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Abstract

Continuous-time random walks incorporate a random waiting time between random
jumps. They are used in physics to model particle motion. A physically realistic rescaling
uses two different time scales for the mean waiting time and the deviation from the
mean. This paper derives the scaling limits for such processes. These limit processes
are governed by fractional partial differential equations that may be useful in physics. A
transfer theorem for weak convergence of finite-dimensional distributions of stochastic
processes is also obtained.
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1. Introduction

The classical diffusion equation governs a Brownian motion. For particles undergoing
classical diffusion, the location X (r) of a randomly selected particle at time # > 0 possesses a
Gaussian probability distribution that scales according to

X(ct) ~ P Xx@),

where H = % and ~ means identically distributed. The relative concentration C(x, t) for a
cloud of particles undergoing classical diffusion will approximate the probability distribution
of X (). Anomalous diffusion occurs when the concentration profile is non-Gaussian or the
scaling rate H is not equal to % Fractional Brownian motion and (fractional) Lévy motion are
the simplest stochastic models for anomalous diffusion. Governing equations for Lévy motion
employ fractional derivatives in space instead of the usual second derivative. These equations

model superdiffusion, where the scaling rate H is greater than % Fractional derivatives in

time are useful to model subdiffusion, where 0 < H < % Many applications in contaminant

transport seem to require a governing equation with a time derivative greater than 1. However, a
correct mathematical formulation of such models has proven elusive. In this paper, we employ
continuous-time random walks as a stochastic model of anomalous diffusion. A judicious
rescaling leads to a long-time limit process consistent with a time derivative greater than 1. In
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fact, the form of the limit density leads directly to a governing equation with a time derivative
of order y € (1, 2].

Continuous-time random walks generalize a simple random walk by implementing a random
waiting time between jumps. For finite-mean waiting times and finite-variance jumps with mean
zero, the classical rescaling (shrink the time scale by ¢ > 0 and the space scale by ¢!/?) leads
to Brownian motion in the scaling limit as ¢ — oo. Probability densities p(x, ¢) of this limit
process solve the classical diffusion equation

9 92
& _poh
ot ax2

for some D > 0. Infinite-variance jumps in the strict domain of attraction of a stable law lead

to Lévy motion. Probability densities of this limit process solve a fractional diffusion equation
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with o € (0, 2) [9]. Vector jumps in the strict domain of attraction of an operator stable law
lead to operator Lévy motion, whose densities solve a generalized diffusion equation [10].
Infinite-mean waiting times introduce a fractional time derivative of order y € (0, 1) [12].

Self-similar limit processes with X (ct) ~ c X (1) are associated with a rescaling ¢ > 0 in
time and ¢ in space (H = 1/« for a Lévy motion). When H # 1, these processes cannot
contain a constant drift term since this term scales linearly. A physically meaningful stochastic
model for particle diffusion with drift assumes a particle jump size with a nonzero mean. In
order to get convergence to a limit process, we typically use two spatial scales: the mean jump is
rescaled by ¢ > 0 (just like the time scale) and the deviation from the mean is rescaled by ¢!/2,
leading to Brownian motion with drift (see e.g. [14, Exercise 10.8]). The resulting diffusion
equation with drift,
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contains two spatial derivatives, resulting from the two spatial scales. The same limit results
from a simple random walk, or a continuous-time random walk with finite-mean jumps. This
includes the case where the waiting times are positive random variables in the domain of
attraction of a stable law with index y € (1, 2]. But in this case, we can also employ two time
scales, rescaling the mean waiting time by ¢ > 0 and the deviation from the mean by c!/7.
This rescaling leads to a different limit process, whose probability densities p(x, f) govern a
fractional partial differential equation that provides a new model for anomalous diffusion. This
paper develops the limit theory for these continuous-time random walks.

