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a b s t r a c t

This paper discusses a class of tests of lack-of-fit of a parametric regression model when

design is non-random and uniform on [0,1]. These tests are based on certain minimized

distances between a nonparametric regression function estimator and the parametric

model being fitted. We investigate asymptotic null distributions of the proposed tests, their

consistency and asymptotic power against a large class of fixed and sequences of local

nonparametric alternatives, respectively. The best fitted parameter estimate is seen to be

n1/2-consistent and asymptotically normal. A crucial result needed for proving these results

is a central limit lemma for weighted degenerate U statistics where the weights are arrays

of some non-random real numbers. This result is of an independent interest and an

extension of a result of Hall for non-weighted degenerate U statistics.

& 2010 Elsevier B.V. All rights reserved.
1. Introduction

An important problem in statistics is to use a variable X to explain the response Y. This is often done in practice in terms
of the regression function mðxÞ :¼ EðY jX ¼ xÞ, assuming it exists. One often stipulates this function to be of a parametric form
and then proceeds to make inference about the underlying parameters. It is then of interest to assess the accuracy of the
assumed parametric form, i.e., to test for the lack-of-fit of the assumed parametric model for mðxÞ based on the available
data. Monograph of Hart (1997) contains numerous tests for this problem and provides a review through 1997.

Koul and Ni (2004) proposed a class of tests for fitting a parametric model to the regression function based on minimum
squared deviations between a nonparametric estimator of mðxÞ and the parametric model being fitted. They established
asymptotic normality of a suitably standardized minimum distance test statistics and the minimum distance estimators.
Koul and Song (2009) extended this methodology to Berkson measurement error models. In a finite sample comparison of
these tests with some other existing tests, it was found that a member of this class preserves asymptotic level and has very
high power against the chosen alternatives. Moreover, the best fitted parameter estimate has literally no empirical bias at
the selected models. In both of these papers design is random and of dimension pZ1.

Here, we shall investigate their asymptotic behavior when design is non-random and uniform on [0,1]. More precisely,
we observe Yni,1r irn, from the model

Yni ¼ m
i

n

� �
þeni, 1r irn, ð1:1Þ

where eni, iZ1, are independent error r.v.’s, Eeni ¼ 0, Ee2
nio1, 1r irn. Let M :¼ fmyðxÞ; x 2 ½0,1�,y 2 Y � Rq

g be given
family of parametric regression models, where q is a known positive integer. The problem of interest is to test for

H : mðxÞ ¼my0
ðxÞ, 80rxr1, for some y0 2 Y, vs:

H1 : H is not true:
ll rights reserved.
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To describe the proposed tests, let K be a density kernel function on [�1,1], and b� bn be a deterministic bandwidth
sequence. Let G be a s- finite measure on [0,1] and define

MnðyÞ :¼
Z

1

nb

Xn

j ¼ 1

K
nx�j

nb

� �
ðYj�myðj=nÞÞ

2
4

3
5

2

dGðxÞ,

ŷn :¼ argmin
y2Y

MnðyÞ: ð1:2Þ

A class of tests of H, one for each G, is based on the minimized dispersion MnðŷnÞ.
To establish asymptotic normality of MnðŷnÞ one needs a central limit theorem for weighted degenerate U-statistics

where the weights are given by triangular arrays of real numbers and the kernels may depend on n. Hall (1984) gives
such a result for non-weighted degenerate U statistics of multivariate i.i.d. random variables. This result was used in Koul
and Ni (2004) to prove asymptotic normality of MnðŷnÞ in the case of random design. Lemma 2.1 below gives an extension
of this result to the weighted degenerate U statistics with the weights as mentioned above. This lemma is of independent
interest. It is used here to prove asymptotic normality of a suitably standardized MnðŷnÞ under H and under some
alternatives.

Other authors that have investigated asymptotic distributions of weighted degenerate U statistics include O’Neil and
Redner (1993), Major (1994), and Rifi and Utzet (2000). The weights and kernels in these papers are not allowed to depend
on n and the weak limits are generally non-Gaussian. See Hsing and Wu (2004) and references therein for asymptotic
normality of weighted non-degenerate U statistics of dependent observations, where again the weights and kernels are not
allowed to depend on n.

For the sake of clarity of the exposition, in the next section we discuss asymptotic distributions of the above entities
under null hypothesis when myðxÞ is linear in y. The case of more general my will be discussed briefly in Section 3.
Consistency of the proposed tests against a fixed alternative and asymptotic power against a sequence of local alternatives
m¼my0

þðnb1=2
Þ
�1c is discussed in Section 4, where c is a Lipschitz continuous function of order 1 on [0,1]. Among the

class of functions G having density g on [0,1], the g that yields the maximum asymptotic power 1�Fðza�a�1
R
c2
ðxÞdxÞ at

the asymptotic level a against this sequence of alternatives is g �c2, where a :¼ 2ð
R
f
R

KðtÞKðtþuÞdug2 dtÞ1=2, F is the d.f. of
a standard normal r.v., and za is such that FðzaÞ ¼ 1�a, 0rar1, see Theorem 4.2 and Remark 4.1 below.

In the sequel, all limits are taken as n-1, unless specified otherwise, and for any two sequence of real numbers
an,bn,an � bn, means that an=bn-1. The convergence in distribution is denoted by -D and N qða,BÞ denotes the q-variate
normal distribution with mean vector a and covariance matrix B.

2. Main results when myðxÞ ¼ y0‘ðxÞ

In this section we shall discuss asymptotic distributions of the above minimum distance estimators and minimized
distances under H when my is linear in y. Part of the reason for this is to keep the exposition relatively transparent. Let
‘j, j¼ 1, . . . ,q, be continuous G-square integrable functions on [0,1] and let ‘ðxÞ :¼ ð‘1ðxÞ,‘2ðxÞ, . . . ,‘qðxÞÞ

0. Consider the
problem of testing

~H : mðxÞ ¼ y00‘ðxÞ, 8x 2 ½0,1�, and some y0 2 Y vs:

~H1 : ~H is not true: ð2:1Þ

To proceed further, let

‘nðxÞ :¼
1

nb

Xn

j ¼ 1

K
nx�j

nb

� �
‘ðj=nÞ, 0rxr1,

Sn :¼

Z 1

0
‘nðxÞ‘nðxÞ

0 dGðxÞ, S :¼

Z 1

0
‘ðxÞ‘ðxÞ0 dGðxÞ:

We make the following assumptions about G, K, and the window width sequence b:

G has a continuous Lebesgue density g on ½0,1�, and for some 0oeo1,

gðxÞ40, x 2 ½E,1�E�, and

Z 1�E

E
ða0‘ðxÞÞ2 dGðxÞ40, 8a 2 Rq: ð2:2Þ

Sn and S are positive definite for all nZq: ð2:3Þ

K is an even positive differentiable density on ð�1,1Þ, vanishing outside ð�1,1Þ, and has a bounded derivative:

ð2:4Þ

b-0, nb2
-1: ð2:5Þ
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Note that (2.2)–(2.4), b-0 and continuity of ‘ implyZ
J‘nðxÞ�‘ðxÞJ

2 dGðxÞ-0, Sn-S: ð2:6Þ

Let y0 be as in ~H, D :¼ y�y0, enj :¼ Yj�y
0

0‘ðj=nÞ, and let

Unðx,yÞ :¼
1

nb

Xn

j ¼ 1

K
nx�j

nb

� �
Yj�y

0‘
j

n

� �� �
,

UnðxÞ :¼ Unðx,y0Þ ¼
1

nb

Xn

j ¼ 1

K
nx�j

nb

� �
enj, Sn :¼

Z
UnðxÞ‘nðxÞdGðxÞ,

Znðx,yÞ :¼ Unðx,yÞ�Unðx,y0Þ ¼�D0‘nðxÞ:

Under ~H, Mnðy0Þ ¼
R 1

0 U2
n dG and

MnðyÞ ¼
Z

U2
n ðx,yÞdGðxÞ ¼

Z
½UnðxÞ�D0‘nðxÞ�

2 dGðxÞ ¼

Z
U2

n dG�2D0SnþD0SnD:

Hence, in view of (2.3),

ðŷn�y0Þ ¼S�1
n Sn, MnðŷnÞ ¼Mnðy0Þ�S0nS

�1
n Sn, 8nZq: ð2:7Þ

Our aim is to obtain limiting distributions of ŷn and MnðŷnÞ under ~H. The following proposition gives the limiting
distribution of ŷn under the two different sets of conditions on the errors.

