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Abstract This paper addresses the problem of fitting a known density to the mar-
ginal error density of a stationary long memory moving average process when its mean
is known and unknown. In the case of unknown mean, when mean is estimated by the
sample mean, the first order difference between the residual empirical and null distri-
bution functions is known to be asymptotically degenerate at zero, and hence can not
be used to fit a distribution up to an unknown mean. In this paper we show that by using
a suitable class of estimators of the mean, this first order degeneracy does not occur.
We also investigate the large sample behavior of tests based on an integrated square
difference between kernel type error density estimators and the expected value of the
error density estimator based on errors. The asymptotic null distributions of suitably
standardized test statistics are shown to be chi-square with one degree of freedom in
both cases of the known and unknown mean. In addition, we discuss the consistency
and asymptotic power against local alternatives of the density estimator based test in
the case of known mean. A finite sample simulation study of the test based on residual
empirical process is also included.

Keywords Kernel density estimator - Chi square distribution - Residual empirical
process
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206 H. L. Koul et al.

1 Introduction

The problem of fitting a parametric family of distributions to a probability distribution,
known as the goodness-of-fit testing problem, is classical in statistics, and well studied
when the underlying observations are i.i.d. See, for example, Durbin (1973, 1975),
Khmaladze (1979, 1981), D’ Agostino and Stephens (1986), among others.

A discrete time stationary stochastic process with finite variance is said to have
long memory if its autocorrelations tend to zero hyperbolically in the lag parameter,
as the lag tends to infinity, but their sum diverges. The importance of these processes
in econometrics, hydrology and other physical sciences is abundantly demonstrated in
the works of Beran (1992, 1994), Baillie (1996), Dehling et al. (2002) and Doukhan
et al. (2003), and the references therein.

Consider the moving average time series

o0
X; :Zbi;j_i, jeZ:={0,£1,£2, ...}, (1.1)
i=0

where ¢, s € Z are i.i.d. with zero mean and unit variance. The constants {b;, j € Z}
satisfy by =0,k <0, bp = 1 and

bj ~ cj*(lfd) as j — oo, forsome O<c<oo and 0<d < 1/2. (1.2)

One can verify {X ;} is a stationary process, £ X = 0 and Cov(Xq, X ;) ~ 2B, 1—
2d)j~172D a5 j — oo, where B(a, b) := fol x 11 — )P ldx,a > 0,6 > 0.
Consequently the process {X;, j € Z}, has long memory.

Now, let F' and f denote the marginal distribution and density functions of X and
Fp be a known distribution function (d.f.) with density fo. The problem of interest is
to test the hypothesis

Ho: f=fo Vs. Hi: f # fo-

A motivation for this problem is that often in practice one uses inference procedures
that are valid under the assumption of {X ;} being Gaussian. If one were to reject the
hypothesis that the marginal error distribution is Gaussian, then the validity of the use
of such inference procedures would be questionable.

Now, let throughout the paper, Z denote a A/ (0, 1) r.v., and define

Fo(x):=n"! Z I[(X; <x), xeR, «*®):=c*B(d,1—2d)/d(] +2d),
j=1
6 :=(c,d), |l folloo := sup fo(x).

xeR

A test of H is the Kolmogorov—Smirnov test based on D,, := sup, R | I*A“n (x)—Fo(x)].
Giraitis et al. (1996) observed, under some conditions, that

@ Springer



Goodness-of-fit tests 207

pl/2—d

D) = ——— " —
k@)l folloo

p |Z]. (1.3)

Here, and in the sequel, — p stands for the convergence in distribution.

Letc, d be consistent and log(n) consistent estimators of ¢ and d, under H, respec-
tively, and set & := (¢, d ). Let zo be 100(1 — a)th percentile of A/(0, 1) distribution.
From (1.3), we readily obtain that the test that rejects Hy whenever D, (é\) > Za/2, 18
of asymptotic size «v. Thus this test is relatively easy to implement, relative to the cor-
responding test in the i.i.d. case where one must use the distribution of the supremum
of Brownian bridge to obtain critical values.

Before proceeding further, recall that in the case of dependent short memory station-
ary observations (satisfying some mixing conditions; see, e.g., Dedecker et al. 2007),
the empirical process nl/ 2(1’/5,, (x) — Fo(x)) weakly converges to a centered Gaussian
process {W(x), x € R} with covariance Cov(W (x), W(y)) = ZjeZ Cov(I (Xp<x),
I(X; <y)). For linear processes in (1.1) with summable weights Z?O:() |bi| < o0,
the last result holds both under short memory (>_°2,b; # 0) and negative mem-
ory (bj ~¢j=1=D, —1/2 <d <0, 322, b; = 0) assumptions. See Doukhan and
Surgailis (1998). In particular, under short (d = 0) or negative (—1/2 < d < 0) mem-
ory, the test based on D, (0) in (1.3), as well as other tests discussed in this paper, is
generally inconsistent and the limit distribution of n!/? D,, depends on the probability
structure of {X ;} (viasup, |W (x)|)inacomplicated fashion. On the other hand, if (esti-
mated) d is suspected to be close to zero, a visual inspection of F;,(x) — Fo(x),x € R
might help the practitioner to decide between the two possibilities d = 0 and d > O:
in the former case, the empirical process behaves as a Gaussian process fluctuating
around zero, while in the latter case, it resembles a signed probability density staying
away from zero.

