). (1)

The stable index « € (1,2] controls the tail behavior of the FADE solution (11): C(x,t) ~ Aptx > ! as x — oo
and C(x,t) ~ Aqt|x| "' as x — —oo [Samorodnitsky and Tagqu, 1994, Property 1.2.15]. When f =0, the
snapshot x—C(x, t) is symmetric about its mean x = vt. If f=—1 as in applications to river flow, the snap-
shot has a heavy trailing tail that models particle retention. If f =1 as in applications to groundwater flow,
the snapshot has a heavy leading tail that models early arrivals. When o = 2, the skewness f is superfluous,
and the stable PDF is normal with mean p and variance 242, so the stable PDF solution (11) reduces to the
normal PDF solution (6). Although the FT of the stable PDF with 1 < o < 2 cannot be inverted in closed
form, convenient computer codes are available to plot the stable PDF [Nolan, 1997] and these have been
applied to the FADE [Meerschaert and Sikorskii, 2012, Chapter 5].

For our purposes, it will also be useful to nondimensionalize the FADE (1). Recall that the FT of the point
source solution C(x, t) to the FADE (1) is given by (8). Let Cy(x, t) be the solution to the FADE (1) with v=0
and D = 1, so that Co(k, t)=exp [pt(ik)*+qt(—ik)"], and consider the function Co(x—vt, Dt). Substitute y=x
—vt and simplify to get

J e ™ Cy(x—vt,Dt) dx:J e kI Cy(y, Dt) dy

—00 —00

=exp [—ikvt+pDt(ik)* +qDt(—ik)"].

Compare (8) and use the uniqueness of the FT to see that C(x,t)=Co(x—vt,Dt), where Cy(x, t) solves the
fractional dispersion equation (FDE):

0Co_ (14B\ 9Co  (1-B) o
W_( 2 >8x°‘ +< 2 )6(—x)°“ 12)
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for all x and all t>0. The change of variables yields a new coordinate system that moves along with the
plume center of mass x = vt. Hence, C(x,t)=Co(x—vt, Dt) solves the FADE (1) if and only if Cy(x,t) solves
the FDE (12). A very similar FT argument shows that the FDE solution has a useful scaling property:

Colx, t)=t*Co(t /7, 1), (13)

which means that the plume spreads like t'/* and the peak concentration declines at the same rate.

4, Space-Time Duality

In this section, we develop the space-time duality relation for the FADE, extending the basic idea presented
in section 2. Consider the solution Cy(x,t) to the negatively skewed dimensionless FDE, (2) with point
source initial condition Co(x, 0)=0d(x), and recall that 1T < « < 2. Substitute f/=—1 and v =0 into (11) to see
that

Colx, t)=f(x; o, —1, "% cos (ma/2)[ /7, o). (14)
Now we derive an alternative, equivalent solution for x > 0. Apply the Fourier-Laplace transform (FLT),

Cio(k,s)=J‘ J e e ™ Cy(x, t) dx dt, (15)
0

to both sides of (2), noting that the FT of the Dirac delta function is Co(k,0)=1 for all k, to get
sCo(k,s)—1=(—ik)*Co (k, s). Solve for Cy (k, s) to obtain

— 1
Co(k,s)= . (16)

The inverse FT of (16) can be expressed as [Morse and Feshbach, 1953, (4.8.18)]

T+it eikx
Co(x,8)=— lim J ————dk, (17)

1
21 700 ) _r4ie s—(—ik)
where 7 > 0 is chosen to avoid the branch cut along the negative real axis. Note that the integrand has a
single pole at k*=is'/* and remains analytic for all other points in the upper half plane. Convert the integral
in (17) to a contour integral by attaching a semicircle of radius T in the upper half plane, and apply the
Cauchy residue theorem; details are shown in Appendix A. For x > 0, the integral over the semicircle tends
to zero as T — oo, and we obtain

