VECTOR GRUNWALD FORMULA FOR FRACTIONAL DERIVATIVES
MARK M. MEERSCHAERT, JEFF MORTENSEN, AND HANS-PETER SCHEFFLER

ABSTRACT. The Griinwald formula is used to numerically estimate fractional derivatives.
It is an extension of the finite difference formula for integer order derivatives. This paper
develops an extension of the Griinwald formula for vector fractional derivatives. This
result should be useful for numerical solution of fractional partial differential equations
where the space variable is a vector.

1. INTRODUCTION

Fractional derivatives have been around for centuries [22, 26] but recently they have
found new applications in physics [2, 6, 7, 9, 15, 18, 19, 29|, hydrology [1, 4, 5, 10, 14, 28],
and finance [24, 25, 27]. Analytical solutions of ordinary fractional differential equations
[22, 23] and partial fractional differential equations [8, 16] are now available in some
special cases. But the solution to many fractional differential equations will have to rely
on numerical methods, just like their integer-order counterparts. Numerical solutions of
fractional differential equations require a numerical estimate of the fractional derivative.
In one dimension, this estimate is called the Griinwald formula [20, 22, 26]. A variant
of this formula has been used to develop practical numerical methods for solving certain
fractional partial differential equations that model flow in porous media [21, 30]. The
purpose of this paper is to develop a multivariable analogue of the Griinwald formula for
estimating multidimensional fractional derivatives, so that the results in [21, 30] can be
extended to two and three dimensional flow regimes.

The scalar Grinwald formula is a discrete approximation to the fractional derivative
by a fractional difference quotient
d“f(x -

T g A (a) = iy e Y1) () o)

m=0

(1.1)

where for noninteger o > 0 the binomial coefficient
—1m1al —
(1.2) a) _ ()" al(m —a)
m 'l —a)l(m+1)

see for example [20, 26]. When « is a positive integer, the sum terminates at m = « and
equation (1.1) reduces to the usual one-sided difference formula for the derivative. In this
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paper, we extend (1.1) to multivariable fractional derivatives, see Theorems 4.1 and 4.3
below.
The multivariable fractional derivative first appeared in [16] in connection with a model
of anomalous dlﬁusmn Given f : RY — R and using the Fourier transform convention
f e"®7) f(x)dx we specify this operator by requiring that D f(x) has Fourier
transform

(13 [ /” itk oy aran | o

where M (df) is an arbitrary probability measure on the unit sphere S ! = {z € R? :
|z|| = 1}. If d =1 then (1.3) reduces to

(p(—ik)* + (1 = p)(ik)*) f (k)
so that " o
Difw) =L 4 - L8

When « = 2 the integral in equation (1.3) reduces to

(1.4) / " 1<Zk 0, ) (i) - A(—ik)

where the matrix A = (a;;) with a;; = [ 6,6;M( d9). Then

CICELRLIEED 9 Wi

i=1 j5=1

The vector fractional derivative appears in the diffusion/dispersion term of evolution
equations as a generalization of this Laplacian term. The fractional order a speeds up
the diffusion of a cloud of particles as a decreases, and the mixing measure M governs
the direction of large particle jumps, allowing an asymmetric plume.

2. PRELIMINARY RESULTS

In this section, we show that the multivariable fractional derivative operator D¢, f(x)
defined by the Fourier transform in (1.3) above, for certain functions, can be represented
as a mixture of fractional directional derivatives Dg f(x). This will enable us in the
next section to apply the scalar Griinwald formula in each radial direction. We assume
throughout this section that a > 0 is not an integer and that 6 is a unit vector in R<.

The directional derivative Dyf(z) = (0, Vf(x)) = >_;0;0f(x)/0x; = dg/ds at s =0
where g(s) = f(z + s6). Its Fourier transform is

Z%(—ikj)f(k) = (—i{k,0))f (k)



VECTOR GRUNWALD FORMULA 3

since (—ik;)f(k) is the Fourier transform of df(x)/dx;. The scalar fractional derivative
can be defined by

a _ 1 dn > n—a—1
Dfg(s) = T —a) ds”/o r g(s—r)dr

where n = 1 + [a] is the smallest integer greater than «, and it is easy to check that
this convolution integral has Fourier transform (—iu)“g(u), see [3, 26]. The fractional
order directional derivative Dg' f(z) is defined by Dfg¢(s) evaluated at s = 0, where

g(s) = f(z + s6). Then it is clear that Dgf(z) has Fourier transform (—i(k,))*f (k)
which reduces to the classical case when o = 1. Now (1.3) is revealed as a mixture of
fractional directional derivatives. The next theorem will make this precise.