Proposition 2.1. Suppose ~H and assumptions (2.2)–(2.5) hold.
(i)
 If, in addition, enj,1r jrn, are i.i.d. with mean zero and positive and finite variance s2, then n1=2ðŷn�y0Þ-DN q

ð0,s2S�1 ~SS�1
Þ, where ~S :¼

R 1
0 ‘ðuÞ‘ðuÞ

0g2ðuÞdu.

(ii)
 In addition, suppose for some continuous positive functions s2ðxÞ and m4ðxÞ on [0,1], enj,1r jrn, are heteroscedastic

independent r.v.’s with finite 4th moments and Ee2
nj ¼ s

2ðj=nÞ, Ee4
nj ¼ m4ðj=nÞ, 1r jrn. Then, n1=2ðŷn�y0Þ-DN q

ð0,S�1S1S�1
Þ, where S1 :¼

R 1
0 ‘ðxÞ‘ðxÞ

0s2ðxÞg2ðxÞdx.
Proof. For the time being assume enj to be independent r.v.’s with Eenj ¼ 0 and Ee2
nj ¼ s

2ðj=nÞ, for some continuous positive
function s2 on [0,1]. In view of (2.3), (2.6) and (2.7), it suffices to prove asymptotic normality of Sn. For an a 2 Rq, let

LnðxÞ :¼ a0‘nðxÞ, LðxÞ :¼ a0‘ðxÞ, cnj :¼
1

n1=2b

Z
K

nx�j

nb

� �
LnðxÞdGðxÞ, 1r jrn:

Then,

n1=2a0Sn ¼ n1=2

Z
UnðxÞLnðxÞdGðxÞ ¼

1

n1=2b

Xn

j ¼ 1

Z
K

nx�j

nb

� �
LnðxÞdGðxÞenj ¼

Xn

j ¼ 1

cnjenj:

Hence,

s2
n :¼ Varðn1=2a0SnÞ ¼

Xn

j ¼ 1

c2
njVarðenjÞ ¼

1

nb2

Xn

j ¼ 1

Z
K

nx�j

nb

� �
LnðxÞdGðxÞ

� �2

s2 j

n

� �

¼
1

b2

Z 1

0

Z
K

x�u

b

� �
LnðxÞgðxÞdx

� �2

s2ðuÞduþoð1Þ-

Z 1

0
ðLðuÞsðuÞgðuÞÞ2 du¼ a0S1a:

In the above derivation we used the fact that
R

KðuÞdu¼ 1, continuity of g and s2ðuÞ, and (2.6) imply, uniformly in 0rur1,

b�1

Z
K

x�u

b

� �
LnðxÞdGðxÞ ¼

Z
KðzÞLnðbzþuÞgðbzþuÞdz-

Z
KðzÞdzLðuÞ gðuÞ:

Hence,

s2
n-a0S1a, Covðn1=2SnÞ-S1: ð2:8Þ

Also, (2.2) and sðuÞ being continuous and positive on [0,1] imply k :¼ inferxr1�egðxÞs2ðxÞ40 and a0S1aZk
R 1�e
e ða

0‘ðxÞÞ2

dGðxÞ40, for all a 2 Rq, i.e., S1 is positive definite.

Now consider Case (i) where enj’s are the i.i.d. r.v.’s with s2ðj=nÞ ¼ s2, a constant. Since n1=2a0Sn is a triangular array of

independent centered r.v.’s we will apply Lindeberg–Feller CLT. Now, because K is a bounded kernel and becauseR
jLnjdG-

R
jLjdGo1,

cn :¼ max
1r jrn

jcnjjrCn�1=2b�1

Z
jLnðxÞjdGðxÞ-0 by ð2:5Þ: ð2:9Þ
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Errors being i.i.d. and square integrable imply that s2
n ¼

Pn
j ¼ 1 c2

njs
2 and for any Z40,

s�2
n

Xn

j ¼ 1

c2
njEe

2
njIðjcnjenjj4ZsnÞrs�2Ee2 jej4Z sn

cn

� �
-0,

by (2.8) and (2.9), thereby verifying the L–F condition in this case.

Next, consider Case (ii) where errors are heteroscedastic having finite fourth moments. Argue as for (2.8), and use the

continuity of m4 to obtain

Xn

j ¼ 1

c2
njm4ðj=nÞ ¼

1

nb2

Xn

j ¼ 1

Z
K

nx�j

nb

� �
LnðxÞdGðxÞ

� �2

m4

j

n

� �
-

Z 1

0
ðLðuÞgðuÞÞ2m4ðuÞduo1:

This fact, (2.8) and (2.9) in turn imply

s�2
n

Xn

j ¼ 1

EðcnjenjÞ
2Iðjcnjenjj4ZsnÞr

1

Z2s4
n

Xn

j ¼ 1

c4
njm4ðj=nÞr

cn

Z2s4
n

Xn

j ¼ 1

c2
njm4ðj=nÞ-0,

which again verifies the L–F condition.

Thus, by the Carmér–Wold devise, we obtain n1=2Sn-DN qð0,s2 ~SÞ, in Case (i), and n1=2Sn-DN qð0,S1Þ, in Case (ii).

Because ðŷn�y0Þ ¼S�1
n Sn, and because Sn-S, we thus obtain, in view of (2.3),

n1=2ðŷn�y0Þ-DN qð0,s2S�1 ~SS�1
Þ in case ðiÞ,

n1=2ðŷn�y0Þ-DN qð0,S�1S1S�1
Þ in case ðiiÞ: ð2:10Þ

This completes the proof of the proposition. We remark here that in Case (ii), the finite fourth moment assumption may be

replaced by requiring only finite (2þd)th moment. &

Next, we turn to deriving the asymptotic distribution of the minimized distance MnðŷnÞ. From now onwards errors are
assumed to be as in Case (i) of the previous proposition and we shall write ej for enj. Let

Cn :¼
1

ðnbÞ2

Xn

j ¼ 1

Z
K2 nx�j

nb

� �
dGðxÞe2

j , K�ðtÞ :¼

Z
KðtþuÞKðuÞdu,

Ĉ n :¼
1

ðnbÞ2

Xn

j ¼ 1

Z
K2 nx�j

nb

� �
dGðxÞê2

nj, ênj :¼ Yj�ŷ
0

n‘ðj=nÞ,

t2 :¼

Z 1

0
g2ðvÞdv

Z
K2
� ðtÞdt, g2 :¼ 4s4t2:

We have

Proposition 2.2. In addition to ~H and (2.2)–(2.5), assume ej ¼ Yj�y
0

0‘ðj=nÞ, 1r jrn, to be i.i.d. r.v.’s with mean zero and

positive and finite variance s2 and having finite fourth moment. Then,

nb1=2
ðMnðŷnÞ�Ĉ nÞ-DN 1ð0,g2Þ: ð2:11Þ

Proof. Because MnðŷnÞ ¼Mnðy0Þ�S0nS
�1
n Sn and because

nb1=2
jSnS�1

n Snjrb1=2Jn1=2SnJ
2JS�1

n J¼ opð1Þ,

it suffices to show that nb1=2
ðMnðy0Þ�Ĉ nÞ-DN 1ð0,g2Þ. This in turn will follow from the following two facts. Under ~H,

nb1=2
ðĈ n�CnÞ ¼ opð1Þ, ð2:12Þ

nb1=2
ðMnðy0Þ�CnÞ-DN 1ð0,g2Þ: ð2:13Þ

First, consider (2.12). Let Dn ¼ ŷn�y0 and write

Ĉ n ¼
1

ðnbÞ2

Xn

j ¼ 1

Z
K2 nx�j

nb

� �
dGðxÞðej�ðŷ�y0Þ

0‘ðj=nÞÞ2 ¼ Cn�2D0n
1

ðnbÞ2

Xn

j ¼ 1

Z
K2 nx�j

nb

� �
dGðxÞej‘ðj=nÞ

þD0n
1

ðnbÞ2

Xn

j ¼ 1

Z
K2 nx�j

nb

� �
dGðxÞ‘ðj=nÞ‘ðj=nÞ0Dn:

Therefore,

nb1=2
ðĈ n�CnÞ ¼�2n1=2D0nBn1þnD0nBn2Dn,
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where

Bn1 :¼
1

ðnbÞ3=2

Xn

j ¼ 1

Z
K2 nx�j

nb

� �
dGðxÞej‘ðj=nÞ,

Bn2 :¼
b1=2

ðnbÞ2

Xn

j ¼ 1

Z
K2 nx�j

nb

� �
dGðxÞ‘ðj=nÞ‘ðj=nÞ0:

But, in view of (2.5),

Bn2 ¼
1

nb3=2

Z Z
K2 x�uÞ

b

� �
gðxÞdx‘ðuÞ‘ðuÞ0 duþoð1Þ ¼

1

nb1=2

Z
K2ðvÞdv

Z
‘ðuÞ‘ðuÞ0gðuÞduþoð1Þ-0:

Next, consider Bn1. We have E(a
0

Bn1)=0 and Varða0Bn1Þ ¼Oððn2bÞ�1
Þ-0, because

ðn2bÞVarða0Bn1Þ ¼
s2

nb2

Xn

j ¼ 1

Z
K2 nx�j

nb

� �
dGðxÞa0‘ðj=nÞ

� �2

-s2

Z Z
K2ðvÞdv gðuÞa0‘ðuÞ

� �2

du:

This, together with the fact n1=2Dn ¼Opð1Þ, completes the proof of (2.12).

We now turn to the proof of (2.13). Let

Mn2 :¼
1

ðnbÞ2

X
1r io jrn

Z
K

nx�i

nb

� �
K

nx�j

nb

� �
dGðxÞeiej:

Note that

Mnðy0Þ ¼

Z
U2

n dG¼
1

ðnbÞ2

Xn

j ¼ 1

Z
K2 nx�j

nb

� �
dGðxÞe2

j þ
1

ðnbÞ2

Xn

jai,j ¼ 1

Z Xn

i ¼ 1
K

nx�i

nb

� �
K

nx�j

nb

� �
dGðxÞeiej ¼ Cnþ2Mn2:

Thus, to prove (2.13), it suffices to prove

nb1=2Mn2-DN 1ð0,s4t2Þ: ð2:14Þ

Let

wn,ij :¼
1

nb3=2

Z
K

nx�i

nb

� �
K

nx�j

nb

� �
dGðxÞ:

Then we can rewrite

nb1=2Mn2 :¼
X

1r io jrn

wn,ijeiej:

Let F j :¼ s�fieldfei,ir jg. Because EðeiejjF j�1Þ ¼ eiEðejÞ ¼ 0, nb1/2Mn2 is a weighted degenerate U statistic where the weights

depend on n,i,j. We thus need a CLT for these types of U statistics.

Let Hn(x,y) be a sequence of measurable functions such that Hn(x,y)=Hn(y,x), for all x,y 2 R, nZ1. Let Xni,1r irn be an

array of p-variate i.i.d. r.v.’s such that

EðHnðXn1,Xn2ÞjXn1Þ ¼ 0, a:s:; EH2
nðXn1,Xn2Þo1, 8nZ1:

Also, let cn,ij be arrays of real numbers such that cn,ij ¼ cn,ji, for all 1r i,jrn. We shall provide further sufficient conditions

on these entities that ensure asymptotic normality of the more general degenerate weighted U statistic

U :¼
X

1r io jrn

cn,ijHnðXni,XnjÞ:

Let n2
n ¼VarðUÞ and Gnðx,yÞ :¼ EfHnðXn1,xÞHnðXn1,yÞg. We have the following:

Lemma 2.1. In addition to the above assumptions suppose the following holds:

Pn
j ¼ 2ð

Pj�1
i ¼ 1 c2

n,ijÞ
2EH4

nðXn1,Xn2Þ

ð
Pn

j ¼ 2

Pj�1
i ¼ 1 c2

n,ijÞ
2
ðEH2

nðXn1,Xn2ÞÞ
2
-0, ð2:15Þ

Pn
j1 ¼ 2

Pn
j2 ¼ 2ð

Pj1�1
i ¼ 1 cn,ij1

cn,ij2 Þ
2EG2

nðXn1,Xn2Þ

ð
Pn

j ¼ 2

Pj�1
i ¼ 1 c2

n,ijÞ
2
ðEH2

nðXn1,Xn2ÞÞ
2

-0, ð2:16Þ
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Pn
j1 ¼ 2

Pn
j2 ¼ 2

Pj1�1
i ¼ 1 c2

n,ij1
c2

n,ij2
EH4

nðXn1,Xn2Þ

ð
Pn

j ¼ 2

Pj�1
i ¼ 1 c2

n,ijÞ
2
ðEH2

nðXn1,Xn2ÞÞ
2

-0:

Then, n�1
n U-DN 1ð0,1Þ.

Proof. Hall (1984) proves this result for the special case where cn,ij � 1, and Xni � Xi, for all 1r i,jrn. We adopt his proof to
prove the above result for this more general weighted degenerate U statistic. Note that if cn,ij � 1 and Xni � Xi, then
assumptions (2.15) and (2.16) are equivalent to (2.1) in Hall (1984).

Let Gn,j :¼ s�fieldfXni,1r ir jg, and

Ynj :¼
Xj�1

i ¼ 1

cn,ijHnðXni,XnjÞ, Sk :¼
Xk

j ¼ 2

Ynj, 2rkrn:

Then, ðYnj,Gn,j�1Þ are martingale difference arrays and Sn=U. Let

V2
n :¼

Xn

j ¼ 2

EðY2
njjXni,1r ir j�1Þ:

Note that n2
n ¼ EV2

n ¼
Pn

j ¼ 2 EY2
nj.

As in Hall (1984), we shall use the martingale CLT, Hall and Heyde (1980, Corollary 3.1, p. 58). Accordingly we must

verify the following two conditions:

n�2
n

Xn

j ¼ 2

EðY2
njIðjYnjj4ZnnÞ-0, 8Z40, ð2:17Þ

n�2
n V2

n-p1: ð2:18Þ

Because of the assumed independence of Xnj’s and Hn being conditionally centered,

EY2
nj ¼

Xj�1

i ¼ 1

Xj�1

k ¼ 1

cn,ijcn,kjEHnðXnj,XniÞHnðXnj,XnkÞ ¼
Xj�1

i ¼ 1

c2
n,ijEH2

nðXnj,XniÞ ¼
Xj�1

i ¼ 1

c2
n,ijEH2

nðXn1,Xn2Þ, 2r jrn, ð2:19Þ

n2
n ¼

Xn

j ¼ 2

Xj�1

i ¼ 1

c2
n,ijEH2

nðXn1,Xn2Þ:

Also,

EY4
nj ¼

Xj�1

i ¼ 1

c4
n,ijEH4

nðXnj,XniÞþ3
Xj�1

i ¼ 1

Xj�1

k ¼ 1,kai

c2
n,ijc

2
n,kjEH2

nðXnj,XniÞH
2
nðXnj,XnkÞr3

Xj�1

i ¼ 1

c2
n,ij

 !2

EH4
nðXn1,Xn2Þ:

Hence, by (2.15),

n�4
n

Xn

j ¼ 2

EY4
njr3

Pn
j ¼ 2ð

Pj�1
i ¼ 1 cn,ijÞ

2EH4
nðXn1,Xn2Þ

ð
Pn

j ¼ 2

Pj�1
i ¼ 1 c2

n,ijÞ
2
½EH2

nðXn1,Xn2Þ�
2
-0:

From this (2.17) follows in a routine fashion.