Co(x,5)=7s" Texp (—xs’) for x >0, (18)

where y=1/0. € [1/2,1). Equation (18) can be inverted using the formula [Meerschaert and Sikorskii, 2012,
(4.42)]:

hy(x,s)=5"exp (—xs"), (19)

for the Laplace transform (LT) of the inverse stable subordinator PDF [Meerschaert and Sikorskii, 2012,
equation (4.47) and Remark 5.6]:

hy(x,t)= f(tx~ /79,1, | cos (m7/2)"/7,0)  for x > 0. (20)

t
VX1+1/31
Comparing (18) with (19) and using the uniqueness of the LT leads to

Co(x, t)=ph (x,t)=tx"""V7f(tx"1/7;9,1, | cos (ny/2)|"7,0)  for all x > 0. @21

Thus, for x>0, we have an alternative solution to the negatively skewed FDE (2) in terms of a positively
skewed stable PDF with index y=1/a.

The two solutions given by equations (14) and (21) are equal for any t >0 and x>0, and this leads to a
remarkable connection between space-fractional and time-fractional dispersion models. Denote by (9/0t)"
g(t) the Caputo fractional derivative of order 0 < 7y < 1, with LT s’g(s)—s"""g(0) [Meerschaert and Sikorskii,
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2012, pp. 38-39]. Recall that 1/(a+ik) is the FT of e”™H(x), where H(x) is the Heaviside function, and take
FT in (19) to see that h (x, t) has FLT:

_ 5?’_1

h(k,s) =2 (22)
for all k and all s > 0. Rewrite in the form s’h . (k,s)—s’~'=—(ik)h (k,s) and then invert to see that h (x, t)
solves the time-fractional dispersion equation:
9 yh (x t)=—£h (x,t);  hy(x,0)=06(x) (23)
8[’ +\Ay 8X +\A ), +\A .

Since Co(x, t) is proportional to hy (x, t) for all x>0 and t > 0, this implies that the point source solution to
the negatively skewed FDE (2) also solves the time-fractional dispersion equation:

y
(%) Go(x,t)=— %Q}(& t) for x>0 and t > 0. (24)

This space-time duality was first established by Baeumer et al. [2009, Corollary 4.1] using a completely differ-
ent argument.

4.1. Random Walk Interpretation

Next we briefly discuss the random walk models behind the two equivalent model equations (2) and (24),
see Benson et al. [2013] for more detail. The time-fractional dispersion equation (24) governs the long-time
limiting particle density of a delayed random walk, where particles move a small distance downstream after
each random waiting time, and the waiting times satisfy P[T > t] = t~7 for t > 0 large. The heavy tailed wait-
ing times T model occasional long particle retention times in the immobile zone. The negatively skewed
FDE (2) governs the long-time limiting particle density of a random walk, where the jump variable X satisfies
P[X < —x] ~ x~* for x> 0 large. This models occasional particle movements upstream relative to the center
of mass. Zhang et al. [2009] argue that time-fractional models like (24) provide a more suitable physical
description of particle movements in a river flow, since the negatively skewed FADE (2) models particles
that jump upstream. On the other hand, Deng et al. [2004] and Hunt [2006] interpret the negative fractional
derivative as a model for retention. The equivalence demonstrated here between the time-fractional model
(24) and the space-fractional model (2) resolves that controversy, by showing that in fact the two models
are equivalent.