Definition 2.1. For any positive integer [, let W51(RY) denote the collection of functions
f € C(R?) whose partial derivatives up to order [ are in £!(R?) and whose partial
derivatives up to order [ — 1 vanish at infinity.

Theorem 2.2. For f € WHHR?) with | = [a] + 2 we have

(2.1) DE f(z) = /” L DES@M@) ae

Remark 2.3. If we define D f by (2.1), then the proof below shows
iy )= [ (it )" Ma0) f)

so no a.e. is needed in (2.1).

Before we prove Theorem 2.2 we need the following technical result. Recall that the
Gamma function defined for ¢ > 0 by I'(t) = [[° z''e "dx can be extended to the rest
of the complex plane, less the non-positive integers, by analytic continuation, and that
consequently the formula I'(t41) = ¢I'(¢) holds for all real ¢, less the non-positive integers.

Lemma 2.4. For f € W'YR?) with | = [a] + 2 we have

al

(2.2) D;f(x)zr(%a)/ow[ Fo—re) -3 =

p=0

p! Y Dpfia (x)|ar=o~tdr

a.e., where [a] denotes the integer part of . Moreover, there exists a constant C' > 0
(independent of 6) such that

(2.3) /Rd |Dg f(z)|dx < C

for all § € S41.
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Proof. Let g(x,0) denote the right hand side of (2.2). We first show that for some constant
C' > 0 (independent of #) we have

(2.4) |g(x,0)|dx < C
Rd

for all § € S9-1.
Note that by Taylor expansion with integral form of the remainder we obtain

[a] (—r)P
p!

(2.5) flx—r0) —

[a
DY f(x) / D, oI (1 — s0)(r — s)l) ds

p=0
Write for any § > 0
[o]

[t on<ica [, [[se-rm- >

20 |C\// o —r0) — Z

=0

= ldrdx

=Ly dx

= [Cal(l1 + 1)
where C,, = —1/I'(1 — a). Now by Tonelli we have

o0 [o] D
IzS/ / \f(x—r9)|dx+zr—/ Db f(z)| dx | ar™tdr
5 R4 =0 pl Jra
0o o] 1 oo
WAl [ et 3o SIDg [ e <o
5 o P )

sincep—a—1<[a]—a—-1<—1forall0 <p<]al
For I; we obtain by usmg (2.5)

/ D[O‘ M@ — s0)(r — )l ds
Rd

_w/ﬂ%/o /0 ’De[aHlf(x—sH)‘(r—s)[o‘]dsar_o‘_ldrd:c
STy
||D[°‘+1fH1 // r—s)ldsar—otar

= D g [ <o (onee —at fa] > 1)

(2.7)

I < ar *Ldrdz

De[aHlf(:c — 39)‘ dx(r — s)[a} ds ar~ tdr
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Then (2.6) along with (2.7) and (2.8) prove (2.4).

Recall that the Fourier transform of f(z —a) is e/®® f(k). In view of (2.4) we compute
using Fubini’s theorem

By letting t = (k, ) we have to compute
[a]

J(a) = /000 [em — Z (Z.Tt)p}ar_a_ldr.

p=0 P!

The argument is similar to the case 1 < o < 2 proved in [17], Lemma 7.3.8. We only
sketch the argument. For s > 0 let

(2.9) Js(ov) = /OOO [e(it_s)r — % ((Zt;ﬂ] ar~* tdr.

p=0

If 0 < o < 1 then by (7.27) in [17] we obtain
Js(a) = / [e(it_s)r —1]ar™dr = =T'(1 — a)(s — it)*.
0

If & > 1 then we integrate by parts to obtain

Jy(@) = (it — s) / h [e@t—sV - Mz_l M} r=odr

:zt—st(a_l)

a—1

o (it — s)l] oo

B O B e R
Now, since 0 < a — [a] < 1, by (7.27) of [17] we have J,(a — [a]) = C1(s — it)*~[® where
Cy = —I'(1 = (o — [a])). Using the property I'(t + 1) = tI'(t) we get

) = “Ia]—a+]) it — s)le)(s — i)l
T0) = gy it = ) = 1)
—I'([a] —a+1)

ey (a—w"
— T(1 = a)(s — it)°.
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Note that the absolute value of the integrand in (2.9) is bounded by Cyrl®=e=1 as
r — oo and by Csrl®=® as r — 0, so by dominated convergence we get J,(a) — J(a) as
s — 0. Hence J(a) = (—it)* and then

Gk, 0) = (—i(k,0)) f(k) = (D§f) (k).

