SEMISTABLE LEVY MOTION
MARK M. MEERSCHAERT AND HANS-PETER SCHEFFLER

ABSTRACT. Semistable Lévy motions have stationary independent incre-
ments with semistable distributions. They can be realized as scaling limits
of simple random walks, extending the familiar Lévy motions. Generators
of stable semigroups are fractional derivatives, and the semistable gener-
ators provide a new approximation to fractional derivatives. Semistable
Lévy motions and semistable generators may be useful in physics to model
anomalous diffusion.

1. INTRODUCTION

Stable Lévy motions are useful in physics and geology to describe anomalous
diffusion, in which a cloud of particles spreads faster than the classical diffu-
sion model predicts [3, 2, 5, 11, 23]. A fractional diffusion equation models
this behavior using fractional derivatives [1, 6, 25]. Fractional derivatives are
also generators of stable semigroups [7, 10]. In this paper, we develop the cor-
responding theory of semistable Lévy motions, semistable generators, and the
corresponding diffusion equations. Semistable Lévy motions have stationary
independent increments with semistable distributions, a natural generalization
of stable distributions [12, 13, 17, 19, 22]. These motions are scaling limits of
random walks, and in some cases they can be used to approximate Lévy mo-
tions. Since a semistable distribution is infinitely divisible, it defines a contin-
uous convolution semigroup, whose generator provides a useful approximation
to the fractional derivative. This new approximation is appealing because,
unlike the fractional difference quotient, it has a nice scaling property. The
resulting semistable diffusion equation may also have applications in physics,
as a more flexible model for anomalous diffusion. At the end of this paper,
we show that fractional difference approximations to fractional derivatives can
also be realized as generators of continuous convolution semigroups associated
with certain infinitely divisible laws.

2. SCALING LIMITS OF SIMPLE RANDOM WALKS

Let Y be a random variable whose probability distribution v is strictly (b, ¢)
semistable for some ¢ > 1. This means that v is infinitely divisible and v¢ =
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c/*y where o = log ¢/ log b, /* is the t-fold convolution power of the infinitely
divisible law v, and av(dz) = v(a~'dz) is the probability distribution of the
random variable aY. Then necessarily 0 < o < 2. If & = 2 then v is mean zero
normal, otherwise the variance of Y is infinite, see for example [15] Corollary
74.4. Let Z,7Zy,Z5, Z3, ... be independent random variables whose common
distribution p belongs to the strict domain of semistable attraction of v. This
means that for some a,, > 0, and some increasing sequence of positive integers
(kn) such that

(2.1) kni1/kn — ¢ asn — oo
we have

kn
(2.2) any Zj=Y

j=1

where = denotes weak convergence. In this case we write p € DOSA(v, ¢). If
(2.2) holds with k,, = n we say that u belongs to the strict domain of attraction
of v, we write u € DOA(v), and the limit law v is stable with index «;, meaning
that v is infinitely divisible and v* = t'/*v for every t > 0.

A sequence of positive real numbers (b,,) is said to vary regularly with index
p if by /b, — N as n — oo for every A > 0 [24]. A random variable X
is nondegenerate if it is not almost surely constant. A sequence of random
variables X, is stochastically compact if for any increasing sequence of positive
integers (n;) there exists a subsequence (n;) and a nondegenerate random
variable X such that X, = X. If p € DOSA(v,c) and (Z,) and Y are as
above then for some regularly varying sequence of positive reals (b, ) with index
—1/a the sequence of random sums

{bniZj:nZ 1}
j=1

is stochastically compact with limit set contained in

{Y)\ 01 S A S C}
where Y, is a random variable with distribution A=Y/*2*. In fact, if we let p,, =
max{p : k, < n} and A\, = n/k,, then for any sequence of positive integers

there exists a subsequence (n') such that A, — X € [1,¢| and b, Z;L;l Z; =
Y, see [15] Theorem 8.3.18.

Lemma 2.1. For anyt > 0 we have:
(a) {b Zg‘fl Zj s > 1} is stochastically compact with limit set contained
in IV 1 <A< ¢}

(b) by, Zy;"f} Z; = v asn — oo.
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Proof. Write [st] = [[s]t] + rs+ so that 0 < ry; < t for all s > 1. Since the
index of the regularly varying sequence (b,,) is negative, b, — 0 and hence
[st]
by Y Z;—0 in probability

j=[lsl4+1
as s — 00. Since
([s]t] [st]
Zj —+ b[s} Zj
1 j=[s]]+1

st
b > Z; = by
j=1

part (a) will follow if we can show that the sequence of random variables
]

b > Z;
j=1

is stochastically compact. Since {b, Z?:l Z;} is stochastically compact, any
sequence of positive integers contains a further sequence (n') along which
by, Z?:l Z; = Y, where Y, has distribution A=Y%* for some A € [1,¢]. An
application of Proposition 3.3.7 of [15] yields (a). Part (b) follows directly
from Proposition 3.3.7 of [15]. O

j=

n>1

For any infinitely divisible law v, there is a corresponding Lévy process
{Y'(t) : t > 0}, a stationary independent increment process which is continuous
in law such that Y (¢) has distribution v* [4, 13, 20]. If v is stable then {Y'(¢)}
is also called a Lévy motion. In the special case where v is normal, {Y(¢)}
is a Brownian motion. If v is (b, ¢) semistable for some ¢ > 1 then we call
the corresponding Lévy process {Y(¢)} a semistable Lévy motion. The index
a = log ¢/ log b has more or less the same interpretation as the index of a stable
Lévy motion. In particular, for nonnormal semistable laws with index a < 2
the probability tail P(|Y(¢)] > y) diminishes like y~®, so that the moments
E|Y ()| exist for 0 < p < a and diverge for p > a.