4.2, Incorporating the Advection Term

Next we show how the general negatively skewed FADE (1) with f=—1 and a nonzero drift term v # 0
relates to a time-fractional model. Recall that the solution C(x,t) to (1) can be written as:
C(x,t)=Co(x—vt,Dt), where Cy solves (2). Then it follows from (21) that

C(x,t)=Co(x—vt,Dt)=yh, (x—vt,Dt) for x > vt. (25)

Note that h (x,t)=0 for x <0, and take FT x — k to see that [Bingham, 1971]

f)+(k,t)=J e ™h. (x,t) dx=E,(—ikt"), (26)
0
using the Mittag-Leffler function:
00 Zj
E,(2)= —, (27)
/) ,:ZOF(HW)

defined for all complex numbers z [Mainardi and Gorenflo, 2000]. Take LT in the remaining variable t — s in
(26), noting that E,(—zt") has LT s"~' /(z+s”) [Meerschaert and Sikorskii, 2012, equation (2.29)], to arrive back
at (22).
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A change of variable y=x—vt shows that

C(k,1) =J e ™yh, (x—vt, Dt) dx

vt

:yL e Kt (y,Dt) dy

e ME, (—ik(Dt)")

and then evaluating the LT t+— s and using a substitution u = Dt we arrive at
00

C(k,s) =J e 'C(k,t)dt

0

:J e Sye ME (—ik(Dt)") dt
0

:yJ ef(s+ikv)D’1uEV(_iku~,r) D 'du
0

_ y(s+ikv)' ™
Drik+(s+ikv)""

Rearrange to get (s+ikv)’C (k,s)=—ikD'C (k,s)+y(s+ikv)’"" and invert to see that the same C(x, t) that sol-
ves the FADE (1) with f=—1 also solves the coupled space-time-fractional governing equation:

0 a\’ 0 tT7H(t)
—_ + [— =—[) — J,_r\ -
(81‘ v6x> C(x,t)=—D (,)XC(X, t)+ypd(x—vt) -7 for x > vt, (28)
using the LFT formula [Meerschaert et al., 2002]:
2Jrv2 Vf(x t) — (s+ikv)’f (k,s) (29)
ot Ox ' '

and using the LT formula t =7 /T'(1—y) — s~ again to see that

S tT7H(t) Sl 7 o
e Ste M5 (x—vt dxdt=J e St kvt dt=(s+ikv)' ",
.. N0 H, (1) )

forallk > 0ands>0.

— 00

The operator defined in (29) is the fractional material derivative, first studied in Sokolov and Metzler [2003]. A
multidimensional definition of the fractional substantial derivative was independently proposed in Friedrich
et al. [2006] to study the fractional Kramers-Fokker-Planck equation. The standard material (or substantial)
derivative gives the temporal rate of change of a quantity (e.g., concentration) in a moving reference frame
as viewed from a fixed ground frame. Hence, (29) is a nonlocal generalization of the standard material, or
substantial, derivative [Bear, 1972, 4.1.4] that models retention in a moving reference frame.

In conclusion, the point source solution C(x, t) to the negatively skewed space-FADE (1) with f=—1, the
model used in river flows, also solves the space-time-FADE (28) for all x > vt. Hence, the space-fractional
model (1) with f=—1 is completely equivalent to the space-time-fractional model (28) of plume motion in
river flows.

4.3. The Upstream Tail

Next we extend the space-time duality to both sides of the plume, including the portion upstream of the
plume center of mass. Mathematical details are included in Appendix B, to show that for x < 0, the solution
to the negatively skewed dimensionless FADE (2) is given by Co(x, t)=yh_(—x, t) for x <0, where the PDF:

— t =1/y. /)
hf(X,t)—Wf<tX ',y,B,U,O)H(X), (30)

where 8 is given by (B7), and ¢ by (B8). Hence, the solution to (2) on the entire real line is

Co(x,t)=yhy (x, t)H(x)+ph—(—=x, t)H(—x), @31
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0.4 : : where we include the Heaviside terms to
emphasize that only the h; term contrib-
utes when x>0, and only the h_ term
operates on x < 0. Then the general solu-
tion C(x, t)=Co(x—vt, Dt) to the negatively
skewed FADE, (1) with f=—1, can be writ-
ten as

C(x,t)=yhy (x—vt,Dt)H(x—vt)

+yh_ (vt—x, Dt)H(vt—x). 32

To illustrate the two components in (32), Fig-
ure 1 plots an example snapshot x — C(x, t)
of the left-hand side against the two compo-

X
nents on the right-hand side. Figure 2 plots a
Figure 1. Snapshot of (32) with parameters are a=3/2,v=1,t =1, and breakthrough curve (BTC) t— C(x,t). Note
D = 1. Solid line is the stable PDF on the right-hand side. Pluses mark the that the power law tail of the BTC is modeled

first term on the left-hand side, and circles mark the second term. .
by the second term in (32).

