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Abstract

Periodic ARMA, or PARMA, time series are used to model periodically stationary time series.
In this paper we develop the innovations algorithm for periodically stationary processes. We
then show how the algorithm can be used to obtain parameter estimates for the PARMA
model. These estimates are proven to be weakly consistent for PARMA processes whose
underlying noise sequence has either finite or infinite fourth moment. Since many time series
from the fields of economics and hydrology exhibit heavy tails, the results regarding the

infinite fourth moment case are of particular interest.



1 Introduction

The innovations algorithm yields parameter estimates for nonstationary time series models.
In this paper we show that these estimates are consistent for periodically stationary time
series. A stochastic process X, is called periodically stationary if u, = EX; and ~(h) =
EX; Xy for h =0,£1,4£2,... are all periodic functions of time ¢ with the same period v.
Periodically stationary processes manifest themselves in such fields as economics, hydrology,
and geophysics, where the observed time series are characterized by seasonal variations
in both the mean and covariance structure. An important class of stochastic models for
describing periodically stationary time series are the periodic ARMA models, in which the
model parameters are allowed to vary with the season. Periodic ARMA models are developed
in Jones and Brelsford (1967), Pagano (1978), Troutman (1979), Tjostheim and Paulsen
(1982), Salas, Tabios, and Bartolini (1985), Vecchia and Ballerini (1991), Anderson and
Vecchia (1993), Ula (1993), Adams and Goodwin (1995), and Anderson and Meerschaert
(1997).

This paper provides a parameter estimation technique that considers two types of periodic
time series models, those with finite fourth moment and the models with finite variance
but infinite fourth moment. In the latter case we make the technical assumption that the
innovations have regularly varying probability tails. The estimation procedure used adapts
the well-known innovations algorithm (see for example Brockwell and Davis (1991) p. 172)
to the case of periodically stationary time series. We show that the estimates from the
algorithm are weakly consistent. A more formal treatment of the asymptotic behavior for
the innovations algorithm will be discussed in a forthcoming paper Anderson, Meerschaert,

and Vecchia (1999).



Brockwell and Davis (1988) discuss asymptotics of the innovations algorithm for station-
ary time series, using results of Berk (1974) and Bhansali (1978). Our results reduce to theirs
when the period v = 1 and the process has finite fourth moments. For infinite fourth moment
time series, our results are new even in the stationary case. Davis and Resnick (1986) estab-
lish the consistency of Yule-Walker estimates for a stationary autoregressive process of finite
order with finite variance and infinite fourth moments. We extend their result to periodic
ARMA processes. However, the Durbin—Levinson algorithm to compute the Yule-Walker
estimates does not extend to nonstationary processes, and so these results are primarily of
theoretical interest. Mikosch, Gadrich, Kliippenberg and Adler (1995) investigate parameter
estimation for ARMA models with infinite variance innovations, but they do not consider
the case of finite variance and infinite fourth moment. Time series with infinite fourth mo-
ment and finite variance are common in finance and hydrology, see for example Jansen and
de Vries (1991), Loretan and Phillips (1994), and Anderson and Meerschaert (1998). The
results in this paper provide the first practical method for time series parameter estimation

in this important special case.

2 The Innovations Algorithm for Periodically Correlated Processes

Let {X,} be a time series with finite second moments and define its mean function j; =
E(X;) and its autocovariance function 7, (¢) = cov(Xy, Xii¢). {X;} is said to be periodically
correlated with period v if, for some positive integer v and for all integers k and ¢, (i)
e = peary and (i) %(€) = Yk (€). For a monthly periodic time series it is typical that
v = 12. In this paper, we are especially interested in the periodic ARMA process due to

its importance in modeling periodically correlated processes. The periodic ARMA process,



{X,}, with period v (PARMA,,(p, q)) has representation
p q
Xy — Z Gi(3) Xi—j = €1 — Zet(j)gt—j (1)
j=1 j=1

where X; = Xt — 1 and {&;} is a sequence of random variables with mean zero and standard
deviation o; such that {o; 'e;} is i.i.d. The model parameters ¢;(5), 8;(j), and o; are respec-
tively the periodic autoregressive, periodic moving average, and periodic residual standard
deviation parameters. In this paper we will consider models where Ee} < oo, and also mod-
els in which Fe} = oo. We will say that the i.i.d. sequence {e;} is RV(«a) if P[|g;] > z]
varies regularly with index —« and Ple; > x]/Plle;| > x| — p for some p € [0,1]. In the
case where the noise sequence has infinite fourth moment, we assume that the sequence is
RV(a) with a > 2. This assumption implies that Ele,|’ < 0o if 0 < § < a, in particular
the variance of &; exists. With this technical condition, Anderson and Meerschaert (1997)
show that the sample autocovariance is a consistent estimator of the autocovariance, and
asymptotically stable with tail index «/2. Stable laws and processes are comprehensively
treated in Samorodnitsky and Taqqu (1994).