Lévy motions are useful because they are the scaling limits of simple random
walks. For ¢ > 0 let

(2.3) Xt =Y 2

J=1

where as before Z, 71, Z5, Z3, ... are independent random variables with com-
mon distribution p. If EZ = 0 and 0? = EZ* < oo then

(72X (et)) L2 (Y (1)} ase— oo
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where {Y'(¢)} is a Brownian motion and the notation L% tneans that for any

0<ty <---<t, we have
(2.4) (c_l/zX(ctl), e ,c_l/ZX(ctn)) = (Y(t1),...,Y(t,)) asc— oo.
More generally, if 4 € DOA(v) and v is stable with index 0 < av < 2 then

(b X (ct)} £ (Y (1)} asc— oo

where {Y'(t)} is a stable Lévy motion with index «. In physics, Lévy mo-
tions are used to model anomalous diffusion, which results from the power law
probability tails of the particle jumps (Z,,), see for example [23].

Domains of semistable attraction are the most general setting in which the
behavior of sums of independent, identically distributed random variables can
be usefully approximated by a limit distribution, see [15] p. 286. Our next
result shows that a convergence like (2.4) also pertains in this case, but in the
weaker sense of stochastic compactness.

Theorem 2.2. Suppose that Z, 7y, Zs, Zs, ... are independent random vari-
ables with common distribution p € DOSA(v, ¢) for some ¢ > 1 and that (2.1),
(2.2) and (2.3) hold. Then:

(a) Let {Yx(t)} be a Lévy process such that Yy(t) has distribution X~/
Then for any 0 < t; < --- <t

{bg (X(st1),...,X(stm)) s> 0}
15 stochastically compact with limit set contained in
{(Va(t1),...,Ya(tm)) : A€ [1,c]}.

In other words, for any sequence s, — oo there exists a subsequence
Snr such that

{by, X(swt)} £5 Va(1)}

for some X\ € [1,cl;
(b) Let {Y(t)} be a semistable Lévy motion such that Y (t) has distribution
vt Then for any 0 < t; < --- <t

b, (X (knt1), ..., X(kntn)) = (Y(t1),...,Y(tm))
or in other words
(b, X (kat)} 5 {Y (1)}

Remark 2.3. It is easy to check that if v is strictly (b, c) semistable then so is
A~1/epA hence {Yy(t)} is also a semistable Lévy motion with the same index
a. If A\ =1 or A = ¢ then since v is (b, ¢) semistable it follows that

MO = vy,
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meaning that for any 0 < t; < - - - < t,,, the random vectors (Y)\(t1), ..., Ya(tm))
and (Y (t1),...,Y(t,)) are identically distributed.

Proof. We only consider the case m = 2, the other cases being similar. Given
0 < t; <ty and s > 0 note that [sty] — [st;] = [s(ta — t1)] + r for some
r € {0,1,2}. It follows from Lemma 2.1 (a) that for any sequence s, — oo for
some subsequence s, and some \ € [1, c| we have

b[snl],u[sn/t} = A—l/al/)\t

for all ¢ > 0. It follows easily that

(2.5) bs, 1 X (Swt1) = Ya(ty) ~ A7/
where X ~ p means that the random variable X has distribution p, and
[5nrt2]
b[Sn/] (X(Sn’t2> - X(Sn’tl)) = b[sn,} Z Zj
J=lsprta]+l
(2.6) ~ b[sn/]ﬂ sprta]=[s,rt1]

_ b[sn,}M[Sn,(t2_t1)] * b[sn,]ﬂr
= AV A=) Ly (1) — Ya(t).

Since the left hand sides in (2.5) and (2.6) are independent, and likewise for
the right hand sides, it follows that

bs, 1 (X (swt1), X(swiz) — X(swt1)) = (Ya(th), Ya(t2) — Ya(th))
and then the continuous mapping theorem yields

bls, ) (X (8wt1), X (swtz)) = (Ya(tr), Ya(t2))

which proves (a). The proof of (b) is similar, using Lemma 2.1 (b) instead of
Lemma 2.1 (a). O

3. STABLE AND SEMISTABLE LEVY MOTIONS

In this section we elucidate the connection between stable and semistable
Lévy motions. A strictly (b, c) semistable law satisfies ¢ = ¢/*v where a =
log ¢/ logb, and hence vt = t'/v whenever ¢t = ¢" for some integer n. A stable
law satisfies ¥ = t'/?v for any ¢ > 0. As the scale ¢ > 1 of the semistable law
tends to one, it is reasonable to expect that the behavior of the semistable law
becomes more like that of a stable law.

Theorem 3.1. Fiz 0 < a < 2, let v, be a strictly (c'/*, c) semistable law for
each ¢ > 1, and let {Y.(t)} be the associated semistable Lévy motion, so that
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Y.(t) ~ vt. If v. = v nondegenerate as ¢ — 1 then v is stable with index «
and

(3.1) (V.2 (y(t)} asc—1

where {Y ()} is a Lévy motion with Y (t) ~ v'.

Proof. Let [a.,0,¢.] denote the Lévy representation of v., see for example

[15] Theorem 3.1.11. Then v. = v implies that v is infinitely divisible and
that ¢. — ¢ the Lévy measure of v, see for example [15] Theorem 3.1.15.