Further calculations in Appendix C show
that h—(x, t) is the point source solution to

NEAY ,O"h_(x,t) _ _,0h_(x,t) .
P<&) h—_(x,t)+q a(—t) =Q o h-(x,0)=d(x), (33)

for t>0 and x>0, where p’=(1+")/2, ¢ =(1—p')/2, B’ is given by (B7), and Q' =cos (ny/2)/cos (31y/2).
The first term in (33) uses the Caputo derivative. This equation is more complicated than the corresponding
dual (24) for x > 0, because for x < 0 the skewness varies from —1/3 to + 1, and Q' varies from —1/3 to —1
as o increases from 1 to 2. Using (C3), a calculation similar to (28) shows that

(24,2Y (—9 9 cixn=p2.
p(8t+vax C(x,t)+q otV o C(x,t) DaXC(x,t)-i-r(x,t), (34)

for x < vt, where D=D"Q’ and the boundary term:

t7HE) (=t) "H(=t)
r(x,t)=yp'6(x—vt +9q' d(x—vt) —~L—-~, (35)
(x,1) ( )F(1_V) (x=vt) =)
see Appendix D for details. Note that for t > 0, the boundary term simplifies to
t77H(t)
r(x,t)=yp'(x—vt . (36)
(6 0) =08~V
0.4 T T T T
4.4, Duality for a =2
03t | For the dimensionless ADE, (12) with o = 2,
the duality relationship given by (32) becomes
= 1 1
80_2 L . C(x,t)= 5 [h+ (x, t)H(x)+h_(—x,t)H(—x)],
% (37)
4 L
01r e I where h, (x,t) solves (38) with y=1/2, and
“} ~S88ga h_(—x,t) solves a very similar equation:
______________ |
0 ' ' ! ' 0\’ 0
0 2 4 6 8 10 — ) h—(x,t)=—h_(x,t);
t (ar) D=5 h-000; (5

b’ (x,0)=5(x),

Figure 2. Breakthrough curve for (32) with parameters o=3/2,v=1,x= 2, . , , . ,
and D = 1. Solid line is the stable PDF on the right-hand side. Pluses mark since Q'=—1and f'=1in (33), so that p'=1
the first term on the left-hand side, and circles mark the second term. and q’:O' This classical factorization of the
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diffusion equation was established by Heaviside in 1871, see [Das, 2011, section 3.7] or [Heaviside,
2008].

5. Discussion

Deng et al. [2004] have attributed the skewness and long trailing tails of observed breakthrough curves in
river flows to particle retention. Retention may be modeled via a continuous time random walk (CTRW)
[Metzler and Klafter, 2004; Montroll and Weiss, 1965] where particles can undergo long waiting times
between jumps. The scaling limit of such a CTRW is governed by a time-fractional diffusion equation [Meer-
schaert et al., 2002], providing a sound physical argument in favor of the time-fractional model. However,
space-fractional models for solute transport in rivers have also been derived ab initio using a fractional con-
servation of mass argument [Kim and Kavvas, 2006]. At present, neither time-fractional nor space-fractional
models can be invalidated using either data or physics.

In this paper, we presented a space-time duality result for the negatively skewed FADE, which implies that
the space-fractional models and time-fractional models commonly applied to tracer tests in rivers may be
viewed as two faces of the same coin. That is, under certain conditions, the space-fractional model and
time-fractional model describe the same underlying physics and possess the same class of solutions; the
two models appear to differ since they are clothed with different mathematical operators.

