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Abstract — In financialmarketsnot only returns,but alsowaiting timesbetween
consecutivetradesare randomvariables and it is possibleto apply continuous-
timerandomwalks(CTRWs)asphenomenological modelsof high-frequencyprices.
Basedon theseconsiderations, in this extendedabstract, someresultsare outlined
which canbeusefulfor speculativeoptionvaluation.

1 The basicmapping onto continuous-timerandom walks

High-frequency financialdatacanbephenomenologicallymappedontocontinuous-time
randomwalks(CTRWs),alsocalledpoint or renewal processeswith reward[1].

Let �
	���
 denotethe price of an assetor the valueof an index at time � . In finance,
returnsratherthanpricesaremoreconvenientvariables.Following Parkinson[2], let us
introducethevariable ��	���
����������
	���
 , that is thelogarithmof theprice. For smallprice
variations,�������
	�� �"! � 
$#%�
	�� �&
 , the return '(�)���+*��
	�� ��
 andthe logarithmicreturn'-,/.10
�%�����324�
	�� �"! � 
5*��
	�� �6
87 virtually coincide.

As also waiting times 9:�;�<� �=! � #>� � betweentwo consecutive tradesare stochastic
variables,thetime series?@��	�� ��
BA is characterisedby CD	�EGF593
 , the joint probability density
functionof log-returnsEH�I�>��	�� �=! � 
�#J��	�� ��
 andof waiting times 9:�K�%� �"! � #L� � . Thejoint
densitysatisfiesthenormalizationcondition M�MON�EPN�93CD	�EQF59R
S�UT . An importantproperty
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of CTRWsis thatlog-returnsandwaitingtimesareindependentandidenticallydistributed
randomvariables.However, therecanbeadependencebetweenthetwo randomvariables.
One can definethe two marginal densitiesin the usualway: VW	�EX
Y�<MON�93CD	�EQF59R
 andZ 	�93
[�>MON�EPCD	�EQF59R
 . Both VW	�EX
 and

Z 	�93
 arenormalizedto 1. If E and 9 areindependent,
thejoint probabilitydensityfunction CD	�EQF59R
 is givenby theproductof thetwo marginal
densities: CD	�EQF59R
\�]V�	�EX
 Z 	�9R
_^ (1)

if they arenot independent,then,accordingto the definition of conditionalprobability,
onehas: CD	�EGF593
\�`VW	�EP
 Z 	�9ba EX
\�]V�	�Eca 93
 Z 	�93
_F (2)

where
Z 	�9ba EP
 and V�	�Eca 93
 areconditionalprobabilitydensities.

Let us now introducethe function dW	��eF���
 , that is the probability densityfunction of
finding thevalue � of theprice logarithm(which is thediffusingquantityin our case)at
time � giventhatthelog-pricewas f attime f . Let usdefinetheFourier-Laplacetransform
of dW	��eF5��
 as: g hdW	1iKFkjl
m�`n !3op NP�qn !3or o NP�ts_uwvW	x#yjH�ez|{ iQ�I
}dW	��eF���
c~ (3)

Montroll, Sherandcoauthors[3, 4] have shown that the Fourier-LaplacetransformofdW	��eF5��
 is givenby: g hde	1iKFkjl
m� T
# gZ 	1jl
j TT
# g hCD	�i+FBj�
 F (4)

where

gZ 	�j�
 is theLaplacetransformof
Z 	���
 and:g hCD	1iKFkjl
\� n !3op NP9 n !3or o N�E;s_uwvW	x#yjH9�z�{ iQEP
3CD	�EQF59R
c~ (5)

Thespace-timeversionof eq. (4) canbederivedby purelyprobabilisticconsiderations
[5]. Thefollowing integral equationgivestheprobabilitydensity, dW	��eF5��
 , for thewalker
beingin position � at time � , conditionedby thefact that it wasin position �t��f at time�\�]f : de	��eF5��
m�`�w	��I
3�;	���
+z�n;�p n !3or o CD	��q#��3��F5��#J� ��
}de	��3�6F�� �=
GN�� �_N��3�6F (6)

where��	�9R
 is theso-calledsurvival function. �;	�9R
 is relatedto themarginalwaiting-time
probabilitydensity

Z 	�93
 asfollows:�;	�93
[�UT�#�n;�p Z 	�9Q�=
GNP9w�w��n o
� Z 	�9w��
GN�9Q�6~ (7)