To prove (2.18), we shall show that n�4
n EðV2

n�n2
nÞ

2-0. Towards this goal let vnj :¼ EfY2
njjXni,io jg and note that

V2
n ¼

Pn
j ¼ 2 vnj, n2

n ¼ EV2
n , and

EðV2
n�n

2
nÞ

2
¼ EV4

n�n
4
n , EV4

n ¼
Xn

j ¼ 2

Ev2
njþ2

X
2r j1 o j2 rn

EðvnjvnkÞ:

To proceed further, observe that

vnj ¼
Xj�1

i ¼ 1

Xj�1

k ¼ 1

cn,ijcn,kjEfHnðXnj,XniÞHnðXnj,XnkÞjXnm,mr j�1g ¼
Xj�1

i ¼ 1

Xj�1

k ¼ 1

cn,ijcn,kjGnðXni,XnkÞ

¼
Xj�1

i ¼ 1

c2
n,ijGnðXni,XniÞþ2

X
1r iokr j�1

cn,ijcn,kjGnðXni,XnkÞ:

Using the fact EGn(Xn1,Xn2)=0 and the assumed independence, one obtains, for any irk,jrm,

EðGnðXni,XnkÞGnðXnj,XnmÞÞ ¼ EG2
nðXn1,Xn1Þ, i¼ k¼ j¼m,

¼ ½EGnðXn1,Xn1Þ�
2, i¼ kaj¼m,

¼ EG2
nðXn1,Xn2Þ, i¼ j,k¼m,iok,

¼ 0, otherwise:
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Therefore, for j1r j2,

Eðvnj1
vnj2
Þ ¼

Xj1�1

i ¼ 1

Xj2�1

k ¼ 1

c2
n,ij1

c2
n,kj2
½EGnðXn1,Xn1Þ�

2þ
Xj1�1

i ¼ 1

c2
n,ij1

c2
n,ij2

VarfGnðXn1,Xn1Þgþ4
X

1r iokr j1�1

c2
n,ij1

c2
n,kj1

EG2
nðXn1,Xn2Þ:

In particular,

Ev2
nj ¼

Xj�1

i ¼ 1

c2
n,ij

 !2

½EGnðXn1,Xn1Þ�
2þ

Xj�1

i ¼ 1

c4
n,ij VarfGnðXn1,Xn1Þgþ4

X
1r iokr j�1

c2
n,ijc

2
n,kjEG2

nðXn1,Xn2Þ, 2r jrn:

From (2.19), and because EHn
2(Xn1,Xn2)=EGn(Xn1,Xn1), we also have

n4
n ¼

Xn

j ¼ 2

Xj�1

i ¼ 2

c2
n,ij

0
@

1
A

2

½EH2
nðXn1,Xn2Þ�

2 ¼
Xn

j ¼ 2

Xj�1

i ¼ 2

c2
n,ij

 !2

þ2
Xn

2r j1 o j2 rn

Xj1�1

i ¼ 2

Xj2�1

‘ ¼ 2

c2
n,ij1

c2
n,‘j1

2
4

3
5½EGnðXn1,Xn1Þ�

2:

Hence,

EV4
n ¼

Xn

j ¼ 2

Ev2
njþ2

X
2r j1 o j2 rn

Eðvnj1
vnj2
Þ

¼
Xn

j ¼ 2

Xj�1

i ¼ 1

c2
n,ij

 !2

½EGnðXn1,Xn1Þ�
2þ

Xj�1

i ¼ 1

c4
n,ijVarfGnðXn1,Xn1Þg

2
4

þ4
X

1r iokr j�1

c2
n,ijc

2
n,kjEG2

nðXn1,Xn2Þ

3
5

þ2
X

2r j1 o j2 rn

Xj1�1

i ¼ 1

Xj2�1

k ¼ 1

c2
n,ij1

c2
n,kj2
½EGnðXn1,Xn1Þ�

2

"

þ
Xj1�1

i ¼ 1

c2
n,ij1

c2
n,ij2

VarfGnðXn1,Xn1Þg

þ4
X

1r iokr j1�1

cn,ij1
cn,ij2

cn,kj1
cn,kj2

EG2
nðXn1,Xn2Þ

3
5,

EV4
n�n

4
n ¼

Xn

j ¼ 2

Xj�1

i ¼ 1

c4
n,ijVarfGnðXn1,Xn1Þgþ4

X
1r iokr j�1

c2
n,ijc

2
n,kjEG2

nðXn1,Xn2Þ

2
4

3
5

þ2
X

2r j1 o j2 rn

Xj1�1

i ¼ 1

c2
n,ij1

c2
n,ij2

VarfGnðXn1,Xn1Þg

"

þ4
X

1r iokr j1�1

cn,ij1
cn,ij2

cn,kj1
cn,kj2

EG2
nðXn1,Xn2Þ

3
5,

¼
Xn

j ¼ 2

Xj�1

i ¼ 1

c4
n,ijþ2

X
2r j1 o j2 rn

Xj1�1

i ¼ 1

c2
n,ij1

c2
n,ij2

2
4

3
5VarfGnðXn1,Xn1Þg

þ2 2
Xn

j ¼ 2

X
1r iokr j�1

c2
n,ijc

2
n,kj:

2
4

þ4
X

2r j1 o j2 rn

X
1r iokr j1�1

cn,ij1 cn,ij2
cn,kj1

cn,kj2

3
5EG2

nðXn1,Xn2Þ

¼ 2
Xn

j1 ¼ 2

Xn

j2 ¼ 2

Xj1�1

i ¼ 1

cn,ij1 cn,ij2

 !2

�
Xj1�1

i ¼ 1

c2
n,ij1

c2
n,ij2

2
4

3
5EG2

nðXn1,Xn2Þ

þ
Xn

j1 ¼ 2

Xn

j2 ¼ 2

Xj1�1

i ¼ 1

c2
n,ij1

c2
n,ij2

VarfGnðXn1,Xn1Þg

r 2
Xn

j1 ¼ 2

Xn

j2 ¼ 2

Xj1�1

i ¼ 1

cn,ij1 cn,ij2

 !2

EG2
nðXn1,Xn2Þ

þ
Xn

j1 ¼ 2

Xn

j2 ¼ 2

Xj1�1

i ¼ 1

c2
n,ij1

c2
n,ij2

EH4
nðXn1,Xn2Þg:
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In the last but one inequality above, we used the fact

VarðGnðXn1,Xn1ÞÞrEG2
nðXn1,Xn1Þ ¼ E½E2fH2

nðXn1,Xn2ÞjXn1g�rEH4
nðXn1,Xn2Þ:

Hence, (2.18) follows from the condition (2.16). This completes the proof of the lemma. &

Now consider the case where EHn
2(Xn1,Xn2), EHn

4(Xn1,Xn2) and EGn
2(Xn1,Xn2) do not depend on n. Then, (2.15)–(2.16) are

implied byPn
j ¼ 2ð

Pj�1
i ¼ 1 c2

n,ijÞ
2

ð
Pn

j ¼ 2

Pj�1
i ¼ 1 c2

n,ijÞ
2
-0, ð2:20Þ

Pn
j1 ¼ 2

Pn
j2 ¼ 2ð

Pj1�1
i ¼ 1 cn,ij1

cn,ij2
Þ
2

ð
Pn

j ¼ 2

Pj�1
i ¼ 1 c2

n,ijÞ
2

-0, ð2:21Þ

Pn
j1 ¼ 2

Pn
j2 ¼ 2

Pj1�1
i ¼ 1 c2

n,ij1
c2

n,ij2

ð
Pn

j ¼ 2

Pj�1
i ¼ 1 c2

n,ijÞ
2

-0: ð2:22Þ

We shall now show that these conditions are satisfied by

cn,ij ¼wn,ij ¼
1

nb3=2

Z
K

nx�i

nb

� �
K

nx�j

nb

� �
gðxÞdx:

We haveXn

j ¼ 2

Xj�1

i ¼ 1

w2
n,ij ¼

Xn

j ¼ 2

Xj�1

i ¼ 1

1

nb3=2

Z
K

nx�i

nb

� �
K

nx�j

nb

� �
dGðxÞ

� �2

�
1

b3

Z 1

0

Z v

0

Z
K

x�u

b

� �
K

x�v

b

� �
gðxÞdx

� �2

dudv

�
1

b

Z 1

0

Z v

0

Z
K zþ

v�u

b

� �
KðxÞgðbzþvÞ dz

� �2

du dv�

Z 1

0
g2ðvÞdv

Z Z
KðzþtÞKðxÞdz

� �2

dt: ð2:23Þ

Xn

j ¼ 2

Xj�1

i ¼ 1

w2
n,ij

 !2

¼
1

n3b6

Xn

j ¼ 2

Xj�1

i ¼ 1

Z
K

nx�i

nb

� �
K

nx�j

nb

� �
dGðxÞ

� �2
 !2

�
1

nb6

Z 1

0

Z v

0

Z
K

x�u

b

� �
K

x�v

b

� �
gðxÞdx

� �2
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 !2
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�
1

nb2

Z 1

0

Z v

0

Z
K zþ

v�u

b

� �
KðxÞÞgðbzþvÞdz

� �2
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 !2

dv

� n�1

Z Z
KðzþtÞKðxÞdz

� �2

dt

 !2 Z 1

0
g4ðvÞdv:
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j1 ¼ 2

Xn

j2 ¼ 2

Xj1�1

i ¼ 1

wn,ij1 wn,ij2

 !2

¼
1

n2b6
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j1 ¼ 2
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j2 ¼ 2

1

n

Xj1�1
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Z
K
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� �
K

nx�j1

nb

� �
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Z
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� b�2
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0

Z 1

0
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0

Z
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v�u

b
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�

Z
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b
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�

Z 1

0

Z 1

0
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�

�
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b
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Z Z
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Similarly one sees

Xn

j1 ¼ 2

Xn

j2 ¼ 2

Xj1�1

i ¼ 1

w2
n,ij1

w2
n,ij2
¼

1

n4b6

Xn

j1 ¼ 2

Xn

j2 ¼ 2

Xj1�1

i ¼ 1

Z
K

nx�i

nb

� �
K

nx�j1

nb

� �
gðxÞdx

�

�

Z
K

ny�i

nb

� �
K

ny�j2

nb

� �
gðyÞdy

�2

� n�1

Z
g4ðvÞdv

Z Z
ðK�ðsÞK�ðtÞÞ

2 dsdt:

These approximations now clearly show that conditions (2.20)–(2.22) are satisfied by wn,ij, and hence the lemma applies

with Xni � ei, Hnðx,yÞ ¼ xy. Because of (2.23), here

n2
n ¼

Xn

j ¼ 2

Xj�1

i ¼ 1

w2
n,ijEðe1e2Þ

2-s4

Z
g2ðvÞdv

Z
K2
� ðtÞdt:

Therefore, we have established (2.13), and hence also (2.11). &

Let za be 100ð1�aÞ th percentile of the standard normal distribution, 0oao1, and let ŝ2
n :¼ n�1

Pn
j ¼ 1 ê

2
nj, ĝ

2
n :¼ 4ŝ4

nt2. Then
the minimized distance test that rejects ~H in favor of ~H1 whenever jĝ�1

n nb1=2
ðMnðŷnÞ�Ĉ nÞj4za=2 will have asymptotic size a.
3. General M

We shall now give a set of sufficient conditions on the modelM under which the analogs of the results of the previous
section will continue to hold. These are similar yet simpler to those given in Koul–Ni for the random design case where
there was an extra complication because the design was random with an unknown density and errors were allowed to be
heteroscedastic. Consider the following assumptions.
(e)
 Ee4o1.

(m1)
 For each y, myðxÞ is continuous in x w.r.t. integrating measure G.

(m2)
 The parametric family of models myðxÞ is identifiable w.r.t. y, i.e., if my1

ðxÞ ¼my2
ðxÞ, for almost all x (G), then y1 ¼ y2.
(m3)
 For some positive continuous function h on [0,1] and for some b40,

jmy2
ðxÞ�my1

ðxÞjrJy2�y1J
bhðxÞ, 8y2, y1 2 Y, x 2 ½0,1�:

For every x, myðxÞ is differentiable in y in a neighborhood of y0 with the vector of derivatives _myðxÞ, such that for
(m4)

every ko1,

sup
1r irn,ðnbÞ1=2Jy�y0Jrk

my
i

n

� �
�my0

i

n

� �
�ðy�y0Þ

0 _my0

i

n

� �����
����

Jy�y0J
-0:

The vector function x/ _my0
ðxÞ is continuous in x 2 ½0,1� and for every 0oko1,
(m5)
max
1r irn,ðnbÞ1=2Jy�y0Jrk

b�1=2 _my
i

n

� �
� _my0

i

n

� �				
				-0:

S0 :¼
R 1

0
_my0
ðuÞ _my0

ðuÞ0 dGðuÞ is positive definite.
(m6)
Under (2.2)–(2.5) and the above assumptions and by adapting arguments of Koul and Ni (2004) and using Lemma 2.1
where Hall (1984) was used one can prove the following results. First, one establishes ŷn of (1.2) is consistent for y0 under
H, and

n1=2ðŷn�y0Þ-DN qð0,S�1
0
~SS�1

0 Þ,
~S :¼ s2

Z 1

0

_my0
ðuÞ _my0

ðuÞ0g2ðuÞdu:

Next, let ênj :¼ Yj�mŷn
ðj=nÞ,

Ĉn :¼ ðnbÞ�2
Xn

j ¼ 1

Z 1

0
K2 nx�j

nb

� �
dGðxÞên

2
j , ŝ2

n :¼ n�1
Xn

j ¼ 1

ê2
nj, ĝ2

n :¼ 4ŝ4
nt

2,

D̂n :¼ ĝn
�1

nb1=2
ðMnðŷnÞ�ĈnÞ:

Then, D̂n-DN 1ð0,1Þ, and the test that rejects H, in favor of H1, whenever jD̂njZza=2, has asymptotic size a.
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4. Consistency and asymptotic power

In this section we shall discuss consistency of ŷn for y0 under H and of the above test based on D̂n against a fixed
alternative. We shall also derive asymptotic power of this test against sequences of local nonparametric alternatives.

Let L2(G) denote the class of real valued square integrable functions on [0,1] with respect to G,
rðn1,n2Þ :¼

R
½n1�n2�

2 dG,n1,n2 2 L2ðGÞ, and

TðnÞ :¼ argmin
y2Y

rðn,myÞ, n 2 L2ðGÞ: ð4:1Þ

Under assumption (m2), Tðmy0
Þ ¼ y0, for any value of y0.

We shall first prove ŷn-pTðmÞ for every continuous regression function m. This in turn is used to prove consistency of the
above test based on D̂n. We also establish asymptotic normality of n1=2ðŷn�y0Þ and D̂n under the local alternatives
H1n : m¼my0

þc=
ffiffiffiffiffiffiffiffiffiffiffiffi
nb1=2

p
, where c is a real valued Lipschitz continuous function of order 1 on [0,1] such that

R
_my0

cdG¼ 0.
Basic ideas of the proofs of Lemma 4.2 and Theorems 4.1 and 4.2 below are as in Koul and Ni (2004) and Koul and Song

(2009). However, here the details are inherently different and relatively simpler.
Consistency of ŷn: Proving consistency of ŷn is facilitated by the following continuity lemma. Its proof is similar to that of

Theorem 1 in Beran (1977).