Baeumer et al. [2009] proved a space-time duality result for the negatively skewed FADE with no drift, v=10
and f=—1 in (1). They showed that a point source solution to that FADE, restricted to the positive real line
x> 0, also solves a time-FADE (24) with no drift. This result is not immediately applicable to tracer tests in river
flows, where a nonzero drift is required. Hence, in this paper we extended that result, to establish a space-
time duality for the negatively skewed FADE with drift. First, we offered a simple, intuitive argument for the
original result of Baeumer et al. [2009] based on the dispersion relation (4). Then we provided a new proof of
the result in Baeumer et al. [2009] based on Fourier and Laplace transforms: We considered the point source
solution to the simplest negatively skewed FADE (2) with zero drift. For a point source solution starting at
x =0, we took a Fourier transform in the space variable x and a Laplace transform in the time variable t. Rear-
ranging, we inverted the Laplace transform, and then the Fourier transform, to recover the negatively skewed
FADE with no drift. Inverting in the opposite order, first the Laplace transform and then the Fourier transform,
led to the time-FADE with no drift. Hence, there is an equivalence between the negatively skewed space-
FADE with no drift, and the time-FADE. As in Baeumer et al. [2009], that argument was only valid for x > 0.
Next we extended that argument to the negative real line x <0, and to the case of a nonzero drift, both of
which are required for applications to tracer tests in rivers. The resulting duality relation shows that the nega-
tively skewed FADE used to model tracer tests in rivers is mathematically equivalent to a corresponding time-
fractional model. This equivalence resolves a controversy in the hydrological literature [Berkowitz et al., 2006;
Zhang et al., 2009]. Rather than viewing the space-FADE and time-FADE (or CTRW) as competing models, one
should see them as complementary versions of the same underlying physical process.

6. Conclusion

This paper establishes the mathematical equivalence of certain space-fractional and time-fractional models
in hydrology. Previous research established a link between space-fractional models and long particle move-
ments, as well as a relation between time-fractional models and long resting times between particle move-
ments. Although seemingly incompatible, the results in this paper show that these phenomena are two
sides of the same coin. In essence, a particle (or bolus of solute) experiencing a long resting time in the
immobile zone, while the bulk of the plume flows downstream, is displaced in the upstream direction rela-
tive to the plume center of mass, since the center of mass moves downstream while the particle remains at
rest. Hence, the FADE with negative skewness and the CTRW are completely compatible models, and both
are equally valid representations of the underlying physics.

Appendix A: Complex Contour Integration Details

We transform the integral in (17) into a complex contour integral, by attaching a semicircle Cr of radius T in
the upper half plane, see Figure A1. Then we show that the integral over the semicircle C; approaches zero
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ki Cr

v

as T — oo when x>0: Along Cy, let
k=Texp (i0), where 0<0 <, define
the dispersion symbol (k,s)=s—(—ik)*
and write

el _ | [ exp (iXT exp (i6))
J 7wt

o W(Texp(if),s)

Figure A1. Contour C=Lr+Cy for x > 0.

|exp (ixT(cos O+isin 6))|
= TJ do
o [W(Texp(ib),s)|
" exp (—Txsin ()
< T[O |S Teeix(0— 1[/2
Ky (A1)

Given s>0, for any T > s+1 we have
|s—T%e0=/2)| > |s—T*| > 1 so that the
integrand is bounded above by its
denominator. Since sin0 >20/n for

0 < 0 < 7/2, we have exp (—Txsin0) < exp (—Tx260/x), and then since sin 0=sin (z—0) it follows that the

final term in (A1) is bounded above by

7]

exp (—2Tx0/n) d0 , (A2)

which tends to zero as T — oco. Hence, (A1) can be evaluated by applying the residue theorem to the interi-
or of C. Set y(k, s)=0 and solve for k to see that the integrand has a (simple) pole k*=is'/* for any s > 0. Dif-
ferentiate (k, s) with respect to k and evaluate at the pole to get /(k*,s)=ias' /%, then calculate the

residue [Brown et al., 1996, p. 195] to get

for any s > 0. Substitute y=1/u to arrive at (18).