There are some restrictions that need to be placed on the parameter space of (1). The

first restriction is that the model admits a causal representation
X = Z¢t(j)5t—j (2)
j=0

where 1;(0) = 1 and 372 |[+(j)| < oo for all £. The absolute summability of the ¢-weights
ensures that (2) converges almost surely for all ¢, and in the mean-square to the same limit.
The causality condition places constraints on the autoregressive parameters (see for example
Tiao and Grupe (1980)) but these constraints are not the focus of this paper. It should be

noted that 14(j) = ¥yyr,(7) for all j. Another restriction on the parameter space of (1) is



the invertibility condition,
€t = Zﬂt(j)Xt—j (3)
j=0
where 7;(0) = 1 and >332, |m(j)| < oo for all . The invertibility condition places con-
straints on the moving average parameters in the same way that (2) places constraints on
the autoregressive parameters. Again, m(j) = m,(j) for all j.

Given N years of data with v seasons per year, the innovations algorithm allows us to
forecast future values of X; for ¢ > Nwv in terms of the observed values {Xj, ..., Xn,_1}.
Toward this end, we would like to find the best linear combination of X, ..., Xy,_1 for
predicting X, such that the mean- square distance from Xy, is minimized. For a periodic
time series, the one-step predictors must be calculated for each season 7, i = 0,1...,v — 1.
The remainder of this section develops the innovations algorithm for periodic time series
models. We adapt the development of Brockwell and Davis (1991) to this special case, and

introduce the notation which will be used throughout the rest of the paper.

2.1 Equations for the One-Step Predictors

Let H,,; denote the closed linear subspace sp{X;, ..., Xi1,—1},n > 1, and let {X}Qn}, n >0,

denote the one-step predictors, which are defined by

- (i) 0 ifn=20

We call Py, ,Xi, the projection mapping of X;,, onto the space H, ;. Also, define

~

Un,i :H Xi—l—n - Xz(—li-)n ||2: E(Xz—l—n - Xz(—li-)n)2

There are two representations of Py, ,X;;, pertinent to the goals of this paper. The first

one relates directly to the innovations algorithm and depends on writing H,,; as a span of



orthogonal components, viz.,
Hn,i - S_p{Xz - XZ(Z)a Xi—i-l - Xi(j-)b ceey Xi—i-n—l - Xz'(j-)n—l}> n Z 1a

so that

n

X =300 (X — X)) (5)

j=1

The second representation of Py _.X;., is given by

Xt = O Xipnor oo+ 00, X0 0> 1. (6)

The vector of coefficients, ¢() = (gb(i) ..,®W Y appears in the prediction equations

n,1» n,n
where fy,(f) = (Yitn-1(1), Yin—2(2),...,7(n))" and

Lrni=|Yitn-1-e(f —m) ; 1=0,,v =1L (8)

' £,m=0,....n—1

is the covariance matrix of (X;i,—1, ..., X;)’. The condition sufficient for I',, ; to be invertible
for all n > 1 and each ¢« = 0,1,...,v — 1 is given in the following proposition. Only the
causality condition is required for the proposition to be valid.

Proposition 2.1.1 If 62 > 0 fori = 0,...,v—1, then for a causal PARMA,,(p, q) process
the covariance matrix I',,; in (7) is nonsingular for every n > 1 and each i.

Proof. See Proposition 4.1 of Lund and Basawa(1999) for a proof.

Remark. Proposition 5.1.1 of Brockwell and Davis (1991) does not extend to general
periodically stationary processes. By Proposition 2.1.1, however, if our periodic process is
a PARMA process, then we are guaranteed that the covariance matrix I',; is nonsingular

for every n and each i. To establish this remark consider the periodically stationary process



{X:} of period v = 2 given by

X2t = Z2t7

Xopr1 = (X2t—1+X2t—2)/\/§

where {Z;} is an i.i.d. sequence of standard normal variables. It is easy to show that
Y(0) = 71(0) = 1 and (1) = 0. Also, for n > 1, %(2n) = 0, %(2n + 1) = 7z,
11(2n—1) = 0, and 71 (2n) = 5273. The process {X;} is, by definition, periodically stationary

on/2:*
of period v = 2. Using (8) we let I';, 0 = |Vitn—1-e({—m) be the covariance matrix
£,m=0,...,n—1
of (Xy—1,...,Xp)". Again, it is easy to show that I'sy and I's( are identity matrices, hence
nonsingular. However, I'y is a singular matrix so that Iy, o is singular for n > 4. Thus, the

process is such that 'y is invertible and v;(h)—0 as h—oo but I',, o is singular for n > 4.

Note that this process is not a PARMA, process.

2.2 The Innovations Algorithm

The proposition that follows is the innovations algorithm for periodically stationary processes.
For a proof, see Proposition 5.2.2 in Brockwell and Davis (1991).