Now consider the problem of fitting fj to f up to an unknown location parameter,
i.e. the problem of interest is to test

Hovoc = f(x) = folx —pn), VxeR, forsome wpeR, vs.
Hi.toc : Hoeoe is not true.

This is equivalent to stipulating that we observe Y;’s from the model ¥; = u + X;,
for some 1 # 0, and wish to test Hg based on Y;, 1 <i < n. Let Fn be the empirical
df.basedonY; — Y, 1 <i <n,and D, := sup, |F,,(x) — Fy(x)|, where Y is the
empirical mean. An interesting observation made in Koul and Surgailis (2002, 2010)
is that in this case the null weak limit of the first order difference between the residual
empirical process and the null model is degenerate at zero, i.e., n'/2~¢D, — p 0,and
hence it can not be used asymptotically to test for Hogoc-

This is partly due to the uniform reduction principle that says that the weak limit
of empirical process n'/ z’d(fn — F) is a degenerate process, and partly due to the
choice of the estimator ¥ of . In this paper we first provide a class of estimators of
for which the weak limit of the process n 1/2-d (F, — Fy) under Hogoc is a non-degen-
erate Gaussian distribution. In addition, we investigate tests based on kernel density
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208 H. L. Koul et al.

estimators testing for both hypotheses Ho and Hogoc, using both the proposed class
of estimators of  and Y.

To be precise, let ¢ be a piece-wise continuously differentiable function on [0, 1]
and define

?::-Zy[ ()} wd+@)+X+W, 8§:=Y—pu, (1.4)

1 - 1 « i 1 - i /
X = ;in, W= ZZXM (’—1) Gni= w(;), ¢ :=/<p(u)du-
i=1 i=1 i=1 0
Under the assumed conditions of ¢, @, — @, and ¢, — ¢ = O(n~'). By the
Ergodlc Theorem, X — EX( = 0, a.s. Also, by Lemma 2.1, W = 0p(1). Hence, if
=0,Y —p M

Let

n
Fa()i=n"' D10 ~Y <2) = By +8), Du(x) i= Fa(x) = Fo(x), x R,
i=1
lN),, = sup |5n(x)|.
xeR

We show that under Hogoe and @ = 0, n'/2~4D,, — , v(0)|| folleo| Z|, where v(8) is
asin Lemma 2.1; see Theorem 2.1. Consequently, the test that rejects Hogoe Whenever
75,1 = {v(§)||f0||oo}’]nl/2’d D, > Zz4/2 is asymptotically distribution free and of
the asymptotic level e, where now ¢, d are consistent and log(n)-consistent estimators
of ¢, d under Hopoe, and 6 := (¢, d ).

Next, let K be a density kernel on [—1, 1], & = h, be bandwidth sequence, Eq
denote the expectation under Hy, and define

—~ '_in x—X; ~ ) (Y_Y)
fn(x)._nhi:lK( - ) Fuo) 1= — ZK( ) x eR,

/ (Fu) = Eo fu(0)’dx, T, := / (fa(x) = Eo fu(x))?dx.

T, :

Note that the choice ¢ = —1 yields. Y = 0, and if one also has u = 0, then fn x) =
f,, (x), Tn = T,. Statistics T,, and T;, are useful in testing for Ho and Hogoc, respec-
tively.

Itis shown in Theorem 2.2 below that the asymptotic null distribution of n' =247}, /x|
is that of Z2, a chi-square r.v. with one degree of freedom, where « is defined at (2.10)
below. Surprisingly, a similar result holds for 7,, provided ¢ = 0 and ¢ is not identically
Zero.

The case of ¢ = 0 makes Y =Y. The corresponding test statistic T,, then also has
the first order degenerate behavior analogous to the residual empirical process. In this
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case we show that for 1/4 < d < 1/2, n>172d T,, has a nonstandard asymptotic null
distribution; see Theorem 2.3 below.