Using two scales may seem unnatural, but it is actually quite physical. Take the simple
random walk where the particle jump variables have nonzero mean. Scaling limits of this
process can be understood in terms of examining the particle diffusion at an ever finer time
scale. As the time scale shrinks by a factor of ¢ > 0, the mean particle displacement shrinks
at the same rate, but the displacement from that mean shrinks at a slower rate, cl/ 2, for finite
variance jumps. Using two spatial scales is necessary to preserve the detail at both scales. The
same applies to our model with two time scales. Using two time scales preserves detail in the
limit process that would otherwise be lost and leads to a richer set of stochastic models for
anomalous diffusion. It is these physical applications that motivate the present study.
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2. Continuous-time random walks

Let J1, J2, ... be nonnegative independent and identically distributed (i.i.d.) random vari-
ables that model the waiting times between jumps of a particle. We set T(0) = 0 and
T(n) = Z?’:l Jj, the time of the nth jump. The particle jumps are given by i.i.d. random vectors
Y,,Ys, ... in RY which are assumed independent of (J;). Let S(0) = 0and S(n) = >, ¥,
the position of the particle after the nth jump. For ¢ > 0, let

Ny =max{n >0:T(n) <t},

the number of jumps up to time ¢, and define

N
S(N) =) Y,
i=1
the position of a particle at time ¢. The stochastic process {S(N;)};>0 is called a continuous-time
random walk (CTRW).
Assume that J; > 0 belongs to the domain of attraction of some stable law with index
y € (1, 2]. Then there exist b, > 0 such that

n
bu(T (n) = np) = by Y (Ji = 1) = D, @

i=1
where u = E Jj is the mean and D is stable with index y. Here, = denotes convergence in
distribution. Since J; > 0, the Lévy measure of D is supported on the positive reals (see e.g.
[8, Corollary 8.2.19]) and, hence, the limit D has characteristic function E(e*P) = ek
for some choice of b, (see e.g. [8, Lemma 7.3.8]). Fort > 0, let T'(¢) = Z]Ui] J; and let
b(t) = b\, where [t] denotes the integer part of . Then b(z) = t=1/7 L(¢) for some slowly
varying function L(¢) (so that L(At)/L(t) — 1ast — oo for any A > 0; see for example [5]).

Then it follows from Example 11.2.18 of [8] and (2.1) that

{b(e)(T (Let]) — pletDhi=0 => {D(D)}iz0, 2.2)

where == denotes convergence in distribution of all finite-dimensional marginal distributions.
The process {D(t)};>0 has stationary independent increments and, since the distribution p of
D = D(1) is stable and D(0) = 0, {D(¢)};>0 is called a stable Lévy process. Moreover,

{D(ct)}=0 = {7 D(t)}i=0

for all ¢ > 0, where = denotes equality of all finite-dimensional marginal distributions. Hence,
by Definition 13.4 of [15], the process {D(¢)};>¢ is self-similar with exponent 1/y. See [15]
for more details of stable Lévy processes and self-similarity.

Assume that (Y;) are i.i.d. R?-valued random variables independent of (J;) and assume that
Y belongs to the strict generalized domain of attraction of some full operator stable law v, where
‘full’ means that v is not supported on any proper hyperplane of R?. We will say that a function
BisinRV(—E) if B(c) is invertible forall ¢ > 0 and B(Ac)B(c)™' — A7 F = exp(—E log 1)
as ¢ — oo forany A > 0, E being a d x d matrix with real entries. By Theorem 8.1.5 of [8],
there exists a B € RV(—E) such that

Bm)S(m)=B(m) Y Y= A asn— oo,

i=1
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where A has distribution v. Then v = tEv for all r > 0, where Tv{dx} = v{T ! dx} is the
probability distribution of T A for any Borel measurable function 7 : RY — R™. Note that,
by Theorem 7.2.1 of [8], the real parts of the eigenvalues of E are greater than or equal to %

Moreover, if we define the stochastic process {S(¢)};>0 by S(t) = ZZ.L;J 1 Yi, it follows from
Example 11.2.18 of [8] that