Hence, by the uniqueness of the Fourier transform we have D f(z) = g(z,6) a.e. and
(2.4) holds true. This concludes the proof. O

Proof of Theorem 2.2. Let h(x) = f|9” D' f(x)M(df) where Dg f(x) is given by (2.2)
and hence (DS f) “(k) = (—i{k,0))*f (k). Since by Lemma 2.4

/6|| 1/]Rd‘D9af z)| dx M(df) <

we can apply Fubini’s theorem to obtain

_ / i) / Dg f(x) M(d6) d
Rd I6l=1

/9||1/Rd ') D f () dw M (d6)

(2.10)
_/”6” (DF 1) (k) M ()

- /” . itk O M) ) = (D))

and the uniqueness of the Fourier transform yields (2.1). This concludes the proof. [

3. A MULTIVARIABLE GRUNWALD FORMULA

In this section we derive, using Theorem 2.2 above, a multivariable analogue of the
scalar Griinwald formula (1.1). Furthermore, generalizing a result in [31], a speed of
convergence result is also obtained. Speed of convergence results are critical for numerical

applications.
Tuan and Gorenflo [31] show that for certain functions f
da
O heag s +om)

as h — 0. We now apply a similar argument to the fra(ztional directional derivative.
Recall that the Fourier transform of D' f(x) is (—i(k,8))* f(k). Further define

e}

(3.1) h AL f(@) = h= > (~1)™ @) (@ —mhb)

m=
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Theorem 3.1. For f € WH(R?) with | = [a] +d + 2

(3.2) Dg'f(x) = h™*Af o f (x) + O(h)

independent of 6 € S4! and x € R

Proof. Let f(k) = [ ¢i®*) f(z)dx be the Fourier transform of f(z) so that ¢* f(k) is

the Fourier transform of f(z — a).
Note the well known result that

(3.3) (1+2)=> (2@) 2"

m=0
for any complex |z| < 1 and any o > 0. Further, the binomial series is absolutely
convergent (page 180, [13]).

It is readily verified that

. %—1)’“ () #e =ty o < ||f||1g i () 1<o0

Consequently, the right hand side of (3.1) defines an element of L'(R%). Thus we can
take Fourier transforms in (3.1) to obtain

(8 06 =7 Yo" () i

= (Z (o) <—ei<'f’h9>>m) e
4 m=0
o =h7 (1= )" f(k)
» (1= RN
=i (it (i) ) Fo)
= (il 0) ik h0)) 1 (F)
where

w(z) = <1 - e_z>a = 1- 524 0(|2P).

z
Note that |w(—iz) — 1| < C|z| for all x € R for some C' > 0. Then

(WA o f) (k) = (=i, 0)) F (k) + (=i, 0) (w(—i(k, hO)) — 1) f (k)
= (Dg'f) (k) + @(h, k)

where ¢(h, k) = (—i(k,0))*(w(—i(k, h8)) — 1)f(k). Since f € W' (RY) the Riemann-
Lebesgue Lemma allows us to conclude that

R < M/(1+ |[k])

(3.5)
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for some M ([12] Theorem 8.22) and thus
M@+ |k M
(14 [[R[Dlerta2 (14 |||t

(1 + IR FR) <
which yields the integrability result
(30 [ W )k < oo

Now since R R
(R, )L < K[ ClIREI 1 f (F)] < C (1 + (KD £ ()]
@(h,-) € LY(R?) for each h. Taking inverse Fourier transforms of
B(hik) = (b7 f) (k) = (Dgf) (k)

we conclude that for some constant c¢g > 0

|h™"AG o f (2) = Dg' f ()| =

cq / e kD) 5(h, k) dk
R4

(3.7) <l /R p(h, )| di

< Kh
for some constant K independent of # € S% ! and z € R?. This shows that
(3.8) Dg f(w) = h=A% o f (&) + O(h)
independent of # € S? ! and € R? and the theorem is proven. O
As a consequence of (2.1) and (3.2) we obtain

Corollary 3.2. For f € WYY R?) with | = [a] + d + 2 there exists a constant C' > 0
independent of x such that

(3.9) ‘Dﬁwf(x)— /”0”:1 he ‘,fﬂf(:c)M(dH)‘ < Ch.