Corollary 7.4.4 of [15] implies that ¢.(t, 00) = t‘“@%c) (logt) and ¢.(—o0, —t) =
t‘“@éc) (logt) where 92@ are nonnegative periodic functions with period logb
where b = ¢!/

Lemma 3.2. For some 61,05 > 0 with 6, + 05 > 0 we have 92@)(93) — 0; for all
r>0andi=1,2 asc— 1.

Proof. Let Suppose 0 < s < t and write ¢t = sb*®\(c) where k(c) is an integer
and 1 < A(¢) < b. Then fori=1,2

796 (log t) < (sb*) 76! (log sb*()
= (s6) 701" (log 5)
so that
019 (log t) < t*(s0*)) 6 (log 5)
= ()0 (log s)
< b0\ (log 5)
= 0\ (log 5)
and similarly 6 (logt) > ¢16')(log s) so that we have
(3.2) 169 (log s) < 61 (log t) < c6\ (log )

for all ¢ > 1. Choose s > 0 so that ¢{—s,s} = 0 and let §;, = s*¢(s,00) and
0y = s*¢(—00, —s). Since v is nondegenerate with no normal component, we
must have 6, + 0, = s%¢{z : |x| > s} > 0. Since ¢, — ¢ as ¢ — 1 we also have
0\ (log s) = 5%¢.(s,00) — s%¢(s,00) = 0; and similarly 65 (log s) — 0. Now
the lemma follows immediately from (3.2). O

Since ¢, — ¢ it follows from Lemma 3.2 that for any ¢ > 0 such that
o{—t,t} =0 we have

do(t, 00) = t70\ (log t) — 6 = (¢, 00)

and similarly ¢(—oo, —t) = t7*,. Since ¢{—t,t} = 0 for all but countably
many t > 0 it follows that ¢(¢,00) = t~*0; and ¢(—o0, —t) = t~ O for all
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t > 0. Then it follows from [15] Corollary 7.3.4 and the uniqueness of the
Lévy representation that v is a stable law with index «. Hence {Y(¢)} is an
a—stable Lévy motion.

Since v, = v as ¢ — 1 we also have 0.(z) — »(x) for all real x. Then
ve(z)t — D(x)" as well, and so V. = v' as ¢ — 1 for every ¢t > 0. In other
words, Y.(t) = Y (t) as ¢ — 1 for each ¢ > 0. Since all of these processes have
independent increments, it follows that for any 0 < ¢; < --- < t,,, we have

(Ye(tr), -, Yel(tm) = Ye(tm—)) = (Y(t1), -, Y(tm) = Y(tm-1))

and then the continuous mapping theorem implies that

(Yall), - Yeltn) = (V(12), -, Y (1))
which finishes the proof. U

4. GENERATORS OF SEMISTABLE SEMIGROUPS

Suppose again that v is a (c'/*, ¢) strictly semistable law. Since v is infinitely
divisible, we can define a continuous semigroup of linear operators

T,()f(x) = f % ' (z) = / Fx — y)o(dy)

where ¢t > 0 and f : R — R is any bounded continuous function, see for
example Feller [7] p.294. The infinitesimal generator of this semigroup is a
linear operator defined by

Auf(e) =lim ™ (T,(0)f () — /()

10

for all f € D(A,), the domain of the operator A, which is the space of all
functions f for which this limit exists. It follows from Theorem 4.1.14 of
9] that all C?-functions vanishing at infinity belong to D(A,). If v is infin-
itely divisible with Lévy representation [a, b, ¢] then the characteristic function
v(k) = [ e**v(dzx) = e¥*) where

, b
(4.1) (k) = iak — 5/& + /#0

(e~ 1= Yo a),

and the generator is given by

/
(12) Af(0) = ~af @)+ 57+ [ (=) - 160+ 215 otan),
see for example Hille and Phillips [10] Section 23.14. If v < 2 (so that v has
no normal component) then b = 0.
For a > 0 define the dilation operator d,f(z) = f(ax). The next result
shows that the generator of a semistable continuous convolution semigroup
has a pleasant scaling property.
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Proposition 4.1. If v is (c'/® c) strictly semistable then cA,f(x) =
Ay @Basa f) (V).

Proof. From the definition of the generator A, we have that

cA, f(z )—hm (f*y() f(x))

tl0 t

~ lim - (f +v=(2) = f(2))-

510 s
Since v° = c!/*v we obtain
frve(a) = fx () (@)
— [ fa—p)eeviay)

/f My (dy)

— [Goset)(e o =y (ay)
= (8 f) #v*(c7 V)
and hence

cAyf(z) = lsiglé (670 f) x v* (7 2) = (Sasa f) (V)

— A, (Gasn f) (V)
which finishes the proof. O
Recall from Section 3 that
(4.3) o(t,00) =t %01 (logt) and ¢(—o0, —t) =t *02(logt)

where 6; are nonnegative periodic functions with period logb where b = /.
Then since v has no normal component, the generator A, is given by

A f(z) = —af'(x)
- yf'(z) a
(4.4) - /0 (f(fv —y)— flz) + ) d (y=°6,(log y))

_|_

1
-/ ) (f(:v +y) — fla) - ?{ﬂ(yﬁ) d (y~6:(l0gy)) .
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Proposition 4.2. If v is (c'/*,c) semistable with index 0 < o < 1 and Lévy
measure (4.3) then for some a € R

Ay f(x) f'(@ —y)y=*0:(logy)dy
" ),

+/ f'(x+y)y~“0(logy)dy.
0

Proof. Let [a,0, ¢] be the Lévy representation of v, and define

d:—a—/ooo i 2al(g[o‘el(logy))—|—/OOO Y ——d (y*62(logy)) .

14y 1+ y?