{B(c)S(ct)}i=0 => {A(1)}i=0 asc — oo, (2.3)

where {A(t)};>0 has stationary independent increments with A(0) = 0 almost surely and
Paopy = V' = tEv forall r > 0, Py denoting the distribution of X. Then {A(f)};>0 is
continuous in law and it follows that

{A(c))=0 = {cEA@M))50 forallc > 0,

so, by Definition 11.1.2 of [8], the stochastic process {A (¢)};>0 is operator self-similar with the
exponent E. We call {A(¢)};>0 an operator Lévy motion. If the exponent E = al is a constant
multiple of the identity, then v is a stable law with index o = 1/a and {A(#)};>0 is a classical
d-dimensional Lévy motion. Inthe special casea = %, the process {A(¢)};>0 is ad-dimensional
Brownian motion.

The following example illustrates the connection between CTRW scaling limits and their
governing equations. Assume thatd = 1, b, = n~1/7 for some y € (0, 1), Y; is symmetric,
and B(n) = n=1/ for some o« € (0, 2]. Consider a rescaled CTRW, where time r > 0 is
replaced by ct, waiting times J; are replaced by ¢~!/? J;, and jumps ¥; are replaced by ¢~ /*¥;.
For large ¢ > 0, the particle location is ¢~/ S(cn) &~ A(n) at time ¢~ /YT (cn) ~ D(n).
Inverting the time process shows that ¢c™¥ N(ct) ~ E(t) = inf{u : D(u) > t}. Composing the
two processes VA (Ney) ~ (c?)~V2S(cY E(1)) ~ A(E(1)) suggests that the CTRW scaling
limit is a Lévy motion A(¢) subordinated to an independent inverse Lévy motion E(¢). This
argument can be made rigorous by proving process convergence in the Skorokhod M topology
and using continuous mapping arguments [11]. The process A(z) represents the limiting case of
particle jumps in a simple random walk and the subordinator E () compensates for the waiting
times.

The symmetric stable random variable A(#) has characteristic function

ﬁ(k, t) — E(eikA(t)) — e—ct\k‘a
for some ¢ > 0, which is evidently the solution to a simple ordinary differential equation

dp(k,t)
dt

= —clk|*p(k, 1) 24

with initial condition p(k, 0) = 1 corresponding to A(0) = 0 almost surely. Since

% plx, 1)
lx|*

has Fourier transform —|k|* p(k, t), (2.4) is equivalent to

ap(x,t) %p(x, 1)
=c
a1 3

)
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so that p(x, t) is the point source solution to this fractional partial differential equation. Since
D(x) = xYD and {E(t) < x} = {D(x) > t}, we have P{E(r) < x} = P{D(x) > t} =
P{x!/YD >t} = P{(D/t)"" < x}forany x > 0. Then a simple conditioning argument shows
that

hx,t) = i/oo p(x, %‘)g,,(té_l/y)éj_l/y_l d&
0

is the density of the CTRW scaling limit A(E(¢)), where g,, is the density of D. Take Fourier—
Laplace transforms [12] to get

y—1

_ oo 0 .

h(k,s) =/ / e h(x, ) dtdy = —————,
—00 Jo sY + clk|¢

sothat (s¥ +c|k|*)h(k, s) = s”~!. Since s? g(s) —s? ! is the Laplace transform of the Caputo

derivative (d/ d¢)? g(¢) [4], [13], inverting yields a space—time fractional partial differential

equation

d yh( " 0%h(x, 1) 2.5)

— xX,t) =c—— .
dr ' alx|*

used by Zaslavsky [18] to model Hamiltonian chaos. Particle jumps with heavy tails P(]Y;| > x)
~ x~*fora € (0,2) introduce a fractional space derivative into the governing equation, whose
order coincides with the power law exponent. Waiting times with heavy tails P(J; > ) = 77
for y € (0, 1) introduce a fractional time derivative. In the next section, we develop governing
equations with fractional time derivatives of order y € (1, 2).