We also discuss consistency and asymptotic power against certain local alternatives
of the T),-test. Let f be an alternate density that is differentiable and for which

m:=|f— fol*> 0. (1.5)

Let f/ denote the first derivative of f and define

A= / £ @) — folo)dx, (1.6)

2
m(h) :=/{/(f(x —uh) — folx —uh))K(u)du} dx (1.7)
=m+o(l), h— 0.
We show that under some conditions, n'/2=4(T,, — m(h)) —p N(0, 4k2(0)A?),
where «2(0) is as in (1.3). Consequently, the T, -test is consistent against all differen-

tiable fixed densities f satisfying (1.5). We also investigate asymptotic distribution of
T,, under a sequence of local alternatives; see Theorem 2.5.

2 Main results
In this section we shall give precise conditions under which the previously stated
results are proved. We do this in the two subsections. The first one deals with H and

Hoeoc While the second subsection deals with the asymptotic power analysis of the
T,,-test under fixed and local alternatives.

2.1 Asymptotic null distribution of 5,1, T, and T‘n
Our proofs here are based on some results derived in Koul and Surgailis (2002) (KS).

Accordingly, we first specify the needed assumptions. Let ¢ be a copy of ¢g. Following
KS, assume that the innovation distribution satisfies

ElgP <C, 2.1)
|Ee"S| < C(1+|u))™®,  forsome0 <C <o0,8>0,VuecR. (2.2

Under (2.2), it is shown in KS that the d.f. F of Xy is infinitely differentiable and for
some universal positive constant C,

S NS OL L@ 10D < CU+1x) 72, Vx eR, (2.3)

where f”, f" are the second and third derivatives of f, respectively. This fact in turn
clearly implies f and these derivatives are square integrable.
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210 H. L. Koul et al.

About the kernel K, we assume that it is a symmetric density on [—1, 1], with unit
variance, vanishing off (—1, 1), differentiable with derivative K’ satisfying

/|vK’(v)|dv < 00. 2.4)

For the bandwidth &, we assume
h— 0, min(nZdh, nlfz‘lh) — 00, asn — o0. 2.5)
In the sequel, all limits are taken as n — oo, unl_ess spegiﬁed otherwise.
First, we recall the following results about X and W from Davydov (1970) and

Koul and Surgailis (2000, Lemma 2.4 (iii)), respectively. Let, as before, § = (c, d)’,
and

11
v2(9) = cZB(d, 1-— 2d)//g0(u)<p(v)|u — v|2d_1dudv.
00

Lemma 2.1 Let ¢(x), x € [0, 1] be a piecewise continuously differentiable function
and suppose {X ;} satisfy (1.1) and (1.2). Then,

YO X > p z, n'PIW = p v(6)Z. (2.6)

We shall now describe the asymptotic null distribution of the statistic D,.

Theorem 2.1 Suppose (1.1), (1.2), (2.1), (2.2) hold. Let ¢(x), x € [0, 1] be a piece-
wise continuously differentiable function satisfying

G=0. @7
Then, under Hogoc,

n'?~sup | F,(x) — Fo(x) — W fo(x)| = 0,(1).
xeR

Consequently, n'2=4D, —>p V()| follolZ].

Proof By Lemma 2.1, nl/2-d|5) = Op(1). This fact together with results from KS
imply that under the assumed conditions, and under Ho¢oc,

n'2 7 sup | Fy () = o) = fo() 8] = 0, (D),
xeR

W2 sup | B @) = Fo() + fol) K| = 0, (1),
xeR
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Hence, the decomposition fn (x) — Fo(x) = fn (x) — E(x) + I?n (x) — Fp(x) yields

nl/2—d sup |Fa(x) = Fo(x) = (8§ = X) fon)| = 0, (D).
XE€

By assumption on ¢ and by (2.7), ¢, = O~ = o(n?"1/2). This fact and the
identity § — X = W + u¢@, now readily yields the theorem.

Remark 2.1 Let C, d be consistent agd log(n)-consistent estimators of ¢, d, respec-
tively, under Hogoe and let @ := (¢, d)’. A consequence of the above theorem is that

the test that rejects Hogoe Whenever D, := {v(év)llfolloo}ilnl/zfgﬁn > Zg/2 18
of the asymptotic level «.

Next, we turn to obtaining the asymptotic distributions of 7;, and T,. Let E denote
the expectation when density of Xg is f, and define

Sp(a) = /(fn(x) — Efy(x +a@))’dx, acR. (2.8)

Note that when f = fj, §,, ) = Tn. Moreover, if in addition, ¢ = 0, then §n (a) =
fn, foralla € R.

First, we state a general result about the asymptotic distribution of S ). Through-
out, for any square integrable function g, ||g||2 = fR gz(x)dx.

