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Arfif{f?hismfy-' We present the stability and error analysis of the unified Petrov-Galerkin spectral
Received 2 August 2017 ) method, developed in [1], for linear fractional partial differential equations with two-sided
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1. Introduction

For anomalous transport, it has been shown that fractional ordinary/partial differential equations FODEs/FPDEs are the
most tractable models that rigorously code memory effects, self-similar structures, and power-law distributions [2-7]. In
addition to finite difference and higher-order compact methods [8-17], a great progress has been made on developing
finite-element methods [18-21] and spectral/spectral-element methods [22-35] to obtain higher accuracy for FODEs/FPDEs.
Recently, Duan et al. [36] performed the analysis of a space-time Petrov-Galerkin finite element method for a time-fractional
diffusion equations. Besides, Jin et al. [37] established the well-posedness of the formulations of Petrov-Galerkin for one-
dimensional fractional boundary value problems.

In [1], we constructed a Petrov-Galerkin (PG) method to solve the weak form of linear FPDEs with two-sided derivatives,
including fractional advection, fractional diffusion, fractional advection-dispersion (FADE), and fractional wave equations
with constant coefficients in any (1 + d)-dimensional space-time hypercube of the form

d d
§ 2L 2[4 2v; 2v;

Othru+ [Cli aliilLu+Cri X,‘Dbi'u uj= E [Klj aijjju+Krj Xijjju]_y U+f, (1)
i=1 j=1
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where 27 € (0, 2], 2t # 1, 2u; € (0, 1], and 2v; € (1, 2], and subject to Dirichlet initial and boundary conditions, which is
subject to Dirichlet initial and boundary conditions, where i, j=1, 2, ..., d, t € [0, T], and x; € [aj, bj].

The main contribution of this study is to prove the well-posedness of problem, the discrete inf-sup stability of the PG
method, and the corresponding spectral convergence study of the method, complementing authors’ work in [1]. Moreover,
we show a good agreement between the theoretical prediction and numerical experiments.

The paper is organized as follows: in section 2, we introduce some preliminaries from fractional calculus. In section 3,
we construct the solution/test spaces and develop the PG method. We prove the well-posedness of the weak form and
perform the stability analysis in section 4. In section 5, we present the error analysis in details. In section 6, we illustrate
the convergence rate of the method. We conclude the paper in section 7 with a summary and discussion.

2. Preliminaries on fractional calculus

Here, we recall the definitions of fractional derivatives and integrals from [5,24]. The left-sided and right-sided fractional
integral are given by

oo 1 [ g
aIXg(x)_l"(v)/(x—s)“” ds, Vxela,b], (2)
and
1 b (s)
v _ g
"Ibg(x)_r(v)/(s—x)l—v ds, Vxela,bl, (3)

where I'(-) represents the Euler gamma function and 0 < v < 1. Moreover, the Riemann-Liouville left-sided and right-sided
fractional derivatives are respectively defined as

RLyv g(s)
a Dy8(X) = U)dx (x—s)v s, xé€la,b], (4)
and
Dy gx) = £6) ds, xela,b]. (5)
v) dx (s —x)V

To analytically obtain the fractional differentiation of Jacobi polyfractonomials, we employ the following relations [23]:

RL v BB,y LT+p+1 Bty po—v, B4y

ST A0 +x)P Py (X)}_—F(n+,3-|—v+1) (1+x"T"pPy (x), (6)
and

,ISLI{){(l - x) Pﬁ’ﬂ(X)} = _Tatetl) (1 —X)“+”Pg+v'ﬁ_v(x), (7)

F'n+oa+v+1)

where 0<v<1l,a>-1, 8> -1, xe[-1,1] and Pr‘f’ﬂ(x) denotes the standard Jacobi polynomials of order n and pa-
rameters o and B [38]. Employing (6) and (7), the left-sided and right-sided Riemann-Liouville derivative of Legendre
polynomials [38] are obtained as

v _ F(n +1) —Vpv,—V
_1DXPn(X)_—F(n—\)+1)(l+X) Py () (8)
and
v _ T+ o —vp-vw
xD1 Pn(x) = Fn—v+) 1=x""P; " (%), 9)

where P, (x) = P,?‘O(x) represents Legendre polynomial of degree n.
3. Petrov-Galerkin mathematical formulation
We introduce the underlying solution and test spaces with their proper norms. Moreover, we provide some lemmas in

order to prove the well-posedness of the problem in addition to constructing the spatial basis/test functions and performing
the discrete stability and convergence analysis of the PG spectral method.
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3.1. Mathematical framework

We first recall the definition of the Sobolev space for real s > 0 from [39,40]. Let
HS®) = {u e X®)| (1 + |0 Fw) () € P®)}, (10)

endowed with the norm |ju|lgsmw) = |I(1 + |w|2)%F(u)(w)||,_z(R), where F(u) is the Fourier transform of u. For bounded
domain I = (0, T), we define