3. Two time scales

Some applications [7] of the fractional diffusion equation (2.5) seem to require a fractional
time derivative of order y € (1, 2], while (2.5) is restricted to ¥ € (0, 1). The CTRW model
provides a simple solution to this problem, along with a physical interpretation of the underlying
stochastic process of particle jumps. Suppose that the waiting times J; > 0 belong to the domain
of attraction of a stable random variable D with index y € (1,2]. Then u = E J; > 0 exists
and (2.1) holds. Using the simple approach outlined in Section 2 does not work in this case
since the sum in (2.1) does not converge without centering. Instead we use two time scales,
replacing the mean waiting time by ¢! and the deviation from the mean by b(c)(J; — ).
The sum

TOMm) =Y (¢ i+ b — )

i=1

cannot represent the time of the nth particle jump since it is possible that 7 (n +1) < T (n).
A simple correction is to let

7\ =max{T“(j): 0 < j <n}

be the time of the nth jump. Then N, t(c) =inf{n > 0: r,§°‘> > t} is the number of particle jumps
by time ¢ at scale c.

In this section we will compute the scaling limit of these stochastic processes. Define D (1) =
D(t) + pt, a Lévy motion with drift, where {D(¢)};>¢ is the stable Lévy process generated
by D = D(1). Note that D(r) — oo almost surely as r — oo by the strong law of large
numbers for Lévy processes (see e.g. Theorem 36.5 of [15, p. 246]). However, since y > 1,
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the process D(t) is not monotone increasing. Define M(t) = sup{D(u) : 0 < u < t}, the
maximum process, and E(¢#) = inf{x > 0 : M(x) > t}, its (left) inverse process. It follows
from Lemma 13.6.3 of [17] that now

{E() <x}={M@) =1} and (N <x}={(c{] = 1}.

Note that £ (1) and N, ,(C) are continuous from the left with right-hand limits. The right-continuous
processes N\ = max{n > 0: 7\ <} and E(t) = inf{x > 0: M(x) > t} are not useful in
this application since we require N(gc) =0 and E(0) = 0 almost surely.

Lemma 3.1. The process {M(t)} at any time t > O has a density with respect to Lebesgue
measure.

Proof. Assume that © = 1, which entails no loss of generality. Theorem 1 of [3] shows that

o0 o0 _
u / / e W dr P{M(s) < T}ds
0 0

{ 1 foo /00 A i& + (—ig) }
= expy — - - - dé dx
21 Ju oo E( —id) x(x — (i& + (—i&)7))

for all A, u > 0. The integrand on the right-hand side has two poles in the upper complex half
plane, at £ = iA and whenever x = i§ + (—i&)Y. For y € (1, 2], let ¢ € (0, 7/y] and define

sin(9) - sin(o) }
- <r < — ,
sin(y6) sin(y o)

Q) = {reie t—a <0 <aand

aregion in the complex plane, where we take sin(c) /sin(yo) = cowheno = 7/y. Lemma3.1
of [2] shows that there exists a unique holomorphic functiong : C\(—oo, —(y —1)y?/0=1] -
Q (7t /y) such that

q()" —q@@) =z,

and that there exists an analytic function m(-) with [;° e *m(t)dt = 1/q(z) for z > 0. A
computation [2] involving complex contour integration shows that

o0 o0 ) _ 1_)\
/ f e M dr P(M(s) < T}ds = 1= 2/atw
0 0 u—+ir—A

and then, since P{E(T) < s} = P{M(s) > T}, we can integrate by parts to get

Y —us—AT - _ 11—t +u/qu)
/0 /0 e PIE(T) < s}dsdT = — 0T L G.1)

Let g, be the y-stable density whose characteristic function is g, (k) = ek

shows that

. Inverting (3.1)

o]

P{E(t) < s} =/

u)d +fxm(s_”) L B (3.2)
u u u. .
(t—s)/s\/¥ 8y 0 ullv 8y ully

Since P{M (s) > t} = P{E(t) < s}, taking the derivative with respect to ¢ shows that M (s) has
a density.
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Remark 3.1. As ¢ — o0, the first integral term in (3.2) dominates the second so that

PEO <)~ [ gdi=PDE) 21 (3.3)
(t—s)/sl/V

in view of the fact (still assuming that . = 1) that D(s) is identically distributed with s'/¥ D +s,
where D = D(1) is the stable random variable with density g,. If D(s) were an increasing
process, the left- and right-hand expressions in (3.3) would be equal. Hence, the second term
in (3.2) compensates for the fact that D(s) is not monotone.