Note that these two integrals converge since 0 < o < 1 and 6;(z) is bounded.
Then A, f(x) = af'(z) + [ + I, where

j / T (o —y) — f(2))d (56 (logy))
- / " (e — y)y 6y (log y)dy

via integration by parts using the fact that by Taylor’s formula we have f(z —
y)— f(x) = O(Jy]) as |y| — 0. Since 0 < o < 1 and 6, is bounded, this integral
converges if f’ is bounded and f'(x) = O(z™') as |z| — oo. Similarly

fh—— / T (fe+ ) — f(2) d (y6a(0gw))

_ / f(@ + y)y~6a(logy)dy

which completes the proof. O

1/a

Proposition 4.3. Suppose v is (¢, c) semistable with index 1 < o < 2 and

Lévy measure (4.3), and let
hi(y) = — /OO t~0;(log t)dt
y
fori=1,2. Then for some a € R
(4.6) A, f(x) / "z —y)hi(y)dy — / (x4 y)ha(y)dy

for any f € CZ(R).
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Proof. Let [a,0, ¢] be the Lévy representation of v, and define
. - Y —a
a:—a+/0 (y_1+y2) d (y~"6:(logy))

— /OOO (y — 1fy2) d (y~*62(logy))

which converges since 1 < o < 2 and 6;(z) is bounded. Then A,f(z) =
af'(x) + I + I, where

- / T (@) — f(2) +yf (@) d (50, (logy))

_/w(_f( y) + f'(x)) y~ 01 (logy)dy

/ "(x —y)hi(y)dy

since h}(y) = y~*0;(logy). Since §; is bounded, y*~ 1h1( ) is bounded, so the
integral converges if f” is bounded and f”(z) = O(z™!) as |z| — oco. Similarly

I—— / Tt y) - Fl) -y (@) d (5 Ba(logy))
- / T (et y) — £(@) v O(log y)dy
/ £z + y)haly)dy

which completes the proof. O

5. FRACTIONAL DERIVATIVES AND SEMISTABLE APPROXIMATIONS

Generators of stable semigroups can also be written in terms of fractional
derivatives. Fractional derivatives are almost as old as ordinary derivatives,
see Miller and Ross [18] for a brief history. Fractional derivatives are most
easily understood in terms of the Fourier transform

f = [~ e fats
The positive fractional derivative d®f(z)/dz®* has Fourier transform
(—ik)*f(k), extending the well known formula where « is a positive integer,
see for example Samko, Kilbas and Marichev [21]. It is also useful to define
the negative fractional derivative d® f(x)/d(—x)®* which has Fourier transform
(ik)*f (k).

Fractional derivatives are intimately related to stable Lévy motions [1, 6].
If v is stable with index a < 2 then its Lévy measure is of the form (4.3)
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with 6;(t) = 0; constant for i = 1,2. Since y~®I(y > 0) has Fourier transform
(1 — a)(—k)*", the convolution

d*f(z) 1 Ry o
s —P(l_a)/o f'l@—y)ydy

has Fourier transform (—ik)®f(k), and similarly for 1 < o < 2 we have

d*f(z) 1 = 1-a
Tra = F(2—a)/0 [ (@ —y)y dy.

If g(z) = f(—=x) then g(k) = —f(—k), and then it follows by an easy compu-
tation that the negative fractional derivative d®f(z)/d(—x)* = d*g(—x)/dx*

so that & ()
“flo —1 - / -«
i)~ TQ _a>/0 f(@+y)y™dy
for 0 < a < 1 and
d*flz) 1 = o 1-a
P F(2—a)/0 '@ +y)y dy

for 1 < a < 2. Then it follows from Propositions 4.2 and 4.3 that the generator
A = A, of the convolution semigroup (7)) is of the form

a (0% 163
5.1 A=a— — —
(5:1) “or + qa@(—x)o‘ +pa0:)30‘
for some real constant a. If 0 < o < 1 then a = —(f; + 6,)['(1 — ) < 0,

and if 1 < a < 2 then a = —(A; + 6,)['(2 — a)/(1 — @) > 0. In both cases
p=01/(01+6) and ¢ =1—p.

Given v infinitely divisible, let {Y(¢)} be the associated Lévy process, so that
Y (t) has distribution v*. The distribution functions F'(z,t) = P(Y(t) < z) for
t > 0 solve the abstract Cauchy problem

OF(x,t)
ot

where A = A, is the generator given by (4.2), see Hille and Phillips [10]. If
v is stable with index 0 < o < 1 or 1 < a < 2 then (5.1) holds, and (5.2)
is called the fractional diffusion equation. This equation is useful in physics
and hydrology to describe anomalous diffusion, in which particles spread faster
than the classical Brownian motion model predicts [3, 2, 25].

Now suppose that the situation of Theorem 3.1 pertains, so that v, is strictly
(c'/* ¢) semistable law for each ¢ > 1, and v, = v nondegenerate as ¢ —
1. Then v is stable with index «, and if A., A are the generators of v, v
respectively, then A.f(x) — Af(z) as ¢ — 1 for all x € R, see [8]. This result
can be used to obtain an approximation to the fractional diffusion equation,

(5.2)

= AF(z,t); F(z,0)=1(x >0)
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which may be useful for numerical solutions. Now we develop the simplest
such approximation.

Lemma 5.1. Let 0 < ao < 1, ¢ > 1, and b = Y. Define a measure ¢,
concentrated on {b" : n € Z} by setting p{b"} = ¢ "(c—1). Then ¢. is a Lévy
measure, and if we let

%Z/G%?)M@)

then the infinitely divisible law v. with Lévy representation [a.,0, ¢.| is strictly
(b, ¢) semistable.