2 Limit theorems

The problemof the diffusive limit of the solutionsto eq. (6) hasbeenaddressedby
Gorenflo,Mainardi and the presentauthor in variouspapers,dealingmainly with the
uncoupledcase,wherethejoint probabilitydensityC$	�EGF�9R
 canbefactorizedin termsof its
marginals[6, 7, 8, 9]. Thediffusivelimit in thecoupledcaseis discussedby Meerschaert
et al. [10]. Thecoupledcaseis relevantas,in general,log-returnsandwaiting timesare
not independent[11]. Basedon theresultssummarizedin [9] anddiscussedin [7], it is
possibleto provethefollowing theoremfor thecoupledcase:
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Theorem

Let CD	�EQF59R
 be the (coupled)joint probability densityof a CTRW. If, underthe scalingE�� �GE and 9�� 'l9 , theFourier-Laplacetransformof C$	�EGF�9R
 behavesasfollows:g hC��-� �-	1iKFkjl
\� g hCD	���iKF�'�jl
 (8)

andif, for ��� f and '�� f , theasymptoticrelationholds:g hC��-� �@	�iKFkjl
\� g hCD	1�RiKF�'�jl
\��T�#J�$a��Riba ��#��K	�'�jl
8�wF (9)

with f��¡ �¢>£ and f;�¡¤L¢�T . Then,underthescalingrelation �+� � �`�¥' � , thesolution
of the(scaled)coupledCTRW master(integral) equation,eq. (6), d �-� � 	��eF5��
 , weaklycon-
vergesto theGreenfunctionof thefractionaldiffusionequation,¦�	��eF5��
 , for �§� f and'�� f .

Proof
The Fourier-Laplacetransformof the scaledconditionalprobability density d �@� � 	��eF���
 is
givenby: g hd �-� � 	�iKFkjl
\� T¨# gZ 	�'�jl
j TT
# g hCD	1�RiKF�'�j�
 ~ (10)

Replacingeq. (9) in eq. (10) andobservingthat

gZ 	1jl
$� g hCD	&fQFkjl
 , oneasymptoticallygets
for small � and ' : g hd �-� � 	1iKFkjl
\� �¥' � j � r ��w' � j � z|�e� � a�iba � F (11)

which for vanishing� and ' , underthehypothesesof thetheorem,convergesto:g hd p � p 	1iKFkjl
\� g h¦W	1iKFkjl
m� j � r �j � z�a�iba � F (12)

where

g h¦�	1iKFkjl
 is the Fourier-Laplacetransformof the Greenfunction of the fractional
diffusionequation(seetheremarksbelow). Theasymptoticequivalencein thespace-time
domain,betweend p � p 	��eF5��
 and ¦b	��eF5��
 , the inverseFourier-Laplacetransformof

g h¦�	1iKFkjl
 ,
is ensuredby the continuity theoremfor sequencesof characteristicfunctions,after the
applicationof theanalogoustheoremfor sequencesof Laplacetransforms[12]. Thereis
convergencein law or weakconvergencefor thecorrespondingprobabilitydistributions
anddensities.

Remark 1

The fractionaldiffusion problemreferredto in the previous theoremcanbe written as
follows: © �© � � ¦b	��eF5��
ª�

© �© a �\a � ¦�	��eF5��
kF�f��¡ �¢>£wF�f«�¬¤J¢�T�F¦�	��eF�f ! 
ª� �w	��I
kF��®­|	8#°¯`Fkz�¯±
kFL�D²¬fQF (13)
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wherethenotationis inspiredby theoneusedby Saichev andZaslavsky [13],

© � * © a �\a �
is the Rieszderivative: a pseudo-differentialoperatorwith symbol #;a�iba � , and

© � * © � �
is the Caputoderivative, relatedto the Riemann–Liouvillefractionalderivative. For a
sufficiently well-behavedfunction ³S	���
 , theCaputoderivative is definedby thefollowing
equation,for f«�¬¤L�`T :N �N�� � ³S	���
m� T´ 	8T
#�¤b
 NNP� n �p ³S	�93
	��b#�93
 � N�9;# � r �´ 	xT¨#�¤�
 ³b	�f ! 
_F (14)

and reducesto the ordinary first derivative for ¤)� T . The Laplacetransformof the
Caputoderivativeof a function ³S	���
 is:µ]¶ N �N�� � ³S	���
k^�j-·���jH� g³b	1jl
�#�jH� r � ³b	�f ! 
k~ (15)