Theorem 3.1. Under the assumptions of Section 2,
{c_th(C)},Zo = {E_(t)}lzo as c — o0.

Proof. Writing T ([ct]) = b(e)(T(Lct))—plet])+c et use(2.2)and ¢! et | —
ut together with Theorem 4.1 of [16] to see that

{TLetD)iz0 = {DD}i=0
in the Skorokhod Jj topology. Using Theorem 13.4.1 of [17], this implies that
{ sup T(C)(I_csj)} = { sup D(s)} in Jy,
0<s<t >0 O=<s<t >0

which is exactly equivalent to

{7 Y=o = {M®)}z0 in 1. (3.4)
Fixany#1,...,t, withO <t < --- < t, and any xy, ..., x;;, > 0. Then, using (3.4),

Pl INY <xifori=1,...,m} =P{N\" <cxifori=1,...,m)
=P(r)  zrfori=1,...m)
— P{M(x;) >tifori=1,...,m}
=P{E(t;) <xjfori=1,...,m)

as ¢ — 00, using (3.4) and Lemma 3.1.

Assume that u = 1, which entails no loss of generality. The equation (3.1) shows that the
density m (s, t) of the hitting time E (#) has Laplace transform

00 poo 1 — -1
i, 3) = f / M (s, 1) ds df = +u/q)
0 0 u+r—»r

Writing (u + A — AV )m(u,A) =1 — A4 u/q(u) and inverting shows that m(s, t) solves a
fractional partial differential equation,

d\” d _d 5 35
(E) m(s, 1) — om(s, 1) = 2om(s, 1) — f(5)o () (3.5

with conditions m (s, 0) = §(s), m(0,t) = m;(s,0) = Oforall s,¢ > 0, the map s > m(s, 1)
is a probability density for all + > 0, and f(s) has Laplace transform u/q(u); see [2] for



462 P. BECKER-KERN ET AL.

more details. The Caputo derivative (d/dt)” for y € (1,2] can be defined by requiring that
(d/dr)? F(r) has Laplace transform AY F(1) — AY "1 F(0) — AY~2F’(0), where F(-) is the
Laplace transform of F(-); see for example [4], [13]. For y € (0, 1), the density m(s, t) of the
hitting time E(¢) for the inverse stable subordinator solves

d\” d 16
(dt) m(s,t) = dSm(s, t). (3.6)
This follows from Equation (5.4) of [11] with L = —d/ds corresponding to the trivial shift
process A(t) = t, noting that the Caputo derivative (d/dz)” F(¢) for y € (0, 1] has Laplace
transform AY F (1) — AY "1 F(0), and that the last term, t7V /T (1 —y),in Equation (5.4) of [11]
is absorbed into the Caputo derivative as the inverse Laplace transform of A¥~!. Using two
time scales allows us to extend (3.6) to the case y € (1, 2] in (3.5).

4. CTRW limit theorem with two time scales

Generalizing the classical CTRW model in Section 2, we now prove a limit theorem for
the rescaled CTRW process {S(N,(C))}tzo with two time scales. The limiting process is a
subordination of the operator stable Lévy process {A(¢)};>0 in (2.3) by the process {E ®}i=>0
introduced in Section 3. We first derive a technical result which is of independent interest. It
generalizes Gnedenko’s transfer theorem to = convergence of stochastic processes. Fix any
m,k > 1. Forany x € R™ and ¢ > 0, let u.(x), v(x) be probability measures on Rk, We say
that

Ue(x) = v(x) asc — o0

uniformly on compact subsets of R™ if
pe@x @) = v(x) asc— oo

whenever x(©) — x as ¢ — oo.