Proof. For any r > 0 we have

¢e(r,00) = Z ce—1)= Z c"(c—1)

n:b">r nien/ o>y

_ Z C—n(c . 1) _ C—[alogr/logc} _ T—aegc)(log 7")

n=[alogr/logc|+1

t

where 0.9 (t) = ciose e is periodic with period logb = a~tlogc. Then ¢,
is the Lévy measure of a unique (b, c) strictly semistable law v, with index
a = log ¢/ logh. Furthermore, since 1 < 6 (¢) < ¢ for all t > 0 we also have
0\ (t) — 1 so that ¢.(r,00) — r~ as ¢ — 1.

Now
I / _Yy de(dy) =1 + I
1+ y?

where
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exists since the integrand is bounded and ¢.(e,00) is finite. Also since o =
logc/logh < 1 we have 1 < ¢ < b= c'/ so that

= [ (L) edin < [y oda

= Z "¢ (e —1)

bn<e
—(c=1) > (¢/b)"
(53) n>—loge/logb
—1
< —loge/logb ¢
=)
c—1

1 — cl-1/e

—>51_a< a ) asc | 1.
11—«

Then a. exists and we can define an infinitely divisible law v, with Lévy rep-
resentation [a., 0, ¢.]. In view of (4.1) the infinitely divisible law v, has char-
acteristic function (k) = e¥<*®) where

wit = | (1) gl

and since ¢.(b~'dxr) = ¢ ¢.(dz) it is easy to check that v, is strictly (b,c)
semistable. O

— 81—0{

Lemma 5.2. Let 0 < a < 1 and let v, be the semistable law from Lemma 5.1.
Then v, = v as ¢ | 1 where v is stable with characteristic function e?*) with

(k) =—-I(1 —a)(—ik)~.

Proof. Let ¢ be a Lévy measure on (0,00) with ¢(r,00) = r=¢ for all r > 0,
and let v be infinitely divisible with Lévy representation [a, 0, ¢] where

a= / (1 fgﬁ) ¢ (dy).

Since the integrand is O(y) as y — 0 and O(y~!) as y — oo it is easy to check
that a exists. In view of (4.1) the infinitely divisible law v has characteristic
function (k) = e?® where

Y(k) = /;AO (e““ —1) ¢(dx) = —T(1 — a)(—ik)"

by a straightforward computation, see for example [15] Lemma 7.3.7. Then it
is easy to check that v is strictly stable with index a.
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We have already shown in the proof of Lemma 5.1 that ¢. — ¢ as ¢ — 1.
Now we want to show that a. — a as ¢ — 1. Proposition 1.2.19 in [15], the
Portmanteau theorem for Lévy measures, shows that

[ () o= [ () oo

as ¢ — 1. Then using (5.3) and the fact that a exists, it follows easily that
a. — a. Then Theorem 3.1.16 of [15], the standard convergence criteria for

infinitely divisible laws, implies that v, = v as ¢ — 1. 0
Theorem 5.3. If 0 < o < 1 then
. l—c & _ d*f(x)
- _ n/a _ n —
G4  lmpr— Zw (Fle =) = fla)) " = ==

Proof. Let v,,v be as in Lemma 5.2. It follows from (5.1) with §; = 1 and
0> = 0 that the generator A = A, is given by

Af(z) = —T(1 - a)dilif).

Then
Ad@) = [ (e =) = 1) tula)

= > (fle=b") = f@) (e -1

— Af(z) = -T(1— a)dzf;f)
as ¢ — 1, and (5.4) follows easily. O
Corollary 5.4. If0 < a < 1 then
(5.5  lim ﬁ S (fla+ ) = f@) e = ﬁfgi

Proof. Since the negative fractional derivative d* f(x)/d(—x)* = d*g(—x)/dz®
where g(x) = f(—=x), the result follows immediately from Theorem 5.3. O

Remark 5.5. Since v, = v in Lemma 5.2, Theorem 3.1 implies that (3.1)
also holds, so that the approximation of the fractional derivative is intimately
related to the approximation of a Lévy motion by a semistable Lévy motion.
We could also obtain the formula (5.5) by repeating the arguments above with
o{—=0b"} = ¢ "(c—1) so that ¢, is supported on (—o0,0). Then we again have
v. = v so that (5.5) also relates to the approximation of a Lévy motion by a
sequence of semistable Lévy motions.
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Remark 5.6. The following heuristic argument illustrates how the new frac-
tional derivative approximation developed in this section can be viewed as an
approximating sum for the integral defining the fractional derivative. Partition
(0, 00) at the points y, = ¢~ so that Ay, = y,—1 —yn = ¢ "(c—1). Then the
left hand side of (5.4) is the Riemann sum approximation

o0

S (fla =) = f(@) (e — 1)

n=—oo

—1
Il —a«)

-1 i

- X (=) = @) A,

n=—oo

—1 OO —1/a
zm/o (f(a:—y /)_f(ff))dy

-1

= (e = ey

0
]‘ * / —Q
:m/o [ —y)y “dy

which is an integral form of the fractional derivative d®f(z)/dxz®.
Now we develop a similar approximation formula for the case 1 < a < 2.

Lemma 5.7. Let 1 < a < 2, ¢ > 1, and b = c"/*. Define a measure ¢,
concentrated on {b" : n € Z} by setting p{b"} = ¢ "(c—1). Then ¢. is a Lévy

measure, and if we let
_ y_
ac = / (1 7 y) de(dy)

then the infinitely divisible law v. with Lévy representation [a.,0, ¢.| is strictly
(b, ¢) semistable.

