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Abstract — In financial marketsnot only returns,but also waiting timesbetween
consecutiveradesare randomvariablesand it is possibleto apply continuous-
timerandomwalks (CTRWs)as phenomenolgical modelsof high-frequencyprices.
Basedon theseconsideations, in this extendedabstiact, someresultsare outlined
which canbe usefulfor speculativeoptionvaluation.

1 The basicmapping onto continuous-timerandom walks

High-frequenyg financialdatacanbe phenomenologicallynappedonto continuous-time
randomwalks (CTRWS), alsocalledpoint or renaval processewith reward[1].

Let S(¢) denotethe price of an assetor the value of anindex at time ¢. In finance,
returnsratherthanpricesaremorecornvenientvariables.Following Parkinson[2], let us
introducethevariablexz(t) = log S(t), thatis thelogarithmof the price. For smallprice
variations,AS = S(t;11) — S(t;), thereturnr = AS/S(t;) andthelogarithmicreturn
Ti0g = log[S(ti+1)/S(t;)] virtually coincide.

As alsowaiting times; = t;,1 — t; betweentwo consecutre tradesare stochastic
variablesthetime series{x(t;)} is characterisety ¢ (&, 7), thejoint probability density
functionof log-returnsg; = z(t;41) — x(¢;) andof waitingtimesr; = t;,1 — t;. Thejoint
densitysatisfieghe normalizationcondition [ [ dédry(&, 7) = 1. An importantproperty



of CTRWsis thatlog-returnsandwaitingtimesareindependeréndidenticallydistributed
randomvariables However, therecanbeadependencbetweerthetwo randomvariables.
One candefinethe two mamginal densitiesin the usualway: A(¢) = [drp(€,7) and
Y(1) = [dEp(&, 7). Both A\(€) andy(7) arenormalizedo 1. If £ andr areindependent,
the joint probability densityfunction ¢ (&, 7) is given by the productof the two maiginal
densities:

e(&,7) = AMEY(T); (1)
if they are not independentthen, accordingto the definition of conditionalprobability;
onehas:

o(&,7) = AE)Y(7I€) = AlE|m)w(7), (2)
wherey(7]£) andA(£|7) areconditionalprobabilitydensities.

Let us now introducethe function p(z, t), thatis the probability densityfunction of
finding the valuez of the price logarithm(which is the diffusing quantityin our case)at
timet giventhatthelog-pricewas0 attime 0. Let usdefinethe FourierLaplacetransform
of p(zx,t) as:

~ +0o0 +0o0
P(k,s) = / dt / dz exp(—st + ikz) p(z,t) . (3)
0 —00
Montroll, Sherand coauthorq3, 4] have shavn that the FourierLaplacetransformof
p(z,t) is givenby:

~ 1 —=1(s) 1
p('ﬁ S) - s 1 — é(lﬁ, 8) ) (4)
wherei)(s) is the Laplacetransformof «(t) and:
~ +o0 +00
Bli,s)= [ dr [ de exp(—st +in€) p(€,7). ©)

Thespace-timeversionof eq. (4) canbedervedby purely probabilisticconsiderations
[5]. Thefollowing integral equationgivesthe probability density p(x, t), for the walker
beingin positionz attime ¢, conditionedby thefactthatit wasin positionz = 0 attime
t=0:

t +00
plat)=6@) ¥+ [ [ pla—at=t)pla',t)dt da, ©)

where¥ (1) istheso-calledsurvival function. ¥ (7) is relatedtio themaiginal waiting-time
probability density:)(7) asfollows:

U(r)=1- /Osz(T') dr' = /°° W) dr'. 7)

T

2 Limit theorems

The problemof the diffusive limit of the solutionsto eq. (6) hasbeenaddressedy
Gorenflo, Mainardi and the presentauthorin various papers,dealing mainly with the
uncoupledcasewherethejoint probabilitydensityy (&, ) canbefactorizedn termsof its
maiginals[6, 7, 8, 9]. Thediffusivelimit in the coupledcaseis discussedy Meerschaert
etal. [10]. Thecoupledcaseis relevantas,in generallog-returnsandwaiting timesare
notindependenfll]. Basedon theresultssummarizedn [9] anddiscussedn [7], it is
possibleto prove thefollowing theoremfor the coupledcase:



Theorem

Let (&, 7) bethe (coupled)joint probability densityof a CTRW. If, underthe scaling
¢ — h& andr — rr, the FourierLaplacetransformof ¢ (&, 7) behaesasfollows:

éh,r(l{7 S) = é(hﬁv TS) (8)
andif, for h — 0 andr — 0, theasymptotiaelationholds:
QNE,M(&, s) = é(h/{, rs) ~ 1 — plhk|® — V(rs)ﬂ, (9)

with 0 < o < 2 and0 < B < 1. Then,underthescalingrelationh® = vr?, the solution
of the (scaled)coupledCTRW master(integral) equationgeq. (6), ps . (z, t), weakly con-
vemgesto the Greenfunction of the fractionaldiffusion equationu(x, t), for h — 0 and
r — 0.