Proposition 2.2.1. If {X,} has zero mean and E(X,X,,) = 7,(m — {), where the matrix
Lhi = [Yitn—1—¢(¢ — m)]om=0,..n—1, © = 0,...,v — 1, is nonsingular for each n > 1, then the

one-step predictors X;4,, n > 0, and their mean-square errors v, ;, n > 1, are given by

N 0 iftn=0
Xz'—i—n = @) . (9)
"0 ! (Xi+n—j — Xi—l—n—j) if n Z 1

Jj=1"n,j

and for k=0,1,...,n—1



Ount = (0ri) ™" [esn(n = k) = 32300 100505 (10)
i = Yian(0) = 00 (05— ) %0
We solve (10) recursively in the order vy; 91 1 V14 92 2 92 1, Va2 933 ,93 2, 93 1y Uiy oo
The corollaries which follow in this section require the invertibility condition (3). The first
corollary shows that the innovations algorithm provides consistent estimates of the seasonal
standard deviations, and the proof also provides the rate of convergence.

Corollary 2.2.1. In the innovations algorithm, for each ¢ = 0,1,..., v — 1 we have

U (i—m) — 07 a8 M — 00,

where
k— vlk/v] if k=0,1,..,
(k) =
v+k—vk/v+1] ifk=-1,-2, ..
and [-] is the greatest integer function. Note that (k) denotes the season associated with
time k.

Proof. Let H;1n—1 = 5p{X;, —00 < j <i+n—1}. Then

0im =Bl ) = E(Xipm + D Tigm (1) Xivm—j)* = E(Xigm — Pryr s Xigm)®

=1

where
Z 7Ti+m(j)Xi+m—j = PHi+m71 (€i+m - XZ-I-m) = _PHiﬁ»mlei‘Fm
since €1, LH;1m—1. Thus, we have,

0'2 = E(Xl-i-m - PHi+m71Xi+m)2

+m



IN

IN

<

E(Xi-i-m - PH -Xi+m)2

m,i

Um,i
E<Xi+m +> 7Ti+m(J)Xi+m—j)
7j=1
2
(El-i-m Z 7Tz+m z+m—j>
ji>m
2 . 2
E(€i+m) + E( Z 7T2+m(j)XZ+m—j)
j>m
O + E( Y Tim() Xivm—j D 7Ti+m(k)Xi+m—k)
ji>m k>m
0722+m+ Z (|7Tz'+m(j)||7Tz'+m(k)|E|Xz'+m—in+m—k|)
7,k>m
H—m + Z <|7TZ+m ||7Tz+m )|\/’7z’+m—j(0)%+m—k(0)>
7, k>m
2
2+m ( Z ‘ﬂ-l-l-m ) )
j>m

where M = max{~,;(0) : ¢ =0,1,...,v—1}. Since (¢ —m) +m = i + kv for all m and some

k we write

o

yielding

2
i—m)+m <'Um<z m)é < >+m+M(Z|ﬂ-Z )

>m

2
0% < vmimy < 02+ M( X Il

j>m

where Uy, immy = E(Xppyi — PrXnwti)? and M=35p{X,pti—1, ..., Xnuti—m}, n arbitrary.

2
Hence, as m — 00, vy, (i—m) — 0;.

Corollary 2.2.2 lim | Xiem — Xl(+m Eirm| = 0.

Proof.

E(Xi-‘,-m

- Xz(-zl—)m - €i+m)2 = E(XH-m Xz(—zi-)m)2

10



_2E[5i+m(Xi+m Xﬁi—m)] + E( z+m)
= Upm,i — 20i2+m + airm
Umyi — O,

+m

where the last expression approaches 0 as m — oo by Corollary 2.2.1.
Corollary 2.2.3 Gfﬁ;m» — YPi(k)asm — oo foralli =0,1,...,v—landallk =1,2,...,.
Proof. We know that

A = 0t (Xen Kiom s~ X0
and

wi-i—m( )_ 7,+m kE(Xi-l-mEi-i-m—k)-

By the triangle inequality,

~

o H—m kE<Xi+m(Xi+m—k - Xi(j-)m—k - 5i+m—k)>

()
- em,k H—m kem EUm—k,i

+H ok <Xz‘+m(Xz‘+m—k — Xk - 5i+m—k>>

< '9 z+2m kefn)kvm ki

+|Uz+m k|\/ %-i—m ||Xz+m k— H-)m k Ei-i-M—kH-

As m — o0, the first term on the right-hand side approaches 0 by Corollary 2.2.1 and the

fact that efjjk is bounded in m. Also, as m — oo, the second term on the right-hand side

approaches 0 by Corollary 2.2.2 and the fact that a;fm_m/%JFm(O) is bounded in m. Thus,

m)

|9,(7?k — Yiem(k)| — 0 as m — oo, and consequently, |9£,§Z,; Vi(k)] — 0 as m — oo, k

arbitrary but fixed.