Proof. 1t follows exactly as in the proof of Lemma 5.1 that ¢. is the Lévy
measure of a unique (b, ¢) strictly semistable law v, with index av = log ¢/ logb,
and that ¢.(r,00) — r~* as ¢ — 1.

Now
Yy
—a, = _ dy) =1 + I, + 1
¢ /(y 1+92)¢(y) e

I = /sM (y — 1 fyz) Pe(dy)

where
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exists since the integrand is bounded and ¢.(s, M) is finite. Also since o =
logc/logh > 1 we have 1 < b = c"/* < ¢ < b% so that

I = /O( = )¢<dy>
0 (1+y)
S/O v oc(dy)

:Zb3"c_"(c
(56) bn<e
—e-1) Y )y

n>—loge/logb

< (C/bB)—loga/logb c—1

1—(c/b%)

3—a C— 1
1 — cl-3/a

—>53_a( a ) asc | 1.
3—«

=&

Finally
- y
I; = o(d
S/ y oc(dy)
= Z "¢ (e —1)
b >M
(5.7) =(c=1) > (/"
n>log M/logb
—1
< (b log M/ logb c
= G T
 iea €~ 1
=M 1 — ¢l/a-1

— M@ (Ll) as c | 1.
a_
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Then a,. exists and we can define an infinitely divisible law v, with Lévy rep-
resentation [a., 0, ¢.]. In view of (4.1) the infinitely divisible law v, has char-
acteristic function (k) = e¥<*) where

Ve(k) = /#0 (e™* — 1 — ikz) ¢e(dx)

and since ¢.(b~1dz) = c - ¢.(dx) it is easy to check that v, is strictly (b,c)
semistable. ]

Lemma 5.8. Let 1 < a < 2 and let v, be the semistable law from Lemma 5.7.
Then v, = v as ¢ | 1 where v is stable with characteristic function e*® with
(k) = (=ik)*T(2 = a)/(a = 1).

Proof. Let ¢ be a Lévy measure on (0,00) with ¢(r,00) = v~ for all r > 0,
and let v be infinitely divisible with Lévy representation [a, 0, ¢] where

o [ (v- 1L ) ola)

Since the integrand is O(y?) as y — 0 and O(y) as y — oo it is easy to check
that a exists. In view of (4.1) the infinitely divisible law v has characteristic
function 7(k) = e*®) where

w(k) = / (5 =1 k) 9(de) = (kT2 ~ )0~ )

by a straightforward computation, see for example [15] Lemma 7.3.8. Then it
is easy to check that v is strictly stable with index a.

We have already shown in the proof of Lemma 5.7 that ¢. — ¢ as ¢ — 1.
Now we want to show that a. — a as ¢ — 1. Proposition 1.2.13 in [15], the
Portmanteau theorem for finite measures, shows that

[M<y‘1f¢)¢*@*ﬁlm<y—lfw)¢ww

as ¢ — 1. Then using (5.6) and (5.7) along with the fact that a exists, it follows
easily that a. — a. Then Theorem 3.1.16 of [15], the standard convergence

criteria for infinitely divisible laws, implies that v, = v as ¢ — 1. 0
Theorem 5.9. If 1 < o < 2 then
(5.8)
. a—1 & _ d® f(x)
. njay n/a g/ n(, _
%mn;w (Flo =) = flo) + M f (@) (e = 1) = — 2=

Proof. Let v.,v be as in Lemma 5.8. It follows from (5.1) that the generator
A=A, is given by
['(2 - a)d*f(z)

a—1 dz>

Af(x) =
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Then
Ad@) = [ (=)= 5@+ @) ol
= Y (fla=") = fl) + 0" f' (@) e "(c = 1)
I'2—a)d*f(z)

—Af@) = a—1 dxo
as ¢ — 1, and (5.8) follows. O
Corollary 5.10. If1 < a < 2 then
(5.9)

-1 e de

Proof. The proof is the same as Corollary 5.4 U

Remark 5.11. As in the case of Theorem 5.3, the convergence in (5.8) corre-
sponds to the convergence (3.1) of semistable Lévy motions to a Lévy motion.
We could also obtain (5.9) by starting with ¢{—b"} = ¢ "(c — 1) so that ¢, is
supported on (—o00,0), and then (3.1) again holds. In view of Proposition 4.1
we also have cA,f(x) = A0,/ f)(c™Y*x), so that all of the fractional deriva-
tive approximations in this section have a nice scaling property. If A is the gen-
erator of a strictly stable law with index «, then tAf(x) = A0,/ f)(t~Vx)
for all £ > 0. In other words, the approximations developed here have the
same sort of scaling as the fractional derivative operator itself, but only along
a geometric sequence of scales.

Remark 5.12. When A is the generator of a semistable semigroup, we call
(5.2) the semistable diffusion equation. Solutions to the semistable diffusion
equation are of the form F(x,t) = P(Y(t) < z) for t > 0 where {Y(¢)}
is a semistable Lévy motion. The semistable diffusion equation extends the
fractional diffusion equation for Lévy motion, and may be useful in physics as a
more flexible model of anomalous diffusion. The fractional diffusion equation
has recently been extended to several dimensions [14, 16]. Solutions to the
multidimensional diffusion equation are vector stable Lévy motions, or more
generally, operator stable Lévy motions. It should be possible to extend the
results of this paper to multiple dimensions as well, using vector semistable or
operator semistable Lévy motions. The basic theory of (operator) semistable
random vectors can be found in [15].
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6. FRACTIONAL DIFFERENCES

Another discrete approximation to the fractional derivative d®f(x)/dz® is
given by the fractional difference quotient A f(x)/h® where

A = S0 () e = )

and
a) (=)™ tal'(m — «)
(6.1) (m) C Tl—a)(m+1)"

see for example [21]. To illuminate the connection with (4.2) we write the
difference operator in integral form.