Proof
The FourierLaplacetransformof the scaledconditionalprobability densitypy, . (x, t) is
givenby:
1 —t(rs) 1

s 1 — @(hk,rs)’

(10)

Eh,r (K7 8) =

Replacingeq. (9) in eq. (10) andobservingthat)(s) = $(0, s), oneasymptoticallygets
for smallh andr:

- Bgh—1
Bl s) ~ o e (11)
whichfor vanishingh andr, underthe hypothesesf thetheoremcorvergesto:
- - sf-1
Poo(k,s) = u(k, s) = PP (12)

whereii(x, s) is the FourierLaplacetransformof the Greenfunction of the fractional
diffusionequation(seetheremarksbelow). Theasymptoticequivalencen thespace-time
domain,betweerpy (z, t) andu(z, t), theinverseFourierLaplacetransformof u(x, s),
is ensuredoy the continuity theoremfor sequencesf characteristidunctions,afterthe
applicationof the analogousheoremfor sequencesf Laplacetransformg12]. Thereis
convergencein law or weakcorvergencefor the correspondingprobability distributions
anddensities.

Remark 1

The fractional diffusion problemreferredto in the previous theoremcan be written as
follows:

0° o0*
—u(z,t) = alz] u(z,t), 0<a<2, 0<p<1,
xa

u(z,07) = §(x), = € (—o0,+00), t>0, (13)




wherethe notationis inspiredby the oneusedby Saiche& andZaslassky [13], 0*/0|x|*
is the Rieszderivative: a pseudo-diferential operatorwith symbol —|«|*, and §° /9t?
is the Caputoderivative, relatedto the Riemann—Liouvillefractional dervative. For a
sufficiently well-beharedfunction f(¢), the Caputoderivative is definedby thefollowing
equationfor 0 < g < 1:

E. 1 dpf) £
Wf(t)‘m—ﬁ)%/o (TS LR o)

f(0%), (14)

andreducesto the ordinary first derivative for 5 = 1. The Laplacetransformof the
Caputoderiative of afunction f(¢) is:

B ~
c (%f(t); s> = $J(s) - L F(0). (15)
Remark 2

The problemof Remarkl canbe solved by FourierLaplacetransformingeq. (13) and
theninverting backthe FourierLaplacetransformof the solution. The FourierLaplace
transformof the solutionis indeed:

_ $h—1
u(k,s) = F A (16)
asstatedn theproofabove. The solutionturnsoutto be:
u(z,t) = th%WQ”B (tﬁ%) , (17)
wherelV, s(u) is givenby:
Wap(w) =5 [ du e ™ By(~sl") (19

theinverseFouriertransformof a Mittag-Leffler function: E4(-).
Remark 3

An importantconsequencef theabove theorems thefollowing corollaryshawving thatin
the caseof maginal densitieswith finite first momentof waiting timesandfinite second
momentof log-returns,the limiting densityu(z, t) is the solutionof the ordinary diffu-
sion equation(andthusthe limiting processs the Wiener process).The corollary can
be usedto justify the popularGeometricBrownian Motion model of stock prices,here
with expectedreturnsetto zero. However, in orderto derie this result,no references
necessaryo the Efficient Market Hypothesiq14, 15].

Corollary

If the FourierLaplacetransformof ¢ (&, 7) is regularfor k = 0 ands = 0, and,moreover,
the maiginal waiting-timedensity (), hasfinite first momentr, andthe mamginaljump



density \(€), is symmetricwith finite secondmomento?, thenthe limiting solution of
themaster(integral) equatiorfor thecoupledCTRW is the Greenfunctionof theordinary
diffusionequation.

Proof
Due to the hypothesisof regularity in the origin andto the propertiesof Fourier and
Laplacetransformswe have that:

. N . 1 (%0 0%
Onr(k,8) = p(hk,rs) = $(0,0) + = °2 W22+ (22 rs+ ...
’ 2\0% ) 00 95 / 00

0.2

~1- ?h%Q — ToTS, (19)
and, as a consequencef the theorem,underthe scalingh?0?/2 = 7yr, one gets, for
vanishingh andr:
= = 1

p0,0(kvs) = U(k,S) = s+ kQ,

correspondingo the Greenfunction of eq. (13) for « = 2 andg = 1, thatis of the
ordinarydiffusionequation.