11



Corollary224qf>(Z ™ —>—7Ti(]€) asm —ooforalli=0,1,...,v—land k=1,2,.....

Proof. Define ¢{? ((25(2 Lo Y and 19 = (Mim(1), ..., Tigm(m))'.

m,m

(¢ + 7)) — 0 as m — oo. From Theorem A.1 in the Appendix we have

m 1 ) ) . .
E 2 o = (@ ONT (D (4)
= m] +7T1+m ])) = 27TC(¢m +7rm) m,z(¢m +7Tm)

= —Var<z ;T Titm ]))Xz'+m—j>

1 o (i
= %VEM"(&'_H” - (Xz—i-m - Xz(-i-)m)

= 7Tz'+m(j)Xi+m—j>

j>m
since

m

We show that

Eitm — (Xiym — 2+m Z m] + Titm ]))Xi-l—m—j + Z 7Ti+m(j)Xi+m—j’

7=1 j=m+1

Now,

——Var (Ei—i-m - (Xi—',-m - Xz(-l‘r)m)

IN
(V)

j>m

i [Um,i — O + Var( > 7Ti+m(.j>Xi+m—j>:|

ji>m

= (S o) ¥+ (Z mam)l) M

j>m j>m

Var (8,'_,_7” — (Xigm — Xl(im)) + Var( > Tiem(J XHm_j)]

where the first inequality is a result of the fact that Var(X —Y) < 2Var(X)+2Var(Y) and

the last inequality follows from the proof of Corollary 2.2.1 recalling that M =

i=0,1,...,v—1}. The right hand side of the last inequality approaches 0 as

max{7;(0) :

m approaches

oo since Y |m;(j)| < oo for all i = 0,1,...,v — 1. We have shown, for fixed but arbitrary k,

12



that |<Z>£;)k + Tiym(k)| — 0 as m — oo. Using the notation of Corollary 2.2.1, our corollary

is established.

3 Weak Consistency of Innovation Estimates

Given N years of data Xo, X1, ..., Xyu_1, where v is the number of seasons per year, the

estimated periodic autocovariance at season ¢ and lag ¢ is defined by

N-1
V: (6) = N_l Z (Xju+i - ﬁi)(Xju+i+Z - ,&i—l—Z)
=0

where
N-1

fii=N"Y" Kijvsi
=0
and any terms involving X, are set equal to zero whenever ¢t > Nv — 1. For what follows, it

is simplest to work with the function
N-1
Ai(l) = N1 XjuriXjurive (11)
j=0
where X, = X; — ;. Since 7;(¢) and #;(¢) have the same asymptotic properties, we use (11)
as our estimate of ~;(¢). If we replace the autocovariances in the innovations algorithm with

their corresponding sample autocovariances we obtain the estimator, élif;_k», of Glif;_k». We

prove in this section that the innovations estimates are weakly consistent in the sense that
O — (1), 65T — k), 0,0,...) £ 0

in R where % is used to denote convergence in probability. Results are presented for both
the finite and infinite fourth moment cases. Theorems 3.1 through 3.4 below relate to the
case where we assume the underlying noise sequence has finite fourth moment. Analogously,

theorems 3.5 through 3.8 relate to the infinite fourth moment case where we assume the

13



underlying noise sequence is RV («a) with 2 < a < 4 (see first paragraph of section 2). The
latter set of theorems require regular variation theory for proof and are therefore treated
separately from the first set of theorems. We assume throughout this section that the
associated PARMA process is causal and invertible. With this assumption it can be shown
that the spectral density matrix of the corresponding vector process, (see Anderson and
Meerschaert (1997), pg. 778), is positive definite. We emphasize this fact in the statements
of each of the theorems in this section, since it is essential in their proofs. Replacing the
autocovariances given in (8) with their corresponding sample autocovariances yields the
sample covariance matrix fm for season i = 0,...,v — 1. In theorems 3.1 and 3.2 we make

use of the matrix 2-norm given by

4l = mas, Az (12)

|
where ||z||, = (z'x)2 (see Golub and Van Loan (1989) pg. 56).

Theorem 3.1. Let {X;} be the mean zero PARMA process with period v given by
(1) with E(e}) < oo. Assume that the spectral density matrix, f()), of its equivalent
vector ARMA process (see Anderson and Meerschaert (1997), pg. 778) is such that mzz' <
Zf(N)z < Mz, —m < X <, for some m and M such that 0 < m < M < oo and for all z
in R”. If k is chosen as a function of the sample size N so that k&*/N — 0 as N — oo and
k — oo, then [T} — F,;}Hzi 0.