Appendix B: Duality for x <0

=151/oc—1e—xs‘/7 (A3)

YWk 5 ’

Zolotarev [1986] defines the stable PDF p,(x; n, b, 1) as the function with FT:

p,(k;n, b, u)=exp [—ik,u—b\k|“exp (—in sgn (k) g)] . (B1)

Here o and p are as before in (9), || < afor0 <o <1, |y <2—afor1 <o <2and b>0.Zolotarev [1961]
proved a duality result for the stable PDF, which states that for any o > 1 and any x > 0 we have

pm(x§’7»170)=X7

i (X, 1,0), (82)

where o*=1/0 and *=(n—1)/a+1. A little algebra [Zolotarev, 1986] shows that (B1) is equivalent to (9)

with

p=cot ( 3 )tan (n

) and ¢*=bcos (%) (B3)

Next we convert the duality relation (B2) to the parameterization of (9). Specializing to the case of a nega-

tively skewed FADE with 1 <o <2 and f=—

1, it follows from f=cot (no/2)tan (nn/2) with || < 2—q,

using tan (r—u)=—tanu, that n=2—o. Then n*=(1—0a)/a+1=1/a=y, and this corresponds to a y-stable
PDF with skewness f=cot (ny/2)tan (ny/2)=1. Then we can rewrite the negatively skewed case of (B2) for

x>0 in the equivalent form:

f<x; a,—1,|cos (m/z)\”‘“,o) :x’1’1/7f(x’1/"’,y, +1,]| cos (ny/2)|1/7,0>, (B4)

an equality between an o-stable PDF and a y-stable PDF with y=1/a. The duality relation (21) follows using

the scaling relation (13) along with (11).
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For x < 0, use the definition of the FT and a simple change of variable in (B1) to see that
pa(—X;11,b,0)=py(x; —1,b,0). (B5)
Apply Zolotarev duality, (B2), to see that for any o > 1 and x < 0 we have
Pa(X;1,1,0) =p(—|x|;n,1,0)
=pa(|x[: =1,1,0) : (B6)
(0 1,0)

:‘X

with y=1/a and #'=((—n)—1)/a+1=2—3y. Specializing to the case of a negatively skewed FADE with
1 <o < 2and ff=—1, we see that the right-hand side of (B6) corresponds to a y-stable PDF with skewness:

B =cot < 3 ) tan (ng’) —cot < ;) tan (3?), (B7)

using tan (z—u)=—tanu, and scale,
/ my 3my
= R 207 BS
I cos(2> cos(z), (B8)

using cos (n—u)=cos u. Then we can rewrite the negatively skewed case of (B2) for x < 0 in the equivalent form:
f<x; 2 —1,| cos (m/z)\”“,o) =|x|*1*”>’f(|x|*1/>’,y,ﬂ', 7, o). (B9)

The duality relation (31) for the entire real line follows easily using (21), the scaling relation (13), and the def-
inition (30).

Appendix C: Governing Equation for x < 0
Define g, (t)=f(t,7, f,¢’,0) and G,( j_ 7) dt. Rewrite (30) as
h_(x,t) :octx”_“g),(tx_“)H(x)

—— 9 6,0 "))

dx (C1)

d [t _ -
:—aj_xx g,(tx~*) H(x)dx.