Remark 3.3. The vector fractional derivative Dy, is the negative generator of a multivari-
able stable semigroup on R?. A stable probability distribution v on R? has characteristic
function

(3.10) b(k) = exp (-o /” 9”:1(—z'<k:,9>)“M(d9))

for some C' > 0. This follows from the Lévy representation by a straightforward but
lengthy calculation, see for example [17] Section 7.3. Then it follows that the generator
A, = —Djg;. In one variable this idea has been used to prove (1.1) by discretizing the
Lévy measure of the stable probability distribution, see [20]. The same approach also
works for vector fractional derivatives, but that method makes it more difficult to obtain
the rate of convergence.
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4. VECTOR GRUNWALD FORMULA ON A REGULAR GRID

Finite difference algorithms for solving fractional partial differential equations require
a method for estimating fractional derivatives using only the function values on a regular
grid. In this section, we modify the Griinwald approximation formula for vector fractional
derivatives developed in Section 3 to operate on a rectangular grid, and we also establish
order of convergence. In view of Corollary 3.2, for functions f € WTd+21(R9) we can
approximate the multivariable fractional derivative DY, f(x) uniformly in 2 € R? by

(4.1) Dy f(x) =h~ 3 (1) (S‘l) /” . F(x — mhO)M(df) + O(h).

m=0

In order to apply this formula numerically we have to approximate f” gj=1 | (x—mh8)M(db)
in such a way that the order O(h) in (4.1) is preserved. We will only consider the case
when M is a discrete measure or when M has a Lipschitz-continuous density with respect
to the surface measure on S?!'. This is usually sufficient for most practical purposes.
Usually the function f is only known (or stored) on a regular grid Gj, = u(h)Z¢ C R? for
some u(h) > 0. Typically one has u(h) = h or u(h) = h? for some 3 > 0. Since z — mhf
is not a grid point, we have to evaluate f on a grid point close to x — mh# and then we
have to control the error.

Recall that M is a probability measure on S9!,
Case I: (discrete M)
Assume that

(4.2) M= Zaﬁel
I=1

for some a; > 0, ||6;]| = 1, where &, denotes the point mass in a € R%. In view of Theorem
3.1 and (4.1) we have

(13) /) =1 o S0 () £ = mbt) + O

=1 m=0

uniformly in # € R for f € Wll+d+21(Rd),

Now let G} = h'*t*Z< be the grid of mesh size h'*®. Given any vector v € R? let
g(v) € G}, denote the nearest grid point close to v. Then, for some constant Cy > 0 we
have

(4.4) v — g(v)|] < Cgh't™ for all v € RY.

Ties can be broken arbitrarily, and in fact, all of the ensuing arguments apply equally
well for any function g : R? — G, such that (4.4) holds.
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Theorem 4.1. If f € WlHdF2L(Rd) gnd (4.2) holds, then

(45) Diyfe) =S 3 () (x — g(mh))) + O(h)

=1
uniformly in v € R?, especially in v € G,.
Proof. Since f € WITd+21(R4) | f is continuously differentiable and all first order partial

derivatives are bounded. Hence f is Lipschitz-continuous, that is, there exists a constant
K > 0 such that

(4.6) | (:c) fW)| < K|z —y|| for all z,y € R%.
Hence, by (4. 4) and (4.6), for some constant C' > 0 and any [ > 1 we have
m = m «
( ) r —mhb) — > (—1) (m) f(x — g(mhb,))
m=0

< Z\<—1>m ()1 150 = mtt) — 1o = glmnt)

— (0% - m «
<KCah~ Ry |(-1) (m)}
m=0
=Ch.
Then (4.5) follows from (4.3) and the proof is complete. O

Case II: (M has a Lipschitz-continuous density)
Assume that there exists a function v : S9! — R, which is Lipschitz-continuous, that
is, for some L > 0

(47) W(Hl) - ¢(¢92)| S L||91 — ‘92“ for all 91,‘92 c Sd_l,

such that M (df) = ¢(0)o(df), where o denotes the surface measure on S?~1. We intro-
duce standard polar coordinates on S~ (see, e.g., [11] p. 218). Let X = [0,7)%72x [0, 27)
and denote the elements of X by ® = (¢, ..., ¢4_1). Define the diffeomorphism

coS ¢
Sin ¢y cos ¢o
T((I)) = T(¢1> BRI ¢d—1) =
Sin ¢y Sin @s - - - sin ¢g_o COS Pg_1
sin ¢y Sin @g - - - sin Pg_9 Sin Gg_1

and note that o(df) = A\g_1(T~1(df)) where \4_; is the Lebesgue product measure on X.
Further we define the standard metric on X by

d—1
= (X1 - o)
j=1
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Then it is easy to see that for some constant C' > 0

|T(®) —T(®)|| < Cd(®,P) forall &, € X.
Hence, in view of (4.7) we get for some constant C' > 0 that
(4.8) [W(T(®)) —Y(T(d))| < Cd(®,®) for all d,d € X.