Theorem 2.2 Suppose (1.1), (1.2), (2.1)—(2.5) hold. Let ¢(x), x € [0, 1] be a piece
wise continuously differentiable function. Then,

n' S, (w) > p kZOZP, k0) = v2(9)/ (f'(x +/L¢3))2dx. (2.9)

Theorem 2.2 implies the following corollary about the limit distributions of the test
statistics T, and T, for testing Ho and Hogoc-

Corollary 2.1 Under the conditions of Theorem 2.2 the following hold.
(i) Suppose u = 0, p(x) = —1, and Hg holds. Then, S,(0) = T,, and

n' 1T, 5 020)2%,  a20) = O (2.10)

(ii) Suppose ¢ = 0 and Hoyoe holds. Then, S,(w) = Ty, and
n' 1T, > p k3O0)Z%, K50) = vO) 12 (2.11)
It thus follows that the test that rejects Ho whenever nl’z”7 T, /02(@\) > kg has the

asymptotic size @, 0 < o < 1, where ky is the (1 —«) 100th percentile of the X12 distri-

bution. Similarly, the test that rejects Hoeoc, Whenever nljz‘7 (fﬁ / vz(g) I fé ||2) > kg,
has the asymptotic size «, 0 < @ < 1. Here, ¢, d, 0, ¢, d and 0 are as before.
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212 H. L. Koul et al.

Remark 2.2 A particularly simple choice of function ¢ in Corollary 2.1 is ¢(x) =
I1(0<x<1/2)—1(1/2 <x <1).Itsatisfies ¢ = 0 and leads to

b 5 /2]
Y=Y+~ Z Yi— -~ Z Y, = Z Y;.
i=1 i=[n/2]+1

Moreover, in this case

,B(d,1—2d) (12

20y
O =T

—1). (2.12)

In other words the corresponding T, -test uses the first half sample to estimate © and
then the entire set of residuals to perform the test.

The above example can help to understand why a partial centring by Y can be better
than the natural or naive centring by the empirical mean, for testing Ho;oc. From the
uniform reduction principle, we have F, (x) — Fo(x) = — fo(x)X 40, (X), uniformly
in x, and therefore,

Fo(x) — Fo(x) = [F“n(x+(?:u)>—Fo(x+<?—m)1+[Fo(x+(?—m>—Fo(x)]
=—folx + (¥ — )X + fo(x)(¥ — ) +o0,(X)
= fo(x)(?—,u—)_()+0p()_(), uniformly in x.

In other words, in the case of centering by the empirical mean Y, the term fo(x)(Y —
w) = fo(x)X (coming from Taylor s expansion of Fp) completely cancels with the
main expansion term — f (x)X of the empirical process F — Fp. On the other hand,
in the case of the partial centring, such a cancelation need not occur, leading to the
main term fo(x)()~’ - — X) = Jfo(x)W, which has a non-degenerate Gaussian
limit. Indeed, since partial sums of {X ;}, normalized by n?=1/2 approach fractional
Browman motion k (6) By1/2; see Theorem 2 in Davydov (1970) the distribution of

nl/2—d (Y w— X) in the above example tends to Gaussian limit« (0) (2Bg+1/2(1/2) —
Bai12(1)) ~ N(0,v2(6)), with v2(6) given in (2.12).

Remark 2.3 1t is of interest to contrast the result of Corollary 2.1 with what is avail-
able under independence. When observations are i.i.d., Bickel and Rosenblatt (1973)
proved, under Hy and the second order differentiability of fj, that

nﬂ(Tn — ﬁ/ﬂu)dz) —p N, ),

2 ::2/f()2(x)/(/K(x—u)K(u)du)de.

Bachmann and Dette (2005) proved this result requiring fj to be only continuous and
square integrable.

The first thing one notices missing under long memory is the centering of 7;,. Under
long memory there is no asymptotic bias in 7},. Secondly, the normalization n' ~2¢ does
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not depend on the window width. Under long memory the role of n'/? is played by
n'/2=4 50 one sees the normalization is simply square of this. Finally, unlike in the
i.i.d. case, asymptotic variance of standardized 7,, does not depend on K in the present
set up. Of course to implement the test under long memory, one has to have consistent
and log(n)-consistent estimators of ¢ and d, respectively. But under fairly general
conditions local Whittle estimators of ¢ and d are known to satisfy these constraints.
See, Dalla et al. (2006).

Typically if one uses &7 o« n™¢, then (2.5) will be satisfied as long a/2 < d <
(1 — a)/2. For example, if a = 1/5, then (2.9) holds for all 0.1 < d < 0.4.

The case ¢ = 0 leads to Y = Y and the trivial limit in (2.11). In this case the
limit distribution of 7}, is obtained from the second order expansion of the empirical
distribution function in KS as described in the following theorem.

Theorem 2.3 Assume the same conditions as in Theorem 2.2, with exception of (2.5),
and let ¢ = 0. Moreover, assume 1/4 < d < 1/2 and

h— 0, min(n4d_lh, nl_z‘ih) — 00, as n — oQ. (2.13)

Then, n*1 20T, — I f51*{z® — 2_1(2(1))2}2, where the rv.’s Z® and ZV as
defined in (4.11) below have a Rosenblatt and a Gaussian distribution, respectively.