Lemma 6.1. For any h > 0 and 0 < o < 1 we have

©2) he8g s ) = = [ (=) - ) on(dy)
where the measure ¢y, is concentrated on {mh : m > 1} with
(6.3) op{mh} = (—1)™! (7‘2) he.

Proof. Note that
—a)(— 1) (= —1
(5) =1 ma ()= Copeloati s Cosmo
so that

(1)t (;i) >0 forall m>0.

It is well known that

(6.4) (1+2)*= i (;j;) P

m=0

for any complex |z| <1 and any o > 0. Using (6.4) with z = —1 we get

S onfmb = =3 (1) (-
(6.5) e (i @) 1 1)

and the result follows easily. O
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Now we will construct an infinitely divisible law v, such that A, = —h™*A%
is the generator of the semigroup associated with . Then we will show that
v, = v as h — 0, where v is stable with index «, and A = —d*/dx® is the
generator of the semigroup associated with v.

Lemma 6.2. For any 0 < a < 1 the measure ¢y, defined by (6.3) is Lévy
measure, and if we let

(6.6) ap = / (1 Eyg) on(dy)

then there exists a unique infinitely divisible law vy, with Lévy representation
[ahu 07 ¢h] :

Proof. In view of (6.5), ¢, is a finite measure on (0,00) and hence a Lévy
measure. Furthermore, we have

1
(6.7 <5 [ antay
1
S
2
so that a; exists. Then the result follows from the Lévy representation theo-
rem, see for example [15] Theorem 3.1.11. O

In view of (4.1) the infinitely divisible law 1}, has characteristic function
oy (k) = e¥»®) where

¢m@0=:/;0@*x—1)¢wx>

and the generator A; = 4,, is

Af@) = [ (e =)~ f(a)) 6u(d)
so that A, = —h~*Aj by Lemma 6.1.

Theorem 6.3. Let 0 < a < 1 and let vy, be the infinitely divisible law defined
i Lemma 6.2. Then v, = v as h | 0, where v is stable with index o and
characteristic function D(k) = e?™) where (k) = —(—ik)°.

Proof. Let ¢ be concentrated on (0, 00) with ¢(r,00) = r~%/I'(1 — «). Then it
is easy to check that ¢ is a Lévy measure. Now let

a= / (1 fyz) ¢ (dy).
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Since the integrand is O(y) as y — 0 and O(y~!) as y — oo it is easy to
check that a exists. Then there exists a unique infinitely divisible law v with
Lévy representation [a, 0, ¢]. In view of (4.1) the infinitely divisible law v has
characteristic function (k) = ¥ where

wwozi/ﬂ(a“—w)¢ww::—«%ma

by a straightforward computation, see for example [15] Lemma 7.3.7. Then it
is easy to check that v is strictly stable with index .

Now in order to show that v, = v we could show that a;, — a and ¢, — ¢,
but in this case it is easier to verify directly that

mwz/;@m—nm@m

S () [ o

m=1

= ikm m [ & -« a
(6.8) = et <m) h™—h
m=1
R Z(_l)m (7?;) (6ikh)m
m=0
— _h—a(l . eikh)a
— —(—ik)* =¢(k) ash—0
using (6.5), (6.4) with z = —e™*" and the fact that e*" = 1 + ikh + O(h?) as

h — 0. Then (k) — v(k) for all k, and hence v, = v by the Lévy continuity
theorem. m

Since v, = v, we also have A, f(z) — Af(x) for all x as h — 0, or in other
words

- ARf(x) _ d*f(x)
W The T Tdee
This result is well known, see for example [21] p.373. In addition, if {Y,(¢)}

is a Lévy process such that Y}, (t) has distribution v}, and {Y(¢)} is a Lévy
motion such that Y (¢) has distribution v, then

(6.9)

(6.10) VY L5 {Y(#)} ash—0

by an argument similar to Theorem 3.1. In summary, the usual difference
approximation to the fractional derivative corresponds to a Lévy process gen-
erator, and these processes converge to the Lévy motion connected with the
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fractional derivative. However, these difference operators do not have the nice
scaling properties of the semistable generators.

Asin Remark 5.6, fractional difference approximations may also be viewed as
Riemann sum approximations to the integral defining the fractional derivative.
This heuristic argument depends on the following lemma.

Lemma 6.4. Let 0 < a < 1 and define

gn(mh) = (=1)™! (3@) -

for any h > 0 and any positive integer m. Then for any h > 0 we have

o
mh)* g, (mh _
as m — 00, and furthermore, this convergence is uniform in h > 0.

Proof. In view of (6.1) we have

atl B @ ap1l(m —a)
(mh)™gn(mh) = T — 5™ T 1)

which does not depend on h > 0, so it will suffice to show that

mO‘HM —1 asm — oo.
I'(m+1)

Using Stirling’s formula I'(x 4+ 1) ~ 27z 2%¢™" as © — 0o, we have

L(m—a) +2r(m—1—a)(m—1—aqa)m1i-ee(m-1-a)
I'(m+1) V2rm mme=m

arl [Mm—1—a (m—1—a)m=1=
= et/
m mm

where \/(m — 1 —a)/m — 1 and

_ 1 _ (m—1—a) m a+l
maH(m 1—a) :<1_a+1) ( m ) ot
m

mm m —1—-«

as m — oo, which finishes the proof. O
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Now take y,, = mh so that Ay,, = Ymi1 — Ym = h, and write

heAS f(z) = ni(—l)m (;3) Flw — mh)h

_ Z (z —mh) ~ f(z)) g(mh)h

=— Z (2 = Ym) = F()) gh(Ym) A

which is an integral expression for da f(z)/dz®.
For the sake of completeness, we conclude this section with an analysis of
the fractional difference approximation in the case 1 < a < 2. Now we have

(g) =1, (?) =a, and (—=1)™ (707;) >0 forallm>2

and we define
(6.11) op{mh} = (=)™ (g) K for m > 2.