Proof. The proof of this theorem is patterned after that of Lemma 3 in Berk (1974). Let

14



Pk = ||F1;1||2, Qr,i = ||f‘1;,zl - Fl;zl'HQa and Qy; = ||Thi — ['kill,- Then

ki ||F1§,21' —FE,%HQ

7% (T — Tea) Tl

< ||F1;i||2||rkz_FkZHQHPI;HB (13)
= 0% = Ti + Tl — Trall, T,
< {0Eg) = T, + 0T, fIP = Trall Tz

(Qri + Pr.i) QriDr.i-

Now,

k—1 2
~ 2 R
Q= ks —Tuilly € X [fekeal=m) = sisaa(t = m)]

£,m=0

Multiplying the above equation by N and taking expectations yields
k—1

NE(@) N X Var(Giea(t—m)),

£,m=0
Anderson (1989) shows that N Var(9;x—¢—1(¢ —m)) is bounded above by

‘77 - 3‘< i i |¢i+k—é—1(m1)||¢i+k—m—1(m2)|>2 < oo

m1=0mgo=0

where n = F(e}). Define

¢ =max{ln=3l( 5 5 Wtmlesom)l) 0<0j <v -1}

m1=0 ma2=0

which is independent of N and k so that we can write
NE(Q;) < k°C

which holds for all . Thus, E(Q} ;) < k*C/N — 0 as k — oo since k*/N — 0 as N — oo.
It follows that Q. £ 0 and since Pr.i is bounded for all ¢ and k (see Appendix, Theorem
A1), we also have py Q. £0. From (13) we can write
2 )
Qr,i < PhaQii
1 — priQri

15



if 1 — mek,i > 0, i.e., if mek,i < 1. NOW,

Plqri > ¢€) = Plqri > €|pr,iQri < 1)P(priQri < 1)

+  P(qr; > €|pr,iQri > 1) P(pr,iQri > 1)
pz,iQk,i S 6)

1 — priQry

+ P(qri > €|pr,iQri > 1) P(pr,iQri > 1).

< P

Since p%’iQk,i 20 and (1 — priQr.i) EiN 1, then by Theorem 5.1, Corollary 2 of Billingsley
2 .
(1968) Pra@ui P Also, we know that limy_,o P(pk,iQr: > 1) = 0 so

1=pi,iQk,i
2 .
,}L%OP(ka >e€) < ]}1_{20 P(% >e€)+1- kh_{ilo P(priQri > 1)
= 0+1-0
=0

and it follows that gy ; £,0. This proves the theorem.
Substituting sample autocovariances for autocovariances in (7) yields the Yule-Walker
estimators
o =iy (14)
assuming f,ﬁ exists. The next theorem shows that QAS,(;) is consistent for gb,(f).
Theorem 3.2. If the hypotheses of Theorem 3.1 hold, then (¢{” — ¢\”) £ 0.
Proof. Write

o — o = Toad - T
= 0o =T + el = D!

= TG0 — ) + (O - Ty,

16



Then,

198 = 6, < NEEHI, I8 =l + 1) = T, ),
= |05 = Tt + T8 = 01, + qeall vl
< {||f,;; =Tl + T3 }mf;’) — 3y + @rallrl
::(%¢+pMNWé‘”m|b+quy|b

The last term on the right-hand side of the inequality goes to 0 in probability by Theorem
3.1 and the fact that

) k—1 2 —

190, = (st =) <3

=0 i=0 j=0

by the absolute summability of {7;(k)} for each i = 0,1,...,v — 1. The first term on the
right-hand side of the inequality goes to 0 in probability if we can show that ||%(f — fyk ||2 — 0

by Theorem 3.1 and the fact that pj; is uniformly bounded. Write

NORNOIL o)
19" = 1Ml Z Yivi(k = 3) = Y (k = 5)

which leads to

(i i) 2 — . . )2
IR =20l = 3 B (Suralk = 3) = ensls = )
j=0

IA

k-1

S C/N
=0

— kC/N

where kC'/N — 0 by hypothesis and where C' is as in the proof of Theorem 3.1. It follows

that ||%(f — fyk ||2 — 0 and hence ((bk — fj)) Zo.

Theorem 3.3. Under the conditions of Theorem 3.1, we have that
S((i—k)) P 4
oy =mil))

17



for all j.
Proof. From Corollary 2.2.4 we know that QS,(j)j + mitk(j) — 0 for all j as k — oo. From
Theorem 3.2 we have QAS,(CZ)] - QS,(j)j L0 for all j so that

0+ 1k ()] = 108 — o+ o+ 1k ()]
< o = 8+ 1o + Tk ()]
20

as k — oo for all fixed but arbitrary j, by the continuous mapping theorem. Another

application of the continuous mapping theorem yields

N\ P . .
T+ () — m(5) S 0= mj) = —m(j)
using the notation of Corollary 2.2.1. This proves the theorem.

Theorem 3.4. Under the conditions in Theorem 3.1, we have that

TS ()
for all 7.