Note that in f|9||  f(x —mht)M(df) in (4.1) we integrate f over a sphere with radius

mh around z. In order to get an approximation error that is O(h) we need to approximate
M in a way that depends on both m and h. When m is larger, the sphere of radius mh is
larger, and so we need to use a finer discretization of the density to get the same accuracy.
Now we define the grid points we will use to approximate the measure M. Given any
m>1and h>0define for 1 <i<d—2

hom.j hite . ™ hym,J; (hm)+1
¢§ 7 = forogjgji(h,m):[hlw} nd ¢! (hm)+1) _ o
and
14+«

h,m,j h’ . 2mm hym,Jg_1(h,m)+1

[(1_1 D= - for 0 < j < Jy_q(h,m) = [h1+a} ¢(, a1 (hm)+1) _ o
and set

h,m h,m,j h,m,j h,m,jq_
9§1 ..... )jdq _ T(gbg ]1)’ Cbg Jz)’ o [(1_1 Jd 1))

for 0 < j; < Ji(h,m)+1and 1 <i<d— 1. Note that AP = glhmath) _ ghm.)
hi+e /m for 0 < j < Ji(h,m) while 0 < A¢"™7) < p1*e /m for j = J;(h,m). Define

J1(h,m) Jg—1(h,m)

(4.9) Z Z 17“”?Jd 1 A(b(hmjl A¢ hm]d 1)86§h,m)

J1=0 Ja—1=0
Then we have

Theorem 4.2. Assume M has a density such that (4.7) holds. Then for any f €
Wlel+d+21(R4) there eists a constant C > 0 (independent of x and h) such that

o0

(4.10) DS, f(z) = h~ Y (=)™ < ) / f( — mh§) My, . (d6)| < Ch
0 I6]=1

m=

for all z € R® and h > 0.



12 MARK M. MEERSCHAERT, JEFF MORTENSEN, AND HANS-PETER SCHEFFLER

Proof. In view of Theorem 2.2 we write
D () — 3 (-1 ( ) /”6” f(x — mh8) My (6)|
m=0 =1

<|[,  pisan) - /” N jf“ ¢ (@) 00(a5)
) / 9” R Y (-1 < ) /”0”:1 f(a:—mhe)Mh,m(de)‘

m=0
=Fi(h) + Es(h).

Note that by (3.9) we already have E;(h) = O(h) uniformly in x € R¢. Moreover

Es(h) = ‘h“’ g(—nm (2‘1) [ /” . Fla — mhO) M(df) — /” . fla - mhe)Mh,m(de)} ‘
<3 |(=1y (7‘;) | /” o mho () — /” RS mhO) M (d6)]

m=

Recall that o(df) = \q_1(T~'(df)). Now substitute § = T'(®) and apply the mean value
theorem for integrals d — 1 times to obtain

~Auj@_W@MM® /f@_mMWWWﬂ®M®

/ / / LU — th ¢1, .. ¢d 1))¢(T(¢1, cey ¢d—1))d¢d—ld¢d—2 Ce d¢1

Ji(h,m) Ja_1(h,m) ¢(h »m,j1+1) ¢¢(ih71njd 1+1)
=2 2 S s
1=0 ja_1=0 /¢§h e bay !

fl=mhT(py, ... ¢a—1))V(T(¢1, ..., ba—1))ddg ... dox
J1(h,m) Jg—1(h,m) (h gh’myhﬂ) d’l(ih;”d 2+1)
S s [

(hym,j1) (hym,jq—2)

j1=0 ja—1=0 1 P42

fz = mhT(¢r, ..., ¢a2, 83T NG(T(¢1, - . a2, 877"))dbas . . . dey

Ji(h,m) Ja—1(h,m)