H() ={uel?()|30 e H*R) s.t. ], = u}, (11)
associated with [[u|lpsqy = _ ]i]élf lull psw)- Let ;C*°(I) and CG°(I) be the spaces of smooth functions with compact
ieHs(R), u|j=u
support in (0, T] and [0, T), respectively. Then, denoted by 'HS(I) and "HS(I) are the closure of ¢C°(I) and Coo ) with
respect to the norm | - ||gsy in (0, T] and [0, T), respectively. Here, we recall from [40,41] that

L lwsay = 1 ligseny = 1+ Irwsay, (12)
where “=" denotes equivalence relation and |- |iys, = lo PO N2y |- Irmsay = 1:DF O ll2(py-

Take A = (a,b). H° (A) denotes the usual Sobolev space associated with the real index o >0 and o #n — % on the
bounded interval A, and equipped with the norm | - [|[go(a). In [42], it has been shown that the following norms are
equivalent:

I ey = 1 o ay = - lrsocay = - o a)» (13)
1 1
2 2
where | - lhgoqn) = (16DF O, + 1+ 1)) 1 Trmen) = (605 Ol + 1 122g)) T and | Ty =

DY (-, ng('))M%- It follows from Lemma 5.2 in [41] that
. 1 1 . .
| oy =1 1 ) | Voae ay = 1aDF Ol ) 6D 2 (14)

Lemma3.l.letoc >0and o #n— % Then, the norms || - lliyo 5y and || - llryo (a) are equivalent to || - ||lcgo (a) in space C°(A), where

1

2
- lemeay = (DF OZ2p) +10DF OlZagy + 11+ 1) (15)
Proof. See Appendix. O

1
In the usual Sobolev space, for u € H° (A) we define |u|’;IU(A) =Dy u,xDy v)|; Yv € H7(A), assuming  sup |(,Dy u,
ueH(A)

«Dy v)A|% >0 Vv € H? (A). We also let ’Hg(A) and "H{ (A) be the closure of C§°(A) with respect to the norms || - lipscay
and | - [Irgsca) in A, respectively, where Cg°(A) is the space of smooth functions with compact support in A.

Lemma 3.2. Foro >0and o #n — 1, ’Hg(A), "HJ (A), and “HJ (A) are equal and their seminorms are equivalent to | - |";1(,(A),

where ’Hg(A), "H§ (A), and “HE (A) denote the closure of C3°(A) with compact support on A with respect to the norms || - lligo (4
and | - [Irue (a)-

Proof. In [41,42], it has been shown that the spaces ’Hg (A) and "HJ (A) are equal. Following similar steps, we can show
that “HJ (A) is equal with ng(A) and “HJ (A) and the corresponding seminorms are equivalent. O

Assuming |((Dg u, xDJ v),| and |DZ u, ¢DJ v),| > 0, Lemma 3.2 directly respectively results in |(oDZ u, xDJ v), |
> B1luligo(ay [VIrHo (a) and |(XD,‘J’ u, ¢DJ v)A} > B2 |ulrno (a) [Vligo (5, where B1 and B, are positive constants and inde-
pendent of o.

Let A1 =(ay,by), Aj=(aj,bj) x Aj_q fori=2,---,d, and X = H;‘ (A1) with the associated norm || - [lcgvi (a,). Accord-
ingly, we construct X such that

2 = Hy? ((a2,b2); L2 (A1) ) N1 12((a2. ba); X),

g = Hy (@0, ba); L(Aa-1)) N L2(@a: ba): K1), (16)
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associated with the norm