Proposition 4.1. Assume that, for any x € R™ and ¢ > 0, probability measures . (x) and
v(x) on R¥ are given such that p.(x) = v(x) as ¢ — oo uniformly on compact subsets of R™
and that x — v(x) is weakly continuous and x — [.(x) is weakly measurable for any ¢ > 0.
Assume further that p. and p are probability measures on R™ for any ¢ > 0 such that p. = p
as ¢ — oo. Then

/‘,uc(x)d,oc(x):>/v(x)d,o(x) as ¢ — oo.

Proof. For a Borel probability measure ¥ on R¥ and any bounded continuous function

fiRE SR let (Y, f) = [ f(0) dY(p). Let Yo = [ pe(x) doe(x) and ¢ = [ v(x) dp(x).

Then we have to show that

(e, f) = (¥, f) asc— o0 4.1

for all bounded continuous functions f : R¥ — R!. Fix any such function f and let K =
sup,.cgr« | f(x)|. Since p. = p as ¢ — oo, it follows from Prohorov’s theorem that {o.}.~0 is
uniformly tight and, hence, given ¢ > 0, there exists an R > 0 such that p.{||x|| > R} < ¢/4K
for all ¢ > 0 and p{||x| = R} = 0. By assumption, (1.(x©), f) — (v(x), f) as ¢ = 00
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whenever x(© — x. Hence, (i.(x), f) — (v(x), f) uniformly on compact subsets of R
There then exists a ¢y > 0 such that, for all ¢ > ¢ and all x such that || x|| < R,

e (), £) — (w(x), )] < 2

Since {||x|| < R} is a p-continuity set and x — (v(x), f) is a bounded continuous function,
there exists a ¢; > cp such that, for all ¢ > ¢,

&
< —.

4

/” . P ap - / w@), £)dp(x)

xl<R

Then, for ¢ > ¢y,

|(Ye, [) = (W, )l = ‘/(MC(X), f)dpe(x) — /(V(X), frdp(x)

<

/|| Rwe(x)’f)d”(x)‘/ (), £)dp(x)

lxll<R

Jr/l I le"(x)’f)'dpc(x)JF/l [(v(x), f)ldp(x)

x||>R

S/l ” RI(MC(X),f)—(V(x),f>ldpc(X)

+ / (v(x), f) dpc(x)—/ (v(x), f)dp(x) +§
lxlI<R lxlI<R
i . <R} + i + E
< 4:0c{||x|| = it3

IA

€.

Since ¢ > 0 is arbitrary, (4.1) follows and the proof is complete.

_The following result is similar to Theorem 4.2 of [11]. However, since the subordinator
{E (1)} does not exist as a stochastic process in D([0, 00), RY), we use a completely different
method.

Theorem 4.1. Under the assumptions of Section 2,
[B(©)S(N)iz0 = (AE(0)}i=0-

Proof. Fix any t1,...,t, suchthat 0 < #; < --- < t,;. Then, in view of the independence
of (J;) and (Y;),

P(B(c)S(Nfl_")):lsigm) :/P(B(c)S(x;):lgism)dP(Nt(iv):lsiSm)(xl»~--,Xm)
= / P(B(c)S(xi):1<i<m) ch(c_th(l_w:lSiSm)(m, ey Xm)

= f P(B(c)S(cxi):1<i<m) dP(c—th(iC):ISiSm)(xlv cees Xm). (4.2)
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Now let p. be the distribution of (c_lN,(iC) : 1 <i < m) and let p be the distribution of

(E(t;) : 1 < i < m). Then p. and p are probability measures on R™ and it follows from
Theorem 3.1 that p. = p as ¢ — oo. Furthermore, for x = (x1, ..., x;) € Rﬁ, let

e (X) = PB(c)S(ex;):1<i<m)>»
v(x) = Pa(x):1<i<m)-

Then p.(x) and v(x) are probability measures on (Rd )™ and, since {A(t)};>0 as a Lévy process
is stochastically continuous, the mapping x +— v(x) is weakly continuous. Note that the right-
hand side of (4.2) is equal to f Ue(x)dpe(x). If we can show that

uex©@) = v(x) asc— oo 4.3)

whenever x(©) — x € R, then Proposition 4.1 implies that, for the right-hand side of (4.2),
we get