Remark 2

The problemof Remark1 canbe solved by Fourier-Laplacetransformingeq. (13) and
theninvertingbackthe Fourier-Laplacetransformof the solution. The Fourier-Laplace
transformof thesolutionis indeed:g h¦�	1iKFkjl
\� j � r �j � z�a�iba � F (16)

asstatedin theproof above. Thesolutionturnsout to be:¦�	��eF5��
\� T� �@¸¹�Wº � � �«» �� �@¸¹�K¼ F (17)

where º � � � 	&¦I
 is givenby:

º � � � 	�¦I
\� T£�½ n !3or o Nwi e
r �"¾B¿�À � 	x#;a�iba �X
_F (18)

theinverseFouriertransformof aMittag-Leffler function:
À � 	xÁÂ
 .

Remark 3

An importantconsequenceof theabovetheoremis thefollowingcorollaryshowing thatin
thecaseof marginal densitieswith finite first momentof waiting timesandfinite second
momentof log-returns,the limiting density ¦�	��eF5��
 is the solutionof the ordinarydiffu-
sion equation(andthusthe limiting processis the Wienerprocess).The corollary can
be usedto justify the popularGeometricBrownian Motion modelof stockprices,here
with expectedreturnsetto zero. However, in orderto derive this result,no referenceis
necessaryto theEfficientMarket Hypothesis[14, 15].

Corollary

If theFourier-Laplacetransformof CD	�EGF593
 is regularfor i��>f and jy�`f , and,moreover,
themarginalwaiting-timedensity,

Z 	�93
 , hasfinite first moment9 p andthemarginal jump
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density, VW	�EX
 , is symmetricwith finite secondmoment Ã �
, thenthe limiting solutionof

themaster(integral)equationfor thecoupledCTRW is theGreenfunctionof theordinary
diffusionequation.

Proof
Due to the hypothesisof regularity in the origin and to the propertiesof Fourier and
Laplacetransforms,wehave that:g hC �-� � 	1iKFkjl
\� g hCD	��Ri+F5'�jl
\� g hC$	�fQFBf�
Kz T£ ¶ © � g hC© i � ·DÄ p � p8Å � � i � z ¶ © g hC© j ·¨Ä p � p8Å '�j[z>~-~H~

��T
# Ã �£ � � i � #�9 p '�j�F (19)

and, as a consequenceof the theorem,underthe scaling � � Ã � *�£¡�Æ9 p ' , onegets,for
vanishing� and ' : g hd p � p 	1ÇIFBj�
m� g h¦b	�ÇIFkjl
\� Tj�z¡Ç � F (20)

correspondingto the Greenfunction of eq. (13) for  È�É£ and ¤Ê� T , that is of the
ordinarydiffusionequation.

Remark 4

A discussionof themeaningof the limit taken in the theoremcanbeuseful. Replacing
the jumps E by �QE andthewaiting times 9 by 'l9 andletting � and ' vanish,meansthat
the jump sizebecomessmallerandsmallerandalsothe time betweentwo consecutive
jumpsdecreases.Thescalingrequirementthat �e� � �U�w' � canbewritten as �t��ËÌ' �@¸¹� .
If ¤]�ÍT and  ��Î£ , onerecognizesthe behaviour of the Wienerprocess:the limiting
process,in thiscase,for vanishing� and ' . As thevariable� is a log-price,aconsequence
of thecorollary is that, in thediffusive limit, onegetsnormallog-pricesandlog-normal
prices.In otherwords,onerecoversthestochasticpartof theusualGeometricBrownian
Motion modelfor the dynamicof pricesin a financialmarket. Underthe conditionsof
the theoremdiscussedabove, this behaviour is generalizedto a larger classof limiting
stochasticprocesses.