2.2 Consistency and asymptotic power of 7,,-test

Here we shall study the consistency and asymptotic power of the test based on T},
against some alternatives. Let f be a density of X satisfying (1.5). Assume that the
corresponding innovations in (1.1) satisfy (2.2) so that f also satisfies (2.3). Recall
the definition of A from (1.6) and m (h) from (1.7). Also, define

T:=2k(O)A.

Then, we have the following

Theorem 2.4 Suppose (1.1), (1.2), (2.1)—(2.5) hold with density [ of Xo satifying
(1.5). Then, n'/>=4(T,, — m(h)) —p N(0, 72).

This theorem is useful for discussing the consistency of the 7),-test. Consider the
case A # 0. Let P4 denoting the probability measure under the alternative (1.5).
Then,

n 24T, 520k
7| n1/2—3|f|)
b, <n1/2—3(Tn — m(h)) az(é‘zkcY _nl/z_gm(h))
7] nl/2=d|g| 7|

PA(n‘*ZJTn > az(ﬁ)ka) — PA<

(2.14)
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214 H. L. Koul et al.

Clearly, the log(n) consistency of d for d and consistency of ¢ for ¢ implies
p2d—d) —, 1, 0()/0(0) =, 1, and by Theorem 2.4, n'/2~ 4T, —mh))/|t| =
Z. From these facts and the above relation, it readily follows that for every fixed f
satisfying (1.5), n!/>=4|¢| —p 00, n' 2= dm(h) /|| — p 00, and hence, the power of
the asymptotic level o T;,-test tends to 1.
Next, consider the case A = 0. Then, by Theorem 2.4, and arguing as above,

Py (nl—ﬁT,, > az(§)ka) =P, (n1/2—3(Tn —m)>n? 1262 @)k, — n1/2—f7m(h))

~ Py (0 > —nl/z_’?m(h)) — 1

since n1/2_‘7m(h) — p 00, for all those f satisfying (1.5).

Summarizing, under the conditions of Theorem 2.4, the T, -test is consistent against
all those differentiable f’s for which m > 0.

Next, we give a theorem that describes asymptotic distribution of 7}, under certain
sequences of local alternatives.

Theorem 2.5 Let f,,n > 1, be a sequence of densities on R. Suppose X; = X, =
> 2obitj—in. j € Z, is a sequence of stationary MA processes with the coefficients
bj as in (1.2) and having marginal density f,. Assume also that {{s,,s € Z} are
standardized i.i.d. innovations satisfying (2.2) and (2.1) for each n with C, § indepen-
dent of n. Let  be a real valued square integrable and differentiable function on R
satisfying

/ |f)¥ (0)ldx < oo, n' " m,(h) — |y, (2.15)

n27 A, - Ag = / fo@wdx, 11> = 112

where m,, (h), A, are defined as in (1.6), (1.7), respectively, with f replaced by f,,.
Assume also (2.4) and (2.5) hold. Then,

"= (T, — mu(h) —p —2ZK2(0)Ag + Z20% ().

Recall 02(0) = «2(0) ||f6||2. Suppose ¢, d continue to be consistent and log(n)-
consistent estimators of ¢, d under f;,. Then, from the above theorem asymptotic power
of the asymptotic a-level T, -test against the above sequence of alternative densities

fnis
Ag 5 ||w||2)
P\2Z——=+2Z" >ky— .
( AE “ 02(0)

Clearly, if Ag = 0, then this power is equal to 1 — G (kq — ||V [|>/0%(0)), where G is
the d.f. of a X12 I.V.
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Goodness-of-fit tests 215

Remark 2.4 Another test Suppose one bases test of Hp on the integrated square
difference

T, = / (Fn(x) = fo(x)) dx.

Here we give sufficient conditions under which this test is equivalent to the test based
on T, under Hyp. To begin with note that

o~

Ty = Th+ / (Eo fu () — fo(x)) dx+2 / (Fu ()= Eo () (Eo fu (x) — fo(x))dx,

is a sum of 7, bias term, and the cross product term.
Consider the bias term. Taylor expansion and symmetry of K with mean O imply

Eofy) = o) = [ K@ fotx = 2hdz = fow)
= [K@[fo+ 500 2t +27 =2y ez fotw)
= /20 [ K@ f sz

where 0 < & < 1. Therefore, by the continuity and square integrability of f”,

nl—Zd/(Eoﬁ(x)—fo(x))2dx

= (1/4)n'"n* / ( / fix —Ezh)zzK(z)dz)zdx

= (1/4)n'2p? / / / Jo G — E2h) f§ (x — Esh)s* 2 K () K (2)dsdzdx
~ (1/4)n1_2dh4/ (f"(0)) dx — 0,

provided n!=2p* — 0 holds. By the Cauchy-Schwarz inequality, this implies that

n'=24 times the cross term also tends to zero in probability. We summarize all this in
the following

Corollary 2.2 Suppose assumptions of Corollary2.1(i) hold and n 1=2dp4 5 0. Then,
under Ho, n'=24|T,, — T,| = op(D).

