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1. Details of EM Algorithm and its implementation

In this section, we provide details of the EM algorithm for obtaining the maxi-
mum likelihood estimates (MLE) of @ where 8 = (g, 81, g, B2, ¢, A)T, where A =
(kg )k gr=1.. v are parameters in the transition matrix.
To this end, we introduce the following complete data corresponding the observed
data X,
Y ={Gy, 04, Xy:1l=1,--- L} fori=1,---,n

The likelihood function for the complete data is

n L
L(B]Y) = f(Y|6) = f(X|G)f(G|0) = Hfo Xl Gi) [T T @oi-1y.90 (8)7,, (6).

i=1 =1 =1 [=2
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where [y (Xy|Gq,dy) is the conditional density of Xj;. It follows that the log-
likelihood function of L(8|Y) is given by

n L

log L(O]Y) = Z Z log fx (Xit|Git) + Z Z log{agz(z 1) ga(0)} + Z log{m,, (6)}.
=1

=1 =1 =1 =2

Define £, x (1) as

Lig(l) := P(Gu = k|X) =Y P(GIX)I(Gy = k)
G;

=3 %[(Gﬂ = k). (L.1)

G;

and

Hi (1) = P(Giy = k, Gigpny = KX) = > P(Gi|X)I(Ga = k)(Giapny = k).
G;

The conditional expection of log L(0]Y) given X evaluated at 8™V is

n L M M
E{log L(6]Y)|X, ™D} = ZZEM ) log(m.(6 +ZZ > Hipw (1) log(ar . (6))
=1 k=1 i=1 [=2 k=1 k'=1
n L M
Y DD  Lin(l)log fx(XalGay =k, 6)

where we used Ej, ¢, —r{log fx(d4|Gy = k,0)} = 0.
We then maximize E{log L(0]Y)|X, H(mfl)} with respect to 6, say, the maximal

is taken at point 8™, We updated the parameter 8™ by ™. It can be shown,

by a constrained maximization, that a,(;z) are

(m) S S Hiw (1) Zz L iy Higer (1) (1.2)

Ay = S S S Hgw (1) Sy Y Lig(l)

and ol™, 8™ o™ 5™ () satistying

LM Olog fx(Xy|Gy = k;0)
Zzﬁl’k(l) 8(@1,/81705276276) -0 (13)

2



where the marginal probability mass function of X;; given Gy is

(;2)(1 111 Xio+Xaz+Xaa for g =1
(;ll)(() 5 — zll+le2<3>Xi13+Xil4 for g =2
Fx(XalGa = g:0) = ¢ ()(5) MM0522%5%1]3?;32;1) for g = 3
n e P i C1(60;Xi11,Xi2 —
(Xiz)(g s 1405‘*25'[’2 iB(azlz )5’2) for g =4
\ (;;)(1 zl2 Xin+Xius+Xiua for g = 5
ng\ _ ny!
where (Xill) - Xil1!X¢zQ!lXil3!X¢l4!’
1
4 4
Co(0: X, Xuz) = / (1=)545) 0 (5 =)o+ 1) (1= (5-0.5)"ds
0.5
and
0-5 4e e, x 4e X 1 1
C1(0: Xt Xin) = / (1= 508+ 58 (5 = 10+ 1= %071 (0.5~ 5) s
0

The details of the implementation of above EM algorithm can be done by a forward
and backward method. The following forward-backward algorithm implements the

EM algorithm in three steps:
1. Compute «;, (forward probabilities), 3;, (backward probabilities) and Pk, .
a; k(1) = mfx(Xa|Gau =k;a,8,e) foralll <k <M and1<i<n;

M
ik(l) = fx(XalGa = k; o, 8, €) Z aip(l—1ap, forl<l<Landl<i<n;

k=1
Gix(M)=1 foralll <k <M and1<i<n;
M
Bik(l) = Z ag e fx (Xigan)|Giary = Ko, 6,€)Bi (1 + 1)
k=1

for 1<I<L,1<k<Mandl1l<i<n;

and Px, = S0, i (1)Bir(1).



2. Compute L, x(l) and H; g (1) using o (1) and ;4 (1).

Lin(l) = %fk(l)

3

Hz’,k,k’<l> = ai,k(l)akk’fX<Xi(l+1)|Gz‘(l+1) = k/; a, 3, 6)5@,1«(5 + 1).

3. Update parameters 6 = (ag;, 1, 31, az, B2, €)T by

L
dlo XulGa=k;a,p3,¢
Z £i,k(l) gfx( l’ l B )

= —0. (1.4)

4. Repeat Step 1-3 until all the parameters 8 converge.

Since there is no closed form integration Cy(0; X;1, Xy2) and C1(0; X1, Xi), we
compute them using a numerical integration. To update parameters a, 3, e in (1.4),

we define é(™ as the solution of
L

Xin niy — Xin Xin +Xio Xz + Xin
Lio(l)(—
;;{ 1—e+ e )+ 2()( 1.5 —e¢ + e )

3

Xz + Xina 300( m= l)ﬁlm Y e Xun, Xi2)/0e

€ A 17 fm 1)?6;X7,l17X7,l2)

+£i,3<1){ ol
Xas +Xz'l4 0C, (d(m l)ﬁzm Y e X, Xan) /O
)

+£i,4(l){ :
€ (07 - 7 (m 1),€;X111,X112)