Use equations (9) and (10) to see that

g}v(w):J e*l(l)t ( )dt e = m)
where y(w)=D'[p'(io)"+q (—iw)’], P'=(1+p)/2," =(1—5)/2, B’ is given by (B7), and D'=cos (3ny/2)/
cos (ny/2). A change of variable in the definition of the FT shows that g(x,t)=x""g,(tx"*) has FT
g(x, w)=e™¥(®), and then it follows from (C1) that

- d 1
h(x,0)=—H(x) (i x(@) 2
(6, 0)=—H(x) = (i) e, @
using FT property f_ 7) dt (iw)” 1A(w) [Howell, 2001]. Evaluate the derivative in (C2), and then take FT
in the remaining varlable using H(x)e™ ™ — 1/(ik+a) to get
. (i) (o)
h_(k,w)=-~——+———=. @
(k, @) k(o) (C3)
Rearrange and substitute (w) to get
p (i) h - (k, ) +q (iw) h—(k,w)=—ikQh_(k,w)+p (iw) " +q (—iw) ", (C4)

where Q'=1/D'=cos (ny/2) /cos (3m7/2). Recalling that 9'f/d(*t)" — (*iw)'f(w) and inverting the FT in
both variables yields

KELLY AND MEERSCHAERT

SPACE-TIME DUALITY 3473



@AG U Water Resources Research 10.1002/2016WR019668

Acknowledgments

The authors thank Harish
Sankaranarayanan (Department of
Probability and Statistics, Michigan
State University) and Hans Peter
Scheffler (Fachbereich Mathematik,
Universitat Siegen) for helpful
discussions. We also thank the referees
for many useful comments that helped
clarify the contributions of this paper.
Kelly was partially supported by ARO
MURI grant W911NF-15-1-0562 and
NSF grant EAR-1344280. Meerschaert
was partially supported by ARO MURI
grant W911NF-15-1-0562 and NSF
grants DMS-1462156 and EAR-
1344280. This technical report does
not contain any experimental or
observational data.

O"h_ J"h_ Oh_
/ +g ——=Q' —+p' +q —
o0 9 a0 Q 5 TPt +qo(x)b(~1), (C5)

where the source term b(t)=H(t)t"/T'(1—y), using H(t)t ™7 /T(1—7) — (iw)’~". For t >0, the term b(—t)
vanishes because of the Heaviside term. Combine the b(t) term with the positive Riemann-Liouville deriva-
tive using the relationship [Meerschaert and Sikorskii, 2012, equation (2.33)]:

oN',, . O'f(t)y f(o)?
() 0= "5 Ty (<o

to arrive at (33).

Appendix D: Governing Equation for x < vt

Here we write the upstream governing equation in the original coordinates. The calculation is similar to
(28). Recall that C(x, t)=yh_ (vt —x, Dt) for x < vt and substitute y=vt—x to get

vt
J e ®yh_(vt—x, Dt) dx=ye *h_(—k,Dt),

—00

use (C3) to see that

o _ +kv\ D W (25k)
iot, lkvth_ —k.Dt) dt= Zh_ —k @ =L 2]
JO e Ve ( ) ) D D D \iow+ikv _ik+¢((/)45kv) ’

rearrange and use the definition of /() from Appendix C to get
[p' (iw+ikv) +q (—iw—ikv)']C (k, w)=—ikDC (k, »)+F(k, »),

where D=D"/D’' and 7 (k, w)=yp/(io+ikv)' "' —yq' (—iw—ikv)'~". Use (29) with s=iw to get

(— % —va—ax) }f(x, t)— (—iw—ikv)'f (k, w)

and then (34) follows. Use the FT formula t~7H(t)/T'(1—7y) — (iw)’ "' to see that

00 = . » t*yH(t) o0 > » t_f}: . . vt
e ek §(x —vt —dxdt:J e @t _______ dt=(jw+ikv)’
.. XA * ), =y - leti)

and similarly, use the FT formula (—t) "H(—t)/T'(1—y) — (—iw)""" to get

‘~oc JOO e*iwfe’ikxé(X_Vt)% dxdt»=(_iw_ikv)y—l7

which leads directly to (35).
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