= Z Z A¢(hm31, ¢hm]d1

Jj1=0 Ja—1=0

f(l’ - th(q_ﬁgjl)a SRR _El]ii;l)))@b(T(q_ﬁgjl)’ e _f(i]iiil)»
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for some ¢\ < U < @MmIHD and 1 <i < d — 1. Moreover, by (4.9)

/”0” 1f(x — mh@) My, ,,,(d6)

J1(h,m) Jg—1(h,m)

Z Z A¢(hmjl . ¢hm]d 1)

Jj1=0 Ja—1=0
m,h,j m,h,jq_ m,h,j m,h,jqg_
f (@ =mhT(@™" 7, o) e(T (o, o).
Hence

‘/9” 1f(x — mh0)M(df) — /”0” 1f(:c — th)Mhm(dQ)‘

J1(h,m) Jg—1(h,m)

aan S 2o D A Age

Jj1=0 Ja—1=0
[F(o—mhT@P) 65w (T, . é5))
(m,h,j m,h,jq_ m,h,j m,h,jq_
_f(x_th( ( ]1)7”" El—l Jd 1)))¢(T( g ]1)7”" El—l Jd 1)))‘

It follows as in the proof of Theorem 4.1 that f is Lipschitz continuous, that is (4.6) holds.
Moreover |1l < 0o and || f|l < co and (4.8) holds. Using the inequality

|[f () (u) = f(0)p(0)] < [Plloolf () = f(0)] + [1f loclto(w) = (v)]

we obtain for some constants C4,Cs, C' > 0 that

’f(:c . th( _§j1)7 . _gjil)»w(T( _gjl)’ o ‘((ﬁf)))
m,h,j m,h,jq_ m,h,j m,h,jq_
—f(l'—th(Cbg 31)’“.’ [(1_1 Jd 1))>¢(T( g Jl)’.”’ [(1_1 Jd 1)))‘
s . b b hl—i—a
SCmb| TGV, BJ5 ) = T o)) | + G
14+« 14+«

h
<Cimh + Cy < COpite
m m

for allm > 1, 2 € RY and 0 < h < 1. Then the right hand side of (4.11) is bounded from
above by

J1(h,m) Jg—1(h,m)

hl-i—oe Z Z A¢1h M,J1) ¢(hm]d 1) _ 27Td_10h1+a

Jj1=0 Ja—1=0

for all x € R? and 0 < h < 1. Finally, we obtain for some constant C' > 0 that

< b3 |(-)m (Z) 2n¢-lChite = Ch
m=0
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for all z € R? and 0 < h < 1. This concludes the proof. OJ

As in Case I we now move the evaluation of f to grid points. Recall that g(v) denotes
the nearest grid point close to v € R? and that (4.4) holds.

Theorem 4.3. Under the assumptions of Theorem 4.2 we have

Ji(h,m) Jg—1(h,m)
st =i S (3) 3 S
Jj1=0 Ja—1=0

w(@“"’”’» )£ (@ = gmho™, ) AG" I - AGTI) 1 O(h)

J1y-5)d—1 Jiyeenjd—1
uniformly in x € R (and especially in v € G},).

Proof. Using (4.4) and (4.6) we have

|f@ —mh8"™, ) — f(x — g(mho"™, )| < ChtFe

MARTERS Jd—1 VARTEED

and then for some Cy > 0

)h ( ) /”6” F(z — mh8) My, (d6)

mO

—h m:(—1)m (7?1 zh:

¢(9(h’m) )f( (mhe(hm ))A(bgh,mjl . A¢ hm]d 1)

J1see Jd—1 VARTEED Jd—1

Ja— 1(h m)

,:0

Ji(h,m) Ja—1(h,m)

e (2) S S Ak g

m=0 J1=0 Jd—1=0

(O, (£ —mhdl™, ) = f(x = gmno, )|
Ji(h,m) Ja—1(h,m)

i S ()] 3 X del gl cnie

j1=0 Ja—1=0

— e S (-ym (g) 2191 |3)|| o ORI+ < Cyh.

m=0

Now Theorem 4.2 together with (4.9) gives the desired result. O
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Remark 4.4. If the step size h is chosen so that 7/h!*® is an integer, then the Griinwald
approximation formula in Theorem 4.2 becomes simpler. In this case, we have

Dﬂf(l‘) _ h(l—l—a)(d—l)—a f:(_lyn <Oé) 1

m md—l

m=0
Jl(hvm)_l del(hvm)_l

Moo DT w0, ) = gmbel™ ) + O(h)

j1=0 Ja—1=0

uniformly in z € R? (and especially in z € G},).
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