Lemma 4.1. Under (m3), the following hold.
(a)
 TðnÞ always exists, for all n 2 L2ðGÞ.

(b)
 If TðnÞ is unique, then T is continuous at n in the sense that for any sequence of fnng 2 L2ðGÞ converging to n in L2(G),

TðnnÞ-TðnÞ, i.e. rðnn,nÞ-0 implies TðnnÞ-TðnÞ.

(c)
 In addition, if (m2) holds, then TðmyÞ ¼ y, uniquely for 8y 2 Y.
Now, let KbjðxÞ :¼ Kððnx�jÞ=nbÞ=b, and

m̂nðxÞ :¼
1

n

Xn

j ¼ 1

KbjðxÞYj, mnyðxÞ :¼
1

n

Xn

j ¼ 1

KbjðxÞmy
j

n

� �
, x 2 ½0,1�, Wn :¼ Tðm̂nÞ:

Note that MnðyÞ ¼ rðm̂n,mnyÞ and ŷn ¼ argminyrðm̂n,mnyÞ. A consequence of the above lemma is the following:

Lemma 4.2. Suppose (2.2), (2.4), (2.5) and (m3) hold. Furthermore, suppose m is a given continuous regression function such

that the errors Yi�mði=nÞ, 1r irn, are homoscedastic having finite and positive variance s2, and such that T(m) is unique. Then,

ðaÞ Wn-pTðmÞ: ðbÞ ŷn-pTðmÞ: ð4:2Þ

Proof. To prove (a), in view of part (b) of Lemma 4.1, it suffices to prove

rðm̂n,mÞ ¼ opð1Þ: ð4:3Þ

Let, xi :¼ Yi�mði=nÞ, 1r irn,

VnðxÞ :¼ n�1
Xn

i ¼ 1

KbiðxÞxi, mnðxÞ :¼ n�1
Xn

i ¼ 1

KbiðxÞm
i

n

� �
, x 2 ½0,1�: ð4:4Þ

To prove (4.3), write

rðm̂n,mÞ ¼

Z
1

n

Xn

j ¼ 1

KbjðxÞYj�mðxÞ

2
4

3
5

2

dGðxÞ ¼

Z
½VnðxÞþmnðxÞ�mðxÞ�2 dGðxÞr2

Z
V2

n dGþ2rðmn,mÞ:

By Fubini’s Theorem, continuity of g and because Exi � 0,

E

Z
V2

n dG¼
1

bn2

Z
KðuÞ

Xn

i ¼ 1

g buþ
i

n

� �
du¼OððnbÞ�1

Þ,

Z
V2

n dG¼OpððnbÞ�1
Þ ¼ opð1Þ because nb-1: ð4:5Þ

Continuity of m and (2.2) imply rðmn,mÞ-0. This completes the proof of part (a).

To prove part (b), it suffices to show that

sup
y2Y
jMnðyÞ�rðm,myÞj ¼ opð1Þ: ð4:6Þ

For, assume this to be true. By (m3) and the triangle inequality

jrðm,my2
Þ�rðm,my1

Þjr jr1=2ðm,my2
Þ�r1=2ðm,my1

Þj2rCJy1�y2J
2b, 8y1, y2 2 Y:
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This together with (4.6) imply

lim
d-0

lim sup
n

P sup
Jy1�y2Jod

jMnðy1Þ�Mnðy2Þj4e
 !

¼ 0, 8e40: ð4:7Þ

These two facts in turn imply ŷn-pTðmÞ: For, if ŷnQpTðmÞ, then, by the compactness of Y, there is a subsequence fŷnk
g of

fŷng and a WaTðmÞ such that ŷnk
-pW. Because Mnk

ðŷnk
ÞrMnk

ðTðmÞÞr jMnk
ðTðmÞÞ�rðm,mTðmÞÞjþrðm,mTðmÞÞ,

rðm,mWÞr jrðm,mWÞ�Mnk
ðWÞjþjMnk

ðWÞ�Mnk
ðŷnk
ÞjþMnk

ðŷnk
Þrrðm,mTðmÞÞþ2sup

y
jMnk
ðyÞ�rðm,myÞjþjMnk

ðWÞ�Mnk
ðŷnk
Þj:

By (4.6) and (4.7), the last two summands in the above bound tend to zero, in probability, so that rðm,mWÞrrðm,mTðmÞÞ

eventually, with arbitrarily large probability. In view of the uniqueness of T(m), this is a contradiction unless W¼ TðmÞ.

To prove (4.6), recall MnðyÞ ¼ rðm̂n,mnyÞ. Use the factorization (a2
�b2)=(a�b)(a+b) and the Cauchy–Schwarz (C–S)

inequality to obtain that jrðm̂n,mnyÞ�rðm,myÞj is bounded above by the product q1=2
n1 ðyÞq

1=2
n2 ðyÞ, where

qn1ðyÞ :¼
Z
ð½m̂nðxÞ�mðxÞ��½mnyðxÞ�myðxÞ�Þ

2 dGðxÞ,

qn2ðyÞ :¼
Z
ð½m̂nðxÞþmðxÞ��½mnyðxÞþmyðxÞ�Þ

2 dGðxÞ:

But qn1ðyÞr2ðrðm̂n,mÞþrðmny,myÞÞ. By (4.3), the first term in this bound is opð1Þ. We need to show that the second term

tends to zero uniformly in y 2Y. Because, for each y, myðxÞ is continuous in x, we already have rðmny,myÞ-0, for every

y 2 Y. To obtain uniformity, note that 8y1,y2 2 Y,

jrðmny1
,my1
Þ�rðmny2

,my2
Þj2

r
Z
ð½mny1

ðxÞ�mny2
ðxÞ��½my1

ðxÞ�my2
ðxÞ�Þ2 dGðxÞ

�

Z
ð½mny1

ðxÞþmny2
ðxÞ��½my1

ðxÞþmy2
ðxÞ�Þ2 dGðxÞ: ð4:8Þ

Let HnðxÞ :¼ n�1
Pn

i ¼ 1 Kbððnx�iÞ=nbÞhði=nÞ, where h is as in (m3). By (m3), the first factor of the product in the r.h.s. of (4.8)

is bounded above by CJy1�y2J
2b
ð
R

H2
nðxÞgðxÞdxþ1Þ. Using the fact that

RR
KðsÞKðsþtÞds dt ¼ 1 and h and g are continuous,

direct calculations show thatZ
H2

nðxÞgðxÞ dx-

Z
h2ðxÞgðxÞdxo1: ð4:9Þ

Because myðxÞ is bounded on ½0,1� �Y, the second factor in (4.8) is bounded above by Cð
R

H2
nðxÞgðxÞdxþ1Þ ¼Oð1Þ. These

facts, together with the compactness of Y imply that supy2Yqn1ðyÞ ¼ opð1Þ while myðxÞ bounded on ½0,1� �Y implies that

supy2Yqn2ðyÞ ¼Opð1Þ, thereby completing the proof of (4.6). &

Upon taking m¼my0
in the above lemma one immediately obtains the following:

Corollary 4.1. Suppose (1.1), H, (2.2), (2.4), (2.5), and (m1)–(m3) hold. Then Wn-py0, ŷn-py0, in probability.

Consistency of D̂n test: Consistency of the above test that rejects H in favor of an alternative m=2M whenever jD̂nj is large
will be implied by showing jD̂nj-p1, under the given alternative m. We establish the latter result below. Let m be a
regression function, dyðxÞ :¼ myðxÞ�mðxÞ, and

DnyðxÞ :¼
1

n

Xn

i ¼ 1

KbiðxÞdy
i

n

� �
, x 2 ½0,1�, y 2 y:

The following theorem provides a set of sufficient conditions under which jD̂nj-p1.