/Mc(x)dpc(x) = /V(x)dp(X)

= / Placy:1<i=m) AP gy <i<my (X1 - -5 Xm)

= PlaEw)1<i<m)

as ¢ — 00.
It remains to show (4.3). Assume that x(© = (xfc), ...,x,ﬁf)) - x = (X1,...,Xm),
where, without loss of generality, 0 < x| < --- < x,,. If i is the characteristic function of

the distribution u of ¥;, then it follows from (2.3) along with Lévy’s continuity theorem that
B(c)al') — $' as ¢ — oo for any r > 0 and, hence, B(c)/il"t°) = (B(c)pledyl+o)
v’ as well, so B(c)S(ct + o(c)) = A(t). Then, for any fixed i € {1,...,m},

B(©)(S(Lex V) = S(Lex, 1)) = Be)(S(Lex( ] — Lex) 1))

i— i

D
= A(x; —xi—1) = A(x;) — A(xi—1)
as ¢ — 00, and, since these random vectors are independent, we also have

(B@)(S(LexV]) = S(lex{P ) 11 < i <m) = (AGi) — A(xio1) 1 1 < i <m)

i—
as ¢ — o0o. Continuous mapping then implies that

©y —
He(X) = Pp st <i<m)

= PA(x):1<i<m) = V(X)
as ¢ — oo, proving (4.3).

Recall from [6, Theorem 4.10.2] that the distribution v’ of A(¢) in (2.3) has a C® density
p(x, 1), sothat dv’(x) = p(x,t)dx, and that m(s, ¢) is the density of the hitting time E ().

Corollary 4.1. The limiting process {A(E (t))}s>0 obtained in Theorem 4.1 has the density

hix,t) = /00 p(x,s)m(s,t)ds. “4.4)
0
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Proof. This is a simple conditioning argument, using the fact that {A(r)} and {E(¢)} are
independent stochastic processes.

Assume that 4 = 1, which entails no loss of generality. The density of the CTRW limit
process A(E(t)) solves a governing equation that provides a model for anomalous diffu-
sion. Since v is infinitely divisible, it defines a strongly continuous semigroup G(t) f(x) =
f f(x — y)'(dy) for f € L'(RY) and ¢ > 0. Theorem 2.2 of [1] shows that the generator L
of this semigroup is a linear operator on L' (R?) defined by setting the Fourier transform of Lf
equal to ¥ (k) f (k), where [el®¥yf(dx) = e’V ® and fk) = [ el®:*) £(x) dx is the Fourier
transform of f(x). Then the density A (x, ¢) of the CTRW limit process in Corollary 4.1 solves
the fractional partial differential equation

d\” d
—<a) h(x,t) + Eh(x, t) =Lh(x,t)+6()g(x), 4.5)
where g(x) has Fourier transform g(k) = —y(k)/q(—v (k)) with g as in the proof of

Lemma 3.1. To see this, take Fourier—Laplace transforms in (4.5) to get
ARk, ) + AT ARk, A — 1 =y, ) + g(k)
and then solve to obtain
1—A1 gk
= =k
Now just check by an argument similar to (3.1) that the function & (x, ) given by (4.4) has this

Fourier—Laplace transform; see [2] for details. Zaslavsky [18] proposed a fractional kinetic
equation

hk, ) =

d\?”
— ) h(x,t) = Lh(x,t
< d t> (x, 1) (x, 1)
for Hamiltonian chaos, where y € (0, 1). The equation (4.5) extends this equation to the case
y € (1,2]. When y = 1, these equations reduce to the classical Cauchy equation

d
3D = Lhtx.n.
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