1
2

2 2
. - 17
Il {” ”“””d(wd ba)iL2(Aq 1)) o ”L2(<ad ba); X 1)} ()
Lemma 3.3. Let v; > 0 and v; #n — %fori:l,m ,d. Then
d ; 3
HW%E{XXMD%NWMM+MD(NWWJ+HHWMJ- (18)
i=1
Proof. X7 is endowed with the norm | - || x,, where || - [, =l - ll5v1(a,) (See Lemma 3.1). Moreover, A3 is associated with
the norm
2
2
N, = =+l - s 19
(P% h'qummm)””qmmmﬁ (19)
where
by by
2 %) Vv
u Dy2u|? dx Dudx udx)dx
I ||CHU2((G2 by L2(A1)) / /|a2 % Ul z-i-/|x2 | 2+/| |“dxz ) dxq
ap  a az az
_ V2 V2
- ”XZD (u)||L2(A2) + ||02DX2 (u)||L2(A2) + ||u”L2(A2)’
and
by by
2 V1 V1
u Dyl u|“dx Dudx udx)dx
0 ) = / /mxl|1+fm |1+f||1 :
a a4 ai a
v 2 v 2 2
= ”x] ,Db: u”LZ(Az) + ”a] DX]] u”LZ(Az) + ”u||L2(A2)'
Now, we assume that
d—1 1
_ Vi 2 Vi 2 2
nwu@1={}:Qubgcmym¢”+wm0gcwﬂmF”)+n-mqmqﬂ : (20)
i=1
Then,
2
u
” ”fH”d((ad,bw;LZ(Ad_l))
bg
f flad%“l dxd—i—/ |XdD”"u| dxd—i—/ u| dxd)dAd 1
Ag—q
by by by
= | Dydul?dxgdAg_1 + Dul? dxgdA 2dxgdA
= ag Pxq ddAg—1 Ixg Dp, u1” dXgdAg—1 + [ul”dxqgdAg—q
Ag—1 dd Ag—1 dd Ag—1 Ud
= lx, P @F2n ) + llag D WIT2 5,y + MUl -
and
bg
2 Vio2 Vi 2
u Dy, ul|“dA DudA ul“dA )dx
0 ) = /Ejfla P+ Dyu)dne + [ luPdAg )dx
a =lag, Ad-1

d—-1
_Z(/|al_D,‘:i"u|2dAd+fIxiD;:ulszd>+/|u|2dAd
i=1 A, Ad Ad

d—

—_

Vi 2 Vi 2 2
(Il Dy s p ) + o D sy ) + Ml
i=1
Therefore, (18) arises from (20). O
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In Lemma 2.8 in [42], it is shown that if u,v € HY(Ay) for 0 < 2a <2 and 2« # 1, then (XID,ff‘u,v)A] =
(XlDl‘j‘]u,alD,‘flv)Al, and (alDﬁf‘u,v)A] = (,, D¢ u
(1 4d)-D case.

,Xng‘]v) A Here, we generalize this lemma for the corresponding

Lemma 34. If 0 < 2v; <2 and 2v; # 1 for i =1,---,d, and u,v € Xy, then (Xl_Dil_”iu,v) = (4 Dy u-a Py V), and

Aqg
(D7), = (o Di U, DY)

Ay ? Xi

Proof. See Appendix. O

Additionally, in the light of Lemma 3.2, we can prove that

|(adD)‘:gu7 XdD;;j V)Ad| + ’(Xd U, adD;g V)Ad ’ = |u|‘Hvd ((ad,bd);Lz(Ad,1)) |V|CHW ((adybd)iLz(Ad—l)) ' 1)

where we assume sup (| (3, Dx8 ,Xdedv)Ad‘ + ](deEZu,adD:jv)Ad]) >0 for any v € CHS"((ad,bd);
uecH? (@bl (Mg 1)

L2(Ad_1)). Next, we study the property of the fractional time derivative in the following lemmas.

Lemma3.5.If0<27 <1 (1 <2t <2)andu,v € H*(I), when u|i—g(= ‘;—‘t‘h:o) =0, then (,D¥*u, v), = (;Dfu, Djv),, where
I=(0, T).

Proof. See [39]. O

Lemmas 3.4 and 3.5 will help us obtain the corresponding weak form of (1). Let 2t € (0, 1) and Q2 =1 x A4. We define

oH (1:L2(A0)) = {ul 1u(t, )ll2a € HT (), ulio = Ulgymgy = Ul =0, i =1, d}, (22)
which is equipped with the norm lullige ;12 (ag))- FOr real 0 <2t < 1, 'HY(I; L%(Ay)) is associated with the norm
I lge (2 cag)) which is defined as lullige (r.12¢a,)) = H luct, Hllzea, H’Hr(”. Therefore, we have

lullige 12y = ” luct, Hll2ay H’Hf(l)

T T
={/< /|Opfu| dAq) ) +//|u| dAddt}
0 0 Ag
7
= (10DF W2 q) + lulsq)) (23)

Similarly, we define
oH (15 L2(A0)) = [V [1V(E lizag) € H (D, Vit = Vixmay = Vlxmpy =0, i=1,--- .}, (24)

which is equipped with the norm [[v|ryzj,12(a,)- Following (23),

[NE

IWllbeizagn = | IVE M izag |y = (1DF Dz + V1)) (25)

Lemma3.6.[f0 <27t <2,2t #1andu € ’OH’(I; L%(Ay)), then

(0D u,v), = (¢Dfu, Dfv), VvepH U; L*(Ag).

Proof. Following Lemma 3.5,

T T
(Ofou,v)Q://ODtZTuvdAddt://ODfutDivdAddt:(ODfu,tDH)Q. O (26)
0 Ag Ag 0
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Lemma 3.7. Foru € ’OHI(I; L%2(Ag)) and 2T € (0, 1), |(oDfu, Div)ael < Nullige i2agy 1V IrbT @s12(ag)) YV € oH™(I; L2(Ag)).