Lemma 6.5. For any 1 < a < 2 the measure ¢y, defined by (6.11) is Lévy
measure, and if we let

(6.12) ap = / (1 f?ﬂ - y) on(dy)

then there exists a unique infinitely divisible law vy, with Lévy representation
[a'ha 07 ¢h] :

Proof. Since

(6.13)
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then ¢, is a finite measure on (0,00) and hence a Lévy measure.

derivatives in (6.4) we have

a—1 OO « m—1
(6.14) a(l+2)* = Z_l (m) mz
for > 1 and |z| < 1. Letting z = —1 yields
oo la B
};nu—n (m)_wy

Then we have

[ v ontan = iy () e

m=2
6.15 o
o (S (3) )
m=1
= ah'™®
and so

—ap = / (113 2) on(dy)
/ on(dy) /1 yon(dy)

< (a—1)h ™ +aht™

Taking

so that ay exists. Then the result follows from the Lévy representation theo-

rem.

O

In view of (4.1) the infinitely divisible law v}, has characteristic function

on (k) = e¥n(®) where

Yu(k) = /7&0 (e — 1 — ikz) ¢n(dx)
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and in view of (6.13) and (6.15) the generator A, = 4,, is

A f(a) = / (@ —y) — £() + uf (2)) duldy)

(1) () 1o = ) = (= D) 4 a2 )

N (- (3) W f(z — mh) — h™° f(z) + ah™® f(z — h)

m=0

I
>

— (= Dhf(z) + ab' = f'(z)
= h""Ap f(x) + ah™ (f(x — k) = f(x) + hf'(z))
where the last term tends to zero as h — 0 since o < 2.

Theorem 6.6. Let 1 < a < 2 and let vy, be the infinitely divisible law defined
i Lemma 6.5. Then v, = v as h | 0, where v is stable with index o and
characteristic function (k) = e¥®) where (k) = —(—ik)°.

Proof. Let ¢ be concentrated on (0, 00) with ¢(r,00) = (a — 1)r=*/T'(2 — «).
Then it is easy to check that ¢ is a Lévy measure. Now let

o [ (1= v) ola

Since the integrand is O(y?) as y — 0 and O(y) as y — oo it is easy to
check that a exists. Then there exists a unique infinitely divisible law v with
Lévy representation [a, 0, ¢]. In view of (4.1) the infinitely divisible law v has
characteristic function 2(k) = e¥® where

(k) = / y (e — 1 —ikz) ¢(dx) = —(—ik)

by a straightforward computation, see for example [15] Lemma 7.3.8. Then it
is easy to check that v is strictly stable with index a.

Write
wh(l{?) = / (6““ —1- Z]{ZLL’) (bh(dl’) = ]1 + [2 + ]3
where
= ikm m a —a
=Y e*mh(-1) (m) h
m=2
(6.16)

—h <—1 + ae™ 4+ ; (;jfb) (_eihk)m)

= p@ (_1 + aeikh + (1 o 6ikh)o¢) )
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Using (6.13) we have

L=-— /(bh(dx) — (1 —a)h

and similarly (6.15) yields

I3 = —il{:/ﬂbh(d:c) = —ikah'™®
so that
Un(k) = h™(1 —e™)* + ah™ (™ — 1 —ikh) — (—ik)* = ¢(k)

using e*" = 1 + ikh + O(h?) twice. Then (k) — ©(k) for all k, and hence
v, = v by the Lévy continuity theorem. 0

Since v, = v, we also have A, f(x) — Af(x) for all x as h — 0. Since
ah™@ (f(x —h) — f(x) + hf'(x)) — 0 for all x it follows once again that (6.9)
holds, as well as (6.10).

7. CONCLUSION

Semistable Lévy motions are the most general class of useful approxima-
tions for simple random walks. These limit results are in terms of stochas-
tic compactness, with weak convergence along a geometric sequence of time
scales. Suitably chosen sequences of semistable Lévy motions converge to a
stable Lévy motion. Stable generators can be written in terms of fractional
derivatives. The abstract Cauchy problem for a stable generator is called
the fractional diffusion equation. This equation is useful in physics to model
anomalous diffusion, where a cloud of particles spreads faster than the classical
diffusion equation predicts. Semistable generators are discrete convolutions,
and provide a new approximation to fractional derivatives. These discrete
convolutions have power law weights on a geometric grid, and nicer scaling
properties than the usual finite difference approximation. Semistable diffusion
equations may also be useful in physics as a more flexible model for anomalous
diffusion. Finite difference approximations to the fractional derivative are also
generators of infinitely divisible semigroups, and the associated Lévy processes
also converge to Lévy motions. These laws are similar to semistable laws, but
they do not pertain to any limit theorem. Their generators are discrete convo-
lutions, with asymptotically power law weights on an arithmetic grid, but they
do not have the nice scaling properties of semistable generators. The stochas-
tic processes and approximations in this paper have natural generalizations to
multiple dimensions, which may prove a fruitful direction for further research.
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