Consequently, 7, has the same asymptotic null distribution as 7},.
3 Simulation
This section shows results of a simulation study that demonstrate the finite sample

behavior of the D, -test, using autoregressive fractionally integrated moving average
(ARFIMA) process.
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Table 1 Empirical size of the test based on D, when asymptotic size of the test is 0.05 and 0.1

o n d
0.1 0.15 0.2 0.25 0.3 0.35 0.4
0.05 100 0.387 0.327 0.290 0.230 0.210 0.209 0.248
250 0.304 0.231 0.171 0.138 0.116 0.115 0.170
500 0.259 0.180 0.127 0.103 0.081 0.082 0.123
1,000 0.209 0.142 0.099 0.079 0.066 0.066 0.083
2,000 0.185 0.112 0.081 0.070 0.055 0.054 0.066
5,000 0.155 0.101 0.065 0.053 0.049 0.049 0.054
0.1 100 0.587 0.504 0.453 0.393 0.367 0.362 0.404
250 0.481 0.381 0.298 0.262 0.229 0.239 0.297
500 0.414 0.312 0.235 0.206 0.169 0.179 0.234
1,000 0.352 0.257 0.198 0.164 0.141 0.145 0.182
2,000 0.313 0.219 0.162 0.144 0.122 0.117 0.155
5,000 0.276 0.191 0.138 0.116 0.099 0.101 0.133

Using the fracdiff package of Revolution R software, the X;’s were taken to be ARF-
IMA (0, d, 0) process with standard normal innovations and for d = 0.1, 0.15, 0.2,
0.25, 0.3, 0.35, and 0.4. The Y;’s were generated by using the location model equa-
tion ¥; = u + X;, where the true mean u = 10. As in Remark 2.2, [t was taken
to be the sample mean of the first half of the process, and the test statistic D, was
based on the entire set of the residuals using this estimator. Parameters ¢ and d were
estimated using MLE based on the residuals. Sample size n was varied as 100, 250,
500, 1,000, 2,000, and 5,000, with the burn-in period of 10,000. This very long burn-in
period was necessary to ensure the accuracy of marginal distribution of the simulated
process because the fracdiff package uses truncated moving averages. The procedure
was repeated 10,000 times for each sample size.

Table 1 shows the empirical size of the test for the asymptotic levels 0.05 and 0.1
based on Theorem 2.1. These simulation results show that one needs a fairly large
sample to implement the test at the chosen levels. Empirical distribution of Dﬁ for the
chosen sample sizes together with the x? distribution with one degree of freedom are
shown in Fig. 1. The plots show the convergence of the finite sample distributions to
the asymptotic distribution.

4 Proofs
This section contains the proofs of Theorems 2.2 to 2.5. Key point is the bound (4.2)
due to Koul and Surgailis (2002) (KS). For the sake of completeness we reproduce
this bound and another needed result from this reference. Following KS, let

Rii(x) :==1(X; <x)— F(x) + f(x)Xi,

Ria():=1(X; <x) = FO) + fOX; + f/ (00X, xeR, i€l
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d= 0.1

1
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T
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Fig. 1 Empirical distribution of 13% for n = 100, 250, 500, and 1,000 (bottom to top) compared with the
%x2(1) (dashed line)

where

@ .
X = D bibpt i

22>j1=0

and where the last sum converges in mean square; see KS. Let

_|e—4a2, 0<d <14, L a2, 3 <a<ap,
T2 —2a), 1/4<d<172, P30 -2, 1/4<d<1/3.
(4.1)

Note 1 — 2d < ay, 2(1 — 2d) < ay, for the values of d indicated in (4.1). Also, let
g(x) := (14 |x)73/2, x € R. The first needed result of KS is given in the following

Lemma 4.1 (i) Foralli,j € Z, x € R,

|E((Rit(xr = uh) = Ry () (Rj.1(x = vh) = Ry (1))

x—uh x—vh 1/2
<c / g1yt / e@ds | (41— jho
X X
< Cluv|"?hg(x)(A + i — j)™™, 0<d<1/2, 4.2)
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|E((Rip(xr = uh) = Rip@)(Rj20x = vh) = Rjn(x))|
< Cluv|Phg(x)(1 + i — j)~%2, 1/4<d <1)2. 4.3)

(ii) Let h be a real valued function on R such that for some C > 0, |h(x)| < Cg(x).
Then,

y
[ h6x+ widu| = Co@ (i vIyPR). vry R (44)
0

Proof The inequality (4.4)1s (5.12) in KS, p.225. The first inequality in (4.2) is proved
in KS, p. 227. The second inequality in (4.2) follows from (4.4) and |uh|>/? < |uh|
for |u|, |h| < 1. Inequality (4.3) follows similarly from KS, p. 227.