Remark 5

In thecoupledCTRW case,therelationshipbetweentheanalyticbehaviour of theFourier-
Laplacetransformof CD	�EGF593
 andthegoverningequationfor thelimiting probabilityden-
sitiesgivesrise to a rich setof possibilities.Thecorollaryof remark3 shows that, if the
marginalwaiting-timedensityhasafinite first momentandthemarginal jumpdensityhas
afinite secondmoment,thenthelimiting densitycoincideswith theGreenfunctionof the
ordinarydiffusionequation.Thereaderis referredto refs. [10, 16] for furtherdetails.
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3 Speculative option valuation

Theknowledgeof dW	��eF5��
 is sufficient for speculative optionvaluation.Givena maturityÏ
, thelog-pricedistributionatmaturityis givenby dW	��eF Ï 
 . Let thefunction Ð;�]Ñ�	��eF Ï 


denotethepay-off of a Europeanoptionat maturity. For instance,in thecaseof a plain-
vanillacall Europeanoption,thepayoff is:Ð;�`Ñ�	��eF Ï 
\�]ÒqÓ�uR?lskuQvW	���	 Ï 
5
b# À FBfwAXF (21)

where
À

is theexerciseprice. Theknowledgeof thedensitydW	��eF Ï 
 immediatelyyields
theknowledgeof thetransformeddensity, ÔG	�ÐIF Ï 
 , by changeof variable:

ÔQ	&Ð�F Ï 
S��de2/Ñ r � 	&Ð�F Ï 
_F Ï 7GÕÕÕÕÕ
N��NPÐ ÕÕÕÕÕ (22)

In the diffusive limit, for a large classof CTRWs, the solutionof eq. (6) weakly con-
vergesto theGreenfunctionin eq. (17) which canbeusedfor speculativeoptionpricing
predictions. However, it is alsopossibleto estimatedW	��eF Ï 
 by meansof Monte Carlo
simulations[17].
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Figure1: SimulatedNCPPlog-priceasafunctionof time. Thissimulationincludes10000
log-prices.It takesa few minutesto run onanold PentiumII processorat 349MHz.

For illustrative purposes,we shall considera particular instanceof continuous-time
randomwalk, theNormal CompoundPoissonProcess(NCPP),following andsimplify-
ing the discussionin ref. [18]. The NCPPis characterizedby an exponentialmarginal
waiting-timedensity: Z 	�9R
m�]� e

rXÖ � F (23)
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Figure2: Theoreticalprobability densityfunction (solid line) andsimulatedprobability
densityfunction(circles)for aNCPP. de	��eF Ï 
 is computedfor

Ï
=5000s,9 p =10s,Ã =0.005.

Thesimulatedprobabilitydensityfunctionis computedfrom thehistogramof 1000real-
isations.

andanormalmarginal jump density:

VW	�EX
\� T× £�½KÃ e
rXØ8Ù ¸ � Ú ~ (24)

Bothjumpsandwaitingtimesareindependentandidenticallydistributedvariables.More-
overthey arenotcorrelated.For aNCPP, thedensitydW	��eF���
 canbecomputedexactlyand
is: de	��eF5��
\� e

rXÖ � oÛÜ@Ý p 	&�I��
 ÜÞbß T× £�½ Þ Ã e
rXà_Ù ¸ � Ü Ú Ù ~ (25)

In Figure1,aMonteCarlosimulationof aNCPPis presentedfor Ãt�]fQ~áf�fPâ and9 p �UT@f s.
In theMonteCarlosimulation,theinitial log-pricewassetto zero,thena seriesof jump
sizeshasbeengeneratedfrom normalrandomdigits with zeromeanandtheappropriate
variance.Finally, andindependentlyfrom jump-sizegeneration,aseriesof waiting times
hasbeenextractedfrom exponentiallydistributeddeviates. A MATLAB Monte Carlo
routinecanbeobtainedfrom thecorrespondingauthor. In Figure2 acomparisonis shown
betweenthe probability densityfunction dW	��eF Ï 
 computedby meansof eq. (25) and
estimatedfrom thehistogramof 1000independentMonteCarlorealizationsof theNCPP.
Finally, in Figure3, we plot thepayoff histogramfor a call Europeanoptionwith payoff
givenby eq.(21),wheretheinitial priceis �
	�fP
\��T@f�f andthestrikepriceafter

Ï
=5000s

is
À �ÍT@f�f . The histogramhasbeenobtainedfrom the 1000Monte Carlo realizations

describedin Figure2.
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Figure3: Payoff histogramfor a very short-termplain vanilla call Europeanoptionwith
initial price �
	�f�
°�ÎT-f�f andstrike price À ��T@f�f . Theevolution of theunderlyinghas
beensimulated1000timesby meansof aNCPP, with parametersgivenin Figure2.
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