Xz lel - }

1— e
and dgm), Bsm) (s = 1,2) as the solutions to the following two equations:

+L;5(0)(—

n L A(m—1)
m—1), OB (a, Bs
0 = 3 Livnal)(~log2 — B (a, ) 2B )

A(m— 1) sh=1). X X,
+C (o, Y é(m_l);Xul,Xuz)aCS 1o, 8 il zl2))
7
n L A(m_l)
—(a\m™ aB Qs y Ms
0 = YD Ll log2 B a0, ) 2 k. &
i=1 =1 ]
~(m— m— 80 o, XI’X2
+CS_11(CY( 1 ’ﬁ& ) X’LllyXl2> ( %ﬂ . . ))



2. Transition Probabilities Depending on Distances Among SNPs

In this section, we discuss a generalized version of HMM-ASE, with transition prob-
ability taking into consideration of distances among SNPs. The idea is, if the two
SNPs are close to each other, it is less likely that the genotype state changes from
one SNP to another. While if the two SNPs are far apart, it is more likely that there
exists a change on genotype status between the two SNPs. Similar idea was been
applied in copy number variation detection by Wang et al. (2013).

If distances among SNPs affect the transition probability, then the transition ma-
trix A; = (agw(l)) depending on the location of a SNP, which is a function of the
SNP location [, where

akk’(l) = P(Gi,lJrl = /C/|Gi,z = /f)

1= (g @) (1 — e Ph) k=¥
for k,k'=1,....,5and [ =2,..., L. Here d; represents the genomic distance between

the locations of SNP [ and SNP [ + 1. The parameter p determines the effect of
the distance on the transition probabilities (p > 0). The parameter aj,, affects the
transition probabilities from state k to state k', besides the effect of distances. Also,

there is a constraint that ay,, € (0,1) and },, aj; <1 for each k. The expectation



of the log-likelihood function is now changed to

E{log L(]Y)|X, 0" 1}

n M n L M
D3 L) log(m) + 32323 Hivald)log (1 = (i) (1- ))
i=1 k=1 i=1 =2 k=1 Pt
n L M
PSS e (1)
i=1 1=2 k#k'

n L M
+D 3> Liw(D)log fx(XulGiu = F.6)

i=1 I=1 k=1

= Rl(’ﬂ'k) + Rg(a, p) + R3(a, p) + R4<0)

where a* = (ajy, ..., a3 0 1)

We modify the forward-backward algorithm in the last section to accommodate
the new model (1.5) on the transition matrix. The changes are summarized in the
following (1) change the transition probabilities aj , in step 1 into ax 4(1) and ax in
step 2 into ax i (1); (2) in additional to the update for parameters ay, 01, g, B2, € in
step 3, we also need to update the parameters ay, ;/, p, which can be done by using the
following method. Equating to zero the derivative of E{log L(0|Y)|X, 0%V} with

respect to ajy,, yields

aRQ(a’*up) + aR3(a’*7p) éo

(kK =1,...,M;k+k)

0ay,, Oajy
n L n L
(1 —e7") Hip (1) Hipw (w) : ;
= = — = — (k,k'=1,...,M;k#k)
;gl_(l_e”dl)zl#k% ;; U
n L n L
szl sz(l) (1 — e ?™)H; (1)
= = —ZZ =22
i=1 1=2 i=1 =2 21521_ 1_€pdl)2k'7&kakk/
for kK = 1,... M and ¥ # k.
For each k (k = 1,..., M), let > " 1ZL Hikaer ) =hy, ¥ =1,...,M, and we

a k!



find the value of h; that maximizes

SN S ) g (1 - (3 B K My, ))

i=1 =2 k=1 k' £k
n L M

Y Hl) log<Z’ i Z““(l_e—pdz))
i=1 1=2 k£k I

for each k with p initially fixed at its value from the previous EM iteration (p™).

2?1212 zkk’l) /{kal—l M

Then a new value of a* can be obtained by ay = T

k' # k. Now, an updated value of p can be obtained by directly maximizing

Ry(a*, p) + Rs(a*, p) with respect to p, using the new a* value.

3. Additional Results in Real Data Analysis

In this section, we present some additional results from the real data analysis. The
following contigency table Table S.1 reports the performance of the HMM-NASE DD
and the HMM-ASE DD method, which are, respectively, HMM-NASE and HMM-
ASE methods with transition probability matrix depending on distance among adja-
cent SNPs.

Comparing the results in the following Table S.1 with the results reported in Table
5 in the paper, we found that HMM-NASE DD method produced exactly the same
results as the HMM-NASE method. And the HMM-ASE DD method had a higher
empirical false positive rate than HMM-ASE method, which might be due to the
over parameterization in the HMM-ASE DD model. This indicates that, there is
no advantage of using distance dependent transition matrix for SNPs in a small

neighborhood.



Table S.1: Contingency tables of genotype calling with two methods (columns),
HMM-NASE Distance Dependent and HMM-ASE DD, versus actual genotypes
(rows). Values in bold represent counts of correct calls. The other values are in-

correct calls or Non-called (NC).

HMM-NASE DD HMM-ASE DD

Actual  Genotype,Reads>0 Genotype,Reads>0
genotype He Ho NC He Ho NC
He 570 1 20 571 0 20
Ho 2 921 46 34 889 46
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