Proof. From the representations of X, given by (5) and (6) and the invertibility of I’y

for all £ and 4, one can check that

Z%e k—l,j—¢5

j=1,...,k if we define Hk ~jo = 1. Also, because of the way the estimates (9,” and QS,” are

defined we have

7 =1,...,kif we define 9,(;)] o = 1. We propose that, for every n,

18



¢=1,...,nas k — oo and N — oo according to the hypotheses of the theorem. We use

strong induction on n. The proposition is true for n = 1 since

A((i—k 2((i—k)) P
918,1 )= ¢1(g<,1 Qe —mi(1) = ¥i(1).

Now, assume the proposition is true for n = j— 1,i.e., é,g%_k» Ei (), 0 =1,...,57—1. Note
that é,(fizljl)é L hi(j—0) as N — oo and k — oo according to k2/N — 0 since (k—£)2/N — 0
also. Additionally, QAS,(ff[k» EiN —m;(£), so by the continuous mapping theorem,

0 LSS (0w (G — 0) = ()

J
=1

hence the theorem follows.

Corollary 3.4 0y ;) ER o2 where
STt
~ A i— 2~
Ongimiy = %i(0) = D (Ohiy )05tk
j=0
Proof. Using a strong induction argument similar to that in Theorem 3.4 yields the result.
In Theorems 3.5 and 3.6 the matrix 1-norm is used to obtain the required bounds on the

appropriate statistics since these theorems deal with the infinite fourth moment case. The

matrix 1-norm is given by

4l =,

where ||z||; = |z1| 4+ -+ + |zx| (see Golub and Van Loan (1989) pg. 57). We also need to

max |[|Az||,
x||1:1

define
ay =inf{x: P(|les] > x) < 1/N}
where
N-1 ‘
ay' > ewsri = SY,
=0

S is an a-stable law, and = denotes convergence in distribution.

19



Theorem 3.5 Let {X;} be the mean zero PARMA process with period v given by (1)
with 2 < o < 4. Assume that the spectral density matrix, f(\), of its equivalent vector
ARMA process is such that mzz'<z'f(\)z<Mzz', —m < A < 7, for some m and M such
that 0 < m < M and for all z in R”. If k£ is chosen as a function of the sample size N so
that k°/2a% /N — 0 as N — oo and k — oo, then ||1;,;1 — F,;}Hlﬂ 0.

Proof. Define py i, qii, and @y ; as in Theorem 3.1 with the 1-norm replacing the 2-norm.
Starting with the equations (13), we want to show that Q) ; £ 0. Toward this end, it is

shown in the Appendix, Theorem A.2, that there exists a constant, C', such that
E|Na? (30 - (0| < €

forall =0,1,...,v—1, for all £ = 0,4+1,£2,..., and for all N = 1,2,.... If we have a

random k X k matrix A with E|a;;| < C for all ¢ and j then

k
Blal = 5( s X losl)

k
< E ) agl

ij=1

= k*C.

Thus
E(Qr:) = Ekaz — Tpalli < k*a3,C/N

for all ¢,k, and N. We therefore have that Q) ; £ 0 and since
pri = ITeill, < KT,
then py;Qr. Lo if k5/2a3,C/N — 0 as k — oo and N — oo. To show that gy, L0 we

follow exactly the proof given in Theorem 3.1 and this concludes the proof of our theorem.
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Theorem 3.6 Given the hypotheses set forth in Theorem 3.5 we have that ( A,(f) — ¢l(f)) St

Proof. From the proof of Theorem 3.2 with the 1-norm replacing the 2-norm we start

with the inequality

16 — 611, < (g + 2e) A = ANy + @l el

The last term on the right-hand side of the inequality goes to 0 in probability by Theorem
3.5 and the fact that

) k—1 v—1 oo
121 = 32 s (k= DI < 23 )] < o0
=0 i=0 j=0

by the absolute summability of {~;(k)} for each ¢ = 0,1,...,v — 1. The first term on the
right-hand side of the inequality goes to 0 in probability if we can show that ||&,(:) — 7,(;) In 0

1/2

since we know that k=" “p; ; is uniformly bounded. By Theorem A.2 in the Appendix

EIRY =2, = S Elir(k =) = yie(k = )]
7=0
< kCa% /N

where the last term approaches 0 by hypothesis. It follows that ||&,(:) — 7,(:) In £ 0 and hence
(@ = o) 5 0.

Theorem 3.7 Let {X;} be the mean zero PARMA process with period v given by (1)
with 2 < o < 4. Assume that the spectral density matrix, f(\), of its equivalent vector
ARMA process is such that mzz'<z'f(\)z<Mzz', —m < A < 7, for some m and M such
that 0 < m < M and for all z in R”. If k£ is chosen as a function of the sample size N so
that k%2a3 /N — 0 as N — oo and k — oo, then é,(f,;‘._k)) L 4(j) for all j and for every
1=0,1,...,v—1.