Now we return to the proof of Theorem 2.2. Recall (1.4). Let

Ui=ugn +X+W,  uy=u@a—@)+X+W.

Recall ﬂ(y) =n"! > I(X; < y). Integration by parts yields

_ - ) 1 +U, — -
Fuo = Eftr ) = 5 [ &(FEE)aR )

Rype

— %/(F,,(x + U, —uh) — F(x + ug — uh))K'(u)du

5
=D Vi), 45)
i=1

where

Y1 (x) 1= %/(f,,(x+Un—uh)—F(x+Un—uh)+ fx+Uy—uh)X)K' (u)du,
Yo (x) = %/ (F(x+Uy —uh)— F (x+p@—uh) — f (x+Uy, —uh)u,) K' (w)du,
Yn3(x) = (W+u(¢n—¢))%/[f(X+/L<ZJ+un—uh)—f(x+M¢—uh)]K/(u)du,
s 0) = 0=y [ S5k —uK @,

-1
Uns() o= W / POt 1 —ul) K (),
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With R;1(x) as in Lemma 4.1, ¢¥,i(x) = @) 'Y, [Rii(x + Uy
—uh)K'(u)du and

n 2
/llf,%l(x)dx=/[%Z/Ri,l(x-i-Un—uh)K’(u)du] dx
i=1
1< 2
:/[EZ/RM(x—uh)K’(u)du} dx
i=1
1 :
=/{ﬁZ/[R,-,l(x—uh)—R,,l(x)]K’(u)du} dx,
i=1

where we used the fact that f K’ (u)du = 0. Therefore,
1 n
2
£ [ viioax = WUZ_)] [ [ Eric—un
—R; 1 (][R}, 1(x — vh) — Rj,l(x)]K/(u)K/(v)dudvdx.

Hence, using (4.2) we obtain

k]

Cih < - Ci [n*, 1/4<d<1)2
E [ v (x)dx < —— T+]i—jp™™ < — ’ ’
/wnl(x) X = n2h2 Z( +i J|) ~ n2h 0<d<1/4,

i,j=1
4.6)

)

with C; = C [ gx)dx( [ |u|1/2|l("(1,t)|du)2 < 00, not depending on 7.
Next, consider

F(x+ U, —uh)— F(x 4+ up —uh) — f(x + U, —uh)u,
= F(x+pp +uy, —uh) — F(x + ug —uh) — f(x + ug +up —uh)u,

Un Up
:—/dz/f’(x—i—;u/_)—uh—l-w)dw.
0 b4

Then
V() = ! / / / LF/(x 4 1+ w) — (x4 i — uh + w)K' (o) du dw d-.
0 z
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By 2.3), | f'(x + u@ +w) — f'(x + u@ — uh +w)| < Cg(x + np + w)|uh| and
therefore

[ (x)| < C / dz / g(x + 1@ + w)dw < Cluy|(Jun |+ lun ) g (x +ud)

lzl<lun|  |w|<|ual|

according to (4.4) in Lemma4.1(ii). By Lemma 2.1, |u,| = O, @42 4 ulo@m™h.
We thus obtain

/ YL (x)dx < Cut(1 4 |uy)) / g2 (x)dx = 0,(n**72). (4.7)

In a similar way,

| f(x +pug +uy —uh) — f(x +pug —uh) — f(x + pue +up) + fx + ug)l

= |/[f/(x+/u[7—uh+z)—f’(x+u</3+z)]dz|
0

< Cluh| / g(x + up +2)dz,

Izl <lutn]
yielding
Y3 ()| < CAW| + |pln™) / g(x 4+ ng +2)dz
[z|<lun|
< CUW| + 1l ™) (| + lun P g (x + 1),
and hence

[ wiseodn = (1 ) (jual + 10,2)” = 0, (n*42). 49

The term Y4 (x) = (@0 — @) [1f (X + @ — uh) — f(x + u@)1K’' (u)du can be
similarly bounded above by [,4(x)| < C|u|n~'g(x + u@), yielding

/¢34(X)dx <Cu*n>. (4.9)