(20)

Remark 4

A discussiorof the meaningof the limit takenin the theoremcanbe useful. Replacing
thejumpsé¢ by h¢ andthe waiting times~ by r7 andletting A andr vanish,meanghat
the jump size becomessmallerand smallerand alsothe time betweentwo consecutre
jumpsdecreasesThe scalingrequirementhat :h® = vr? canbewrittenash = Crf/e,
If 3 =1 anda = 2, onerecognizeghe behaiour of the Wiener process:the limiting
processin thiscasefor vanishingh andr. As thevariablex is alog-price,aconsequence
of the corollaryis that,in the diffusive limit, onegetsnormallog-pricesandlog-normal
prices.In otherwords,onerecoversthe stochastigartof the usualGeometricBrownian
Motion modelfor the dynamicof pricesin a financialmarket. Underthe conditionsof
the theoremdiscussedabove, this behaiour is generalizedo a larger classof limiting
stochastigrocesses.

Remark 5

In thecoupledCTRW casetherelationshipbetweertheanalyticbehaiour of theFourier
Laplacetransformof ¢ (&, 7) andthe governingequationfor thelimiting probabilityden-
sitiesgivesriseto arich setof possibilities. The corollary of remark3 shaws that, if the
maiginal waiting-timedensityhasafinite first momentandthe maiginal jump densityhas
afinite secondmomentthenthelimiting densitycoincideswith the Greenfunctionof the
ordinarydiffusionequation.Thereaderis referredto refs.[10, 16] for furtherdetails.



3 Speculatve option valuation

Theknowledgeof p(z, t) is sufficient for speculatie option valuation. Givena maturity
T, thelog-pricedistribution at maturityis givenby p(z, T'). Letthefunctiony = I1(z, T)
denotethe pay-of of a Europearoptionat maturity. For instancejn the caseof a plain-
vanillacall Europearoption,the payof is:

y = II(z,T) = max{exp(z(T)) — E, 0}, (21)

whereF is the exerciseprice. The knowledgeof the densityp(z, T') immediatelyyields
the knowledgeof thetransformediensity ¢(y, T'), by changeof variable:

q(y,T) = p[lI"*(y,T), T} (22)

In the diffusive limit, for a large classof CTRWSs, the solutionof eq. (6) weakly con-
vergesto the Greenfunctionin eq. (17) which canbe usedfor speculatre option pricing
predictions. However, it is alsopossibleto estimatep(x,T') by meansof Monte Carlo
simulationg17].
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Figurel: SimulatedNCPPlog-priceasafunctionof time. Thissimulationincludes10000
log-prices.It takesa few minutesto run onanold Pentiumll processoat 349 MHz.

For illustrative purposeswe shall considera particularinstanceof continuous-time
randomwalk, the Normal CompoundPoissonProces§NCPP),following and simplify-
ing the discussionin ref. [18]. The NCPPis characterizedby an exponentialmamginal
waiting-timedensity:

P(r) = pe 7, (23)
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Figure2: Theoreticalprobability densityfunction (solid line) and simulatedprobability
densityfunction(circles)for aNCPP p(x, T') is computedor 7=5000s;7,=10s,0=0.005.
The simulatedprobability densityfunctionis computedrom the histogramof 1000real-
isations.

andanormalmaiginal jump density:

1

V2o

e €/ (24)

A(€) =

Bothjumpsandwaitingtimesareindependenandidenticallydistributedvariables More-
overthey arenot correlated For aNCPR thedensityp(x, t) canbecomputedexactly and
is:

S t)n ]. 2 2
z,t) = e (M—ie‘x [2na”, 25
p(z,1) 7;) R gt (25)

In Figurel, aMonteCarlosimulationof aNCPPis presentedor o = 0.005 andr, = 10s.

In the Monte Carlo simulation,theinitial log-pricewassetto zero,thena seriesof jump

sizeshasbeengeneratedrom normalrandomdigits with zeromeanandthe appropriate
variance Finally, andindependentlyrom jump-sizegenerationa seriesof waiting times
hasbeenextractedfrom exponentially distributed deviates. A MATLAB Monte Carlo

routinecanbeobtainedrom thecorrespondinguthor In Figure2 acomparisons shovn

betweenthe probability density function p(x,T) computedby meansof eq. (25) and

estimatedrom the histogramof 1000independenionte Carlorealizationsof the NCPP

Finally, in Figure3, we plot the payof histogramfor a call Europearoptionwith payof

givenby eq. (21),wheretheinitial priceis S(0) = 100 andthestrike priceafter7=5000s
is £ = 100. The histogramhasbeenobtainedfrom the 1000 Monte Carlo realizations
describedn Figure2.
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Figure3: Payoff histogramfor a very short-termplain vanilla call Europearoption with
initial price S(0) = 100 andstrike price E = 100. The evolution of the underlyinghas
beensimulatedL000timesby meansof a NCPR with parametergivenin Figure?2.
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