Theorem 4.1. Suppose (2.2), (2.4), (2.5) and (m3) hold. Furthermore, suppose the alternative hypothesis H1 : mðxÞ ¼mðxÞ,8x 2
½0,1� holds with the additional assumption that m is continuous, infyrðm,myÞ40 and the errors xi ¼ Yi�mði=nÞ, 1r irn, are

homoscedastic zero mean r.v.’s having finite and positive variance s2 and finite fourth moment. Then, jD̂nj-p1.

Proof. Recall the definition of Vn from (4.4). Subtract and add mði=nÞ to Yi�mŷn
ði=nÞ and expand the quadratic integrand to

rewrite MnðŷnÞ ¼ Sn1�2Sn2þSn3, where

Sn1 :¼

Z
V2

n dG, Sn2 :¼

Z
VnðxÞDnŷn

ðxÞdGðxÞ, Sn3 :¼

Z
D2

nŷn
ðxÞdGðxÞ:

Note that Sn1 is like Mnðy0Þ. Argue as for (2.13) to establish that under the current set up, nb1=2
ðSn1�C�nÞ-dN1ð0,g2Þ, where

C�n ¼
Pn

i ¼ 1

R
K2

biðxÞx
2
i dGðxÞ=n2, and g2 as in (2.13).
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Again, write T for T(m). We claim Sn3 ¼ rðm,mT Þþopð1Þ. To see this, proceed as follows. Subtract and add mT ði=nÞ in the ith

summand of Dŷn
ðxÞ and expanding the quadratic to rewrite Sn3 ¼ Sn31þ2Sn32þSn33, where

Sn31 :¼

Z
D2

nT ðxÞdGðxÞ, Sn32 :¼

Z
DnT ðxÞ½mnŷn

ðxÞ�mnT ðxÞ�dGðxÞ,

Sn33 :¼

Z
½m

nŷn
ðxÞ�mnT ðxÞ�

2 dGðxÞ:

Continuity of m(x), myðxÞ and g(x) in x 2 ½0,1�, readily implies

Sn31 ¼

Z
1

n

Xn

i ¼ 1

KbiðxÞ m
i

n

� �
�mT

i

n

� �� �" #2

dGðxÞ-rðm,mT Þ:

By (m3), Sn33rJŷn�TJ2b R H2
nðxÞdGðxÞ ¼ opð1Þ, by consistency of yn for T and (4.9). By the C–S inequality, jSn32jr j

Sn31Sn33j
1=2 ¼ opð1Þ. Therefore, Sn3 ¼ rðm,mT Þþopð1Þ. By (4.5) and the C–S inequality, jSn2jr jSn1j

1=2jSn3j
1=2 ¼OpððbnÞ�1=2

Þ.

Next, note that

Ĉn�C�n ¼�
2

n2

Xn

i ¼ 1

Z
K2

biðxÞxiDŷn

i

n

� �
dGðxÞþ

1

n2

Xn

i ¼ 1

Z
K2

biðxÞD
2
ŷn

i

n

� �
dGðxÞ ¼�2D1þD2 say:

Calculations similar to the above show that

jD1jr
Z

1

n2

Xn

i ¼ 1

K2
biðxÞ mŷn

i

n

� �
�mT

i

n

� �����
����jxijdGðxÞþ

Z
1

n2

Xn

i ¼ 1

K2
biðxÞ mT

i

n

� �
�m

i

n

� �����
����jxijdGðxÞ

rC

Z
1

n2

Xn

i ¼ 1

K2
biðxÞh

i

n

� �
jxijdGðxÞJŷn�TJbþ

Z
1

n2

Xn

i ¼ 1

K2
biðxÞ mT

i

n

� �
�m

i

n

� �����
����jxijdGðxÞ: ð4:10Þ

Direct calculations show that the expected value of the second term in this bound is of the order (nb)�1 so that it is

Op((nb)�1). Similarly, because Jŷn�TJ¼ opð1Þ, the first term in this upper bound is op((nb)�1). As a result, D1 ¼OpððnbÞ�1
Þ.

Similar calculations show that D2 ¼OpððnbÞ�1Jŷn�TJ2b
Þ. By the LLN’s, gn-pg. All these results together yield

D̂n ¼ nb1=2g�1ðSn1�C�nÞþnb1=2g�1rðm,mT Þþopðnb1=2
Þ,

hence the theorem, because infyrðm,myÞ ¼ rðm,mT Þ40 and nb1=2
-1. &

Power at local alternatives: Here we shall now study the asymptotic power of the proposed D̂n test against some local
alternatives. Accordingly, let c be a known real valued function on [0,1] such thatZ

_my0
cdG¼ 0: ð4:11Þ

Consider the sequence of local alternatives

H1n : mðxÞ ¼my0
ðxÞþdncðxÞ, dn ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffi
nb1=2

q
: ð4:12Þ

The following theorem gives the asymptotic distributions of ŷn and D̂n under H1n.

Theorem 4.2. Suppose (1.1), (2.2), (2.4), (2.5), (m1)–(m6) and H1n hold with Yi�mði=nÞ,1r irn being i.i.d. zero mean r.v.’s
having finite and positive variance t2 and finite fourth moment. Additionally, assume c and _my0

are Lischitz continuous of order

1 and that (4.11) holds. Then,

n1=2ðŷn�y0Þ-dN qð0,S�1
0 SS�1

0 Þ, ð4:13Þ

D̂n-dN g�1

Z
c2 dG,1

� �
: ð4:14Þ

Remark 4.1. From (4.14) we readily obtain that the asymptotic power of the D̂n�test against H1n is
bðcÞ :¼ 1�Fðza�g�1

R
c2 dGÞ. Clearly bðcÞ is strictly increasing in WðgÞ :¼ g�1

R
c2
ðxÞgðxÞdx. Thus to find a G that maximizes

this power is equivalent to finding a g that maximizes WðgÞw.r.t. g. Now, recall that g¼ 2ð
R

g2ðxÞdxÞ1=2
ð
R

K2
� ðtÞdtÞ1=2. Clearly,

with a :¼ 2ð
R

K2
� ðtÞdtÞ1=2,

WðgÞ ¼
R
c2
ðxÞgðxÞdx

að
R

g2ðxÞdxÞ1=2
r
ð
R
c4
ðxÞdxÞ1=2

a
,

with equality if, and only if, gpc2, in which case the maximum asymptotic power is 1�Fðza�a�1ð
R
c4 dGÞ1=2

Þ. Since
WðcgÞ ¼ WðgÞ, for all c 2 R, one may take g �c2 to obtain this power.
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Proof of Theorem 4.2. Consider (4.13). Under H1n, ei ¼ Yi�my0
ði=nÞ�dncði=nÞ. Let

VnðxÞ :¼
1

n

Xn

i ¼ 1

KbiðxÞei, cnðxÞ :¼
1

n

Xn

i ¼ 1

KbiðxÞc
i

n

� �
:

Because of (2.2) and the assumed Lipschitz continuity of order 1 of c and _my0
,Z

½cn�c�
2 dG¼Oðb2Þ,

Z
J _mny0

� _my0
J2 dG¼Oðb2Þ: ð4:15Þ

Now, first note that nbMnðy0Þ ¼Opð1Þ. To see this, under H1n,

Mnðy0Þr
Z
V2

n dGþ2ðnb1=2
Þ
�1
Z

c
2

n dG:

Argue as for (4.5) to conclude thatZ
V2

n dG¼OpððnbÞ�1
Þ: ð4:16Þ

This together with (4.15) shows that Mnðy0Þ ¼OpððnbÞ�1
Þ. In turn, this fact and an argument similar to the one used in Koul

and Ni (2004, p. 120) shows that

nbJŷn�y0J¼Opð1Þ: ð4:17Þ

Let

Unðx,yÞ :¼
1

n

Xn

i ¼ 1

KbiðxÞ Yi�my
i

n

� �� �
:

Note that with _MnðyÞ ¼ @MnðyÞ=@y, ŷn satisfies

_MnðŷnÞ ¼�2

Z
Unðx,ŷnÞ _mnŷn

ðxÞdGðxÞ: ð4:18Þ

Adding and subtracting my0
ði=nÞ from Yi�mŷn

ði=nÞ in Unðx,ŷnÞ, rewrite (4.18) asZ
Unðx,y0Þ _mnŷn

ðxÞ dGðxÞ ¼

Z
D

nŷn
ðxÞ _m

nŷn
ðxÞdGðxÞ: ð4:19Þ

The right hand side of (4.19) is random only because of ŷn. Arguing as in Koul and Ni (2004, pp. 121–123), it can be shown

to equal to Rnðŷn�y0Þþopð1Þ, where Rn is a matrix, Rn-pS0. The left hand side, under H1n, can be written as Sn1þSn2,

where

Sn1 :¼

Z
VnðxÞ _mnŷn

ðxÞdGðxÞ, Sn2 :¼ dn

Z
cnðxÞ _mnŷn

ðxÞdGðxÞ:

But,

Sn1 ¼

Z
VnðxÞ _my0

ðxÞdGðxÞþ

Z
VnðxÞ½ _mnŷn

ðxÞ� _my0
ðxÞ�dGðxÞ ¼ Sn11þSn12 say:

In view of (4.17), for any e40, there exists an Ne and a Ke such that PðAeÞ41�e, for all n4Ne, where

Ae :¼ fðnbÞ1=2Jŷn�y0JrKeg. Hence, using (4.16),

njSn12j
2rn

Z
V2

n dGþ

Z
J _m

nŷn
� _my0

J2 dGrOpðb
�1Þ max

1r irn,ðnbÞ1=2Jy�y0JrKe

_mny
i

n

� �
� _my0

i

n

� �				
				

2

Z
1

n

Xn

i ¼ 1

KbiðxÞ

 !2

dGðxÞ ¼ opð1Þ, ð4:20Þ

by (m5) and the fact that the last factor above tends to
R

dGo1.

Argue as in the proof of Proposition 2.1, part (i), and as in Koul and Ni (2004, pp. 121–123) to obtain that under H1n,

n1=2Sn11-DN 1ð0, ~SÞ. Hence, n1=2Sn1-DN 1ð0, ~SÞ.
Now, consider

n1=2Sn2 ¼ b�1=4

Z
cnðxÞ½ _mnŷn

ðxÞ� _mny0
ðxÞ�dGðxÞþb�1=4

Z
cnðxÞ _mny0

ðxÞdGðxÞ: ð4:21Þ

An argument like the one used in (4.20) shows that the first term in this bound tends to zero, in probability.
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Consider the second summand. In view of (4.11) and (4.15),
R
J _mny0

J2 dG-
R
J _my0

J2 dG and

b�1=4

Z
cnðxÞ _mny0

ðxÞdGðxÞ ¼ b�1=4

Z
½cnðxÞ�cðxÞ� _mny0

ðxÞdGðxÞþb�1=4

Z
cðxÞ½ _mny0

ðxÞ� _my0
ðxÞ�dGðxÞ ¼Oðb3=4Þ-0:

Hence, n1=2Sn2-p0, thereby completing the proof of (4.13).

Next, we sketch the proof of (4.14). Let UnðxÞ ¼Unðx,y0Þ, and

Tn1 :¼

Z
U2

n dG, Tn2 :¼

Z
Un½mny0

�m
nŷn
Þ�dG, Tn3 :¼

Z
½mny0

�m
nŷn
�2 dG:

Then we can rewrite MnðŷnÞ ¼ Tn1þ2Tn2þTn3. Because of
ffiffiffi
n
p
ðŷn�y0Þ ¼Opð1Þ and (m4), Tn3=Op(n�1) so that nb1/2Tn3=

Op(b1/2)=op(1).

Next, we shall show that Tn2 ¼Opðn�1b�1=4Þ implying nb1=2Tn2 ¼Opðb1=4Þ ¼ opð1Þ. By C–S, T2
n2rTn1Tn3. Under H1n,

Yi�my0
ði=nÞ ¼ dncði=nÞþei. Hence, by (4.15) and (4.16),

Tn1r2

Z
V2

n dGþd2
n

Z
c

2

n dG¼OpððnbÞ�1
ÞþOpððnb1=2

Þ
�1
Þ ¼Opððnb1=2

Þ
�1
Þ,

so that Tn2 ¼Opðn�1b�1=4Þ.

We need a more precise approximation of Tn1. For that purpose, write Tn1 ¼ Tn11þ2dnTn12þd
2
nTn13, where

Tn11 :¼

Z
V2

n dG, Tn12 :¼

Z
Vncn dG, Tn13 :¼

Z
c

2

n dG:

With t2 ¼Varðe1Þ,

Var

Z
VncdG

� �
¼ t2 1

n2

Xn

i ¼ 1

Z
KbiðxÞcðxÞdGðxÞ

� �2

¼Oðn�1Þ,

Tn12�

Z
VncdG

����
����
2

r
Z
V2

n dG

Z
jcn�cj

2 dG¼Opðn
�1bÞ,

nb1=2dnjTn12j ¼ n1=2b1=4ðOpðn
�1=2ÞþOpðn

�1=2b1=2ÞÞ ¼Opðb
1=4Þ-p0:

In view of (4.15), Tn13-
R
c2. We thus obtain that

nb1=2Tn1 ¼ n1=2Tn11þ

Z
c2 dGþopð1Þ: ð4:22Þ

Finally, we need to discuss asymptotic behavior of Ĉn under the local alternative (4.12). With zi ¼ Yi�my0
ði=nÞ, rewrite

Yi�mŷn
ði=nÞ ¼ zi�½mŷn

ði=nÞ�my0
ði=nÞ� in Ĉn, to obtain

Ĉn ¼
1

n2

Xn

i ¼ 1

Z
K2

biðxÞz
2
i dGðxÞ�

2

n2

Xn

i ¼ 1

Z
K2

biðxÞzi mŷn

i

n

� �
�my0

i

n

� �� �
dGðxÞ

þ
1

n2

Xn

i ¼ 1

Z
K2

biðxÞ mŷn

i

n

� �
�my0

i

n

� �� �2

dGðxÞ ¼ Cn1�2Cn2þCn3:

But with Dn ¼ ŷn�y0, dni :¼ mŷn
ði=nÞ�my0

ði=nÞ�D0n _my0
ði=nÞ, and ei ¼ Yi�my0

ði=nÞ�dncði=nÞ,

Cn2 ¼
1

n2

Xn

i ¼ 1

Z
K2

biðxÞei dni dGðxÞþ
1

n2

Xn

i ¼ 1

Z
K2

biðxÞeiD
0

n
_my0

i

n

� �
dGðxÞ

þ
dn

n2

Xn

i ¼ 1

Z
K2

biðxÞc
i

n

� �
dni dGðxÞþ

dn

n2

Xn

i ¼ 1

Z
K2

biðxÞc
i

n

� �
D0n _my0

i

n

� �
dGðxÞ:

Recall that dn ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffi
nb1=2

p
. Use assumptions (2.5) and (m3), to show that the first and the second terms in Cn2 are

Op(n�3/2b�1), the third and the fourth terms are of the order Op(n�2b�5/4). This implies Cn2 ¼ opðd
2
nÞ. Similarly, one can

show that Cn3 ¼ opðd
2
nÞ.

Since Yi�my0
ði=nÞ ¼ eiþdncði=nÞ, if we let Dn ¼ n�2

Pn
i ¼ 1

R
K2

bie
2
i dG, then using the similar argument, we can show that

Cn1 ¼Dnþopðd
2
nÞ. Finally, we also have ĝn-pg.

Therefore, under the local alternative hypothesis (4.12),

nb1=2ĝ�1
n ðMnðŷnÞ�Ĉ nÞ ¼ nb1=2ĝ�1

n ðTn11�DnÞþ ĝ�1
n Tn13þopð1Þ,

which, together with the fact nb1=2ĝ �1
n ðTn11�DnÞ-DN 1ð0,1Þ and Tn13-p

R
c2 dG concludes the proof of the theorem. &
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