Proof. The result follows by mimicking the proofs given in Theorems 3.3 and 3.4.
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We state the next corollary without proof since it is completely analogous to Corollary
3.4.
Corollary 3.7 0y (i) P, o? where
k—1
On,i—k) = %:(0) — z%)(é/(fff_?))%j,<i—k>-
j=
Remarks.
1. All of the results in this section hold true for second-order stationary ARMA models
since they are a special case of the periodic ARMA models with v = 1.

2. In Theorem 3.2 and Theorem 3.6, we not only have that (é,(j) — qbl(f)) £ 0in R but

also in /5.
APPENDIX

Theorem A.1. Let {X;} be a mean zero periodically stationary time series with period
v > 1. Also, let Y; = (X101, ..., Xs) be the corresponding v-variate stationary vector
process with spectral density matrix, f(\). If there exists constants ¢ and C such that
'z < Zf(AN)z < Oz for all z € R” where 0 < ¢ < C < oo, then [[I'y;][,<27C and
]|F];%||2§1/(27rc) for all £ and i. Note that ||A]], is the matrix 2-norm defined by (12).
Proof. Let T'(h) = Cov(Y;, Yiyn), Y = (Yo, ..., Yp), and T = Cov(Y,Y) = [[(i — )],
where Y; is as stated in the theorem. In the notation of (8) we see that I' = I',,0 =
Cov(X,y—1,...,Xp)". For fixed i and k let n = [%] + 1. Then I'y; = Cov(Xjsp—1,...,X;)
is a submatrix of I' = I, 0. It is clear that [T, > ||F,;}||2 and [|T'x||, < ||IT|l, since T'y
is the restriction of I' onto a lower dimensional subspace. The spectral density matrix of Y;

is f(A) = &= 202 o e (k) so that T'(h) = [ " f(A)dX. Define the fixed but arbitrary
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vector y € R™ such that y = (yo,v1, ..., Yn—1) Where y; = (Yju, Yju+1, - - - » Yjo+v—1)- Then

n—1ln—1

yTy = > D> vyl —k)uw
=0 k=0

n—1n—1

= ([ 0P Ay

j=0 k=0 -

— /7T (HE_O e”jyj)’f()\) (:2 6_i)‘kyk)d>\

-

IN

x n-1 n—1 ]
C/ (Zez)\]yj)/(ze—z)\kyk)d)\
T j=0 k=0
n—1n—1

= C'Z Zy;yk/ M=k g\
j=0 k=0 -
n—1

= 21C )y

=0
= 27Cy"y.

Similarly, y'T'y >27wcy'y. If T'y = Ay then y'T'y = v/ Ay = A’y so 2wey’y < My < 2nCy'y

which shows that every eigenvalue of I' lies between 27c and 27 C' for all n. If we write

1
Ie=1

A < --- <\, for the eigenvalues of T' then since A\, = , and A,, = ||T'||, we have

ITkilly < Ty = Any < 27C

and
1 1

Y.<, =—< —.
Tl <10, = 5 < 5

The next result given in the Appendix affirms that E|Nay?*(%:(¢) — ()| is uniformly
bounded for all ¢ = 0,1,...,v —1, for all / = 0,4+1,4+2,..., and for all N = 1,2,.... We
assume that (1) and (2) hold and that the i.i.d. sequence {e;} is RV(«a) with 2 < o < 4.

Then the squared noise Z; = &7 belong to the domain of attraction of an «/2-stable law. We
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also have that

%’(6) = E(Xny+anu+i+z)

= Z wz wz—l—f J+ 6)

j=—o00
assuming F(g;) = 0, and E(e?) = 1. In preparation for the following two lemmas we define

the quantities
Valy) = E|Z\|"I(|Z:] = y)
Ucly) = EIZI(Z] <)
and recall that ay=inf{z : P(le;| > ) < 1/N}.

Lemma A.1. Let the i.i.d. sequence {Z;} be in the domain of attraction of an a-stable

law where 1 < a < 2 and E(Z;) = 0. For all § > 0, there exists some constant K such that

N
(
i=1

for all t > 0 and N > 1 where dy = a3 and NVy(dy)—1.

DS dNt> < K=ot

Proof. For fixed but arbitrary ¢t > 0 define
N
Tn = Y. 7,

N
Twn = Y ZI(|Z;| < dnt),

=1
Ex = U |Z| >dNt
and

GN = {|TNN‘ >dNt}.
Then P(|TN‘ > dNt) < P(EN) + P(GN) AISO,
P(Ex) < NP(1Z)| > dyt) = NVy(dnt) < Cyt=*F°
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for all ¢ greater than or equal to some tq,, where the last inequality follows from Potter’s
Theorem (see Bingham, Goldie, and Teugels (1987), pg.25). Now, by Chebychev’s inequality,
P(Gy) < E(T?y)/(dAt?) where

E(Tyy) = NEZ{I(|Z)| < dnt)