Finally,hilff(x—i—;uﬁ—uh)K’(u)du = [ f/(x+png—uh)Kw)du — f'(x+pnp)
and therefore, in view of Lemma 2.1,

nI*Zd/w,fS(x)dx —p Wz/(f’(x +u@))ldx, W ~N(©O,v%). (410
The claim of Theorem 2.2 follows from decomposition (4.5) and (4.6) to (4.10).
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Proof of Theorem 2.3 Introduce r.v.’s

k
zZ® .= %/ ’/H(u—x,>d Ydul Wdx))-- - W(dxy),  (4.11)

which is well-defined for any integer 1 < k < 1/(1 — 2d), as a multiple Wiener—Ito
integral w.r.t. a Gaussian white noise W(dx), EW(dx) = 0, E(W(dx))? =
Similarly to (4.5), write

3
Fo) = Efu(0) = D P (),
where

Un1(x) := %/ (Fu(x + X —uh) — F(x + X —uh) + f(x + X —uh)X
—f(x+ X —uh)XO)K'(u)du,

Un2 (x) = %/ (F(x +X —uh) — F(x —uh) — f(x + X —uh)X
+27 1 (x + X — uh)(X)?) K (w)du,

Uny(x) == (X@ — —1(2)2)% / f/(x + X — uh)K'(u)du,

where X@ :=n=!1 3" | Xi(z). With R; , as in Lemma 4.1, write

Tt = )1 D [ Riax X = uh) = Roate + X01K @

Then using Lemma 4.1, similarly as in the proof of Theorem 2.2, we obtain

E / V2, (x)dx
1 n
=5 2 / / / E[Ri2(x — uh) — Ri2(0)1[R;j 2(x — vh)
i,j=1

—Rjz(x)]K’(u)K’(v)dudvdx
13<d<1)2

6d—1
n
< 21 e < — ’ @12
= 2h2”1(+|l i~ —nZh[ a<d<1y, P
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Next as in the proof of Theorem 2.2,

—uh

¥ x X
U2 (%) =h_1/K’(u)du/dz/dw/d€ / 4+ & —v)dv
0 w 0

Z

implying [V, (x)| < CIX12(1X| + 1X|"?)g(x) [ luK'(u)|du and hence

/ Y (x)dx < C(1X|°(1 + | X]) / 2Wdx = 0,073, (4.13)

Finally, n'=2¢(X® — 271(X)?) —p (Z2® —271(z")?), see Koul and Surgailis

(2010, (5.3)) and [ (L [ f'(x + X — uh)K'(w)du)’dx —, ||f"|?. These facts
together with (4.12), (4.13) and (2.13) imply the statement of Theorem 2.3.

Proof of Theorem 2.4 We shall prove that

Ty = m(h) = 2XA + (X)*| f'11
+0,((n)™1?) + 0, (n* " 'h=12) + 0,11, (4.14)

To this end, write 7, = [(t,1(x) — Xty2(x) + t,3(x))?>dx, where
tn1(x) 1= %/[E(x —uh) — F(x —uh) + f(x —uh)X|K'(u)du,
fia(x) = %/f(x —uh)K'(u)du = /f’(x — uh)K (u)du,
13 (x) = %/[F(x — uh) — Fo(x — uh)|K'(u)du
= /[f(x — uh) — fo(x — uh)|K (u)du, /t,%(x)dx =mh).
Hence, with B := [t (X)tyj (X)dx, i, j = 1,2, 3,
T, = m(h) —2X By3 + 2B13 + B — 2XBia + (X)? By, (4.15)
From the proof of Theorem 2.2,

Bip = Op((hn) " + 172, By = |1+ 0P,

Byy=A+ 0%, |Bul<B!’B/><CB|[> i=23. (4.16)

Relations (4.15) and (4.16) imply (4.14).
By (25)’ n1/2—d(nh)—1/2 s 07 n1/2—dn—l+2dh—1/2 N 0’ and n1/2—dnd—l/2h2
= h? — 0. Hence, by (4.14),

n' 2T, — m(h)) = —2n"PTAXA + 027X £ A+ 0p(1).
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This in turn together with the first fact in (2.6) and the Ergodic Theorem that guarantees
X — EXo = 0imply n'/>=4(T,, — m(h)) —p N(0, 4c*(0)A?). o

Proof of Theorem 2.5 Arguing as in the proof of the previous theorem, we have an
analog of (4.15) for f = f,, viz.,

Ty = my(h) —2X Bos.p + 2B13.n + Biin — 2XBioy + (X)* B, (4.17)

with B;; , defined similarly as above with f replaced by f;. From the conditions of
Theorem 2.5 we easily obtain that

Biin = Op((hn) '+ h7 %2y By, = 117 +o(1),  (4.18)

n'2 By, — Ao, 0P B, < Cn' 2B = o)),

n' 2B, < B (n' " m, () = o(1).
From (4.17)—(4.18) we obtain, with Z, = n'/2=4X,
n' 2T, — mu(h) = =2Zp Mo + Zall follP + 0, (D).
Therefore, the claim of the theorem readily follows from (2.6).
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