= +NN - 1)E{Z1(|Z]| < dnt)Z21(|Z5| < dnt)}

= Iy+ Jn.
Note that,
Iy NU,(dnt) Us(d,t) —ats
= = NVo(dnt) 5+ < Cot™F
&2 &t oldw )(dNt)2V0(dNt) =
for all t > ¢y by Karamata’s Theorem (see Feller(1971), pg. 283). Also, for all ¢ > ¢
JIn N?
2 S B EZ\I(|Z1] < dnt)EZy1(|Zs] < dNt>’
N 2
= {— EZ\I(|Z,| > dnt) }
dnt
B {Nvl(dNt) }2
B dyt
(dnt)*Vi(dnt)  Uy(dnt) }2
= <NVo(dnt
{ oldn?) Ug(dnt)  (dnt)*Vo(dnt)
< Cgt—a-i-é

by Karamata’s Theorem. Hence P(|Ty| > dyt) < Kt~ for all t > to with K = C} + Cy +
Cs. Now, enlarge K if necessary so that Kt;®*® > 1. Then

P( S 7

i=1
holds for ¢ > 0 because P(| >N, Z;| > dnt) < 1.

> dm) < Kot

Lemma A.2. Under the conditions of Lemma A.1.,

N
E'dj\,l S Zi| — B|Y]
=1
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where

N
AN S 7 =Y.

i=1

Proof. By Billingsley (1995), pg. 338, it suffices to show that E|dy'Ty|'"¢ < oo for all N
where Ty = >), Z;. By Lemma A.1.,

E|d Ty = /0 P(|d Ty [ > t)dt

_ / P(|dy' Ty |1+E>tdt+/ (|5 T | > t)dt

§1+/

where the last term is finite.

a+5dt

Theorem A.2. There exists a constant, C' > 0, such that
E|Nay*(3:(0) = v(0) < C

foralli =0,1,...,v—1, forall £ =0,+1,+2,..., and for all N = 1,2,.... Proof. By the

proof of Lemma 2.1 of Anderson and Meerschaert (1997) we have

Na]-f(Z LN S () eeel 4 O, J):A1+A2+A3+A4

t=0 j=—o00
where
Var(A,) < Nay'oyK
E|Ay| < Nay’lun|K
E|As| < Nay’'VyK
|Ay| < NaPpyK
where
UN = E€1[(|€1|§CI,N)
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oy = Eeil(lel] < an)
VN = E|€1|[(‘61|§CLN)

K= 3 Gl S )

p— j=—o0

and 9;(j) = 0 for j < 0. For @ > 2 we have 0}, < 1, |uny| < Vi, and Vy ~ 2% Then
Nay'Vy — =2 implies Nay'Vy < K for all N, so Nay'|pun| < K for all N. Therefore,
EB|Ay] < ay'K, E|As| < ay' K, and |A4] < Nay' |pn|Nay|uny| N7 < N~lay' K for all N,
and finally, since

(EJA])* < E(JA[*) = E(A]) = Var(4,)

we have

E|Ay] < \/Var(4,) < NY2a 2o K2

for all N. Thus, for all N, i, and ¢, we have

E’Na]_vz (7@ —N! Z Z wl %M J+ 6)6tu+z j)

t=0 j=—o0

< NYV2a 20 KY? + o' K + o' K + N7y K

< K0N1/2a]—v2
for all N, i, and /. Next write

N—-1 oo
N—1< S Ui+ O ])—%-(@

t=0 j=

N— 00
N7 tz Z wl-‘rf(] +€)(€tu+z —j 1)

: ]:—

and apply Lemma A.2. with dy = a3, and Z; = & — 1 to see that

N-1
E|a;,2 Z (€§u+i—j — )| — E|Si]

t=0
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where, as in Anderson and Meerschaert (1997) we have the corresponding weak convergence

result
N-1
a]_V2 (gfu-i-r - 1) = ST
t=0
for all » = 0,1,...,v — 1 where Sy,...,S, 1 are i.i.d. «a/2-stable laws. Then we have
Elay SN 2 — 1) < C™ for r = 0,...,v — 1 since this sequence is convergent, hence

bounded. Let By = max{C™} and write

N—-1 oo
E}N‘1 Yo > Yil)WielG + Opyriy — %’(f)}
t=0 j=—c0
. N-1
= B 3w+ 0[N Y (- 1)
j=—o00 t=0
N N-1
<X 10l + OIENT Y (e — 1)
j=—o00 t=0
< (X WO X Wil Boa/N
= Ba3/N.
Finally, we have
El5i(€) = (0] <
N—-1 oo
E|3(6) = N7! > VilWise(G+ O
t=0 j=—o0
N—-1 oo
+ E‘N_1 Yo D il + Oipisy _%(E)‘
t=0 j=—o00

IN

KoN'"2a > N3 + Ba% N~
= KN Y24 Ba3N~!

where a% /N is regularly varying with index 2 —1. For 2 < v < 4, N™'/2 = o(a% /N). Hence,
E5i(6) = vi(0)] < Cax/N.
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