Proof. We have

T
1(oDfu. [ Div)g| = (//|OD}utD;v|dtdAd). 27)
Ag 0
By Holder inequality,
|(oDf u, DiV)al (28)
T 1 T 1
< Lo Dru2dtdA,)’ Ty ?
< oD; d | DLv 2 dtdAg
Ag O Ag O
T T 1 T T 1
5(//|OD§u|2dtdAd+//|u|2drdAd)2 (//|tD§v|2dtdAd+//|v|2dtdAd>2
Ag O Ag O Ag O Ag O
1 1
2 2
= lullige g:i2agn 1VIrmz gi2agy- - O

Lemma 3.8. Forany u ’OH’(I; L%2(Ay)) and 2T € (0, 1), there exists a constant ¢ > 0 and independent of T and u such that

(oD u, ; Div)ql
Sup % Z C|u|lHT(I;L2(Ad))’ (29)
0£veELHT(112(Ag) VITHT (1512 (Ag))
assuming sup [(oDFu, ;Div)al >0 Vv e[H (I; L3 (Ag)).
uehHT (I;L2(Aq))

Proof. Following Lemma 2.4 in [36] and Lemma 3.1 in [37], for any given u € BHT(I; L2(Ag)) let V, = (ZE(f () yDf u) under

the assumption of sup |(oDfu, Div)al > 0, where f(t) =(1—H(t—T)) and H(t) is the Heaviside function. Clearly
ueh H (1,12 (Aq))

Vu € gH™ (I; L?(Aq)). Therefore, by Holder inequality we obtain

2 _ T T T 2 _ T,,112
Vil2ue 2 agy = 1e0F (27 (£ ©6DF 1) ) 2 gy = 1 ©0DF Ul
< If O g, oD ullfa gy = BillgDf ullfs g (30)

where 81 = || f(t)|1 and independent of T and u. Using V,, we have

L2(Q)
T
6D, DFVal = [ [ loDFu DF (e (10D )| dedag
Ag O
T
=//|Opgu|2|f(t>|ataAd.
Ag O

According to the second mean value theorem for integrals [43],

T T
2 = 2 - 2
//|0thuy |f©O]dtdAq > By //\Opfu\ dtdAg = p1 U e 12 a gy (31)
Ag O Ag O

where §; = lin; |f(t)| = 1. Considering (30) and (31), we obtain
t—>T—

|(Dfu,  Divial _ 1(Dfu, DiVial _ b
sup 0t 27T g LS Zﬂ~—|u|{)HT(l;L2(Ad))’ (32)
1

ozvelH (312A0) VIirnraiizaagy — Mulriraiizagy

where ¢ = g—l > 0 and independent of 7 and u. O
1
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3.2. Solution and test function spaces
Let 27 € (0,1) and 2v; € (1,2) fori=1,---,d. We define the solution space
BEN (@) = hHT (15 12 (M) (1 Xo), (33)
endowed with the norm

1
_ 2 2 2
g vacey = {1Be gy + 1402 | (34)

where due to (17) and Lemma 3.3,

d 1
. . 7
lliza ey = |10l |, = {1 g, + D0 Dy @Iy + 10 D3 W)} (35)
i=1
Therefore, by (23) and (35),
d 1
. . 2
[l grvr va g = [ 12y + 1oDF @Faiqy + D (I Dy W2 + g, Di (u>||f2(9))} . (36)
i=1
Likewise, we define the test space
B (9) = HT (117 (A0)) N 1205 ), (37)
endowed with the norm
1
2
”v”‘BT*Ul*“'-Vd(Q) = {HVH'ZHT(I;LZ(Ad)) + ”V”iZ(l;Xd)}
a }
={IV1% ) + 1 DF W) + D (I Dy NlZag + o DX DliEag)) (38)

i=1

Remark 1. If 27 € (0, 1), our method is essentially Galerkin in the oco-dimensional space. Yet in the discretization, we
choose two different subspaces as basis and test spaces, leading to the PG spectral method; that is, Uy C B™"1>Y(Q) and
VN C BTV Y (Q) such that Uy # V.

In case 27 € (1, 2), we define the solution space as
BrU (@) = o (1 L2 (A) ) N L2(T: X, (39)
where
U HT (1 L2(Ag)) == ) BT (1), ) Zo = o = - —0,i=1,..-.d
0.0 s L7(Aq) ) == qu | llu(t, - ||L2(Ad)e ( ),E|t=0—u|t:0—u|xi=a,-—u|x,-:b,-— =1, ,a,

which is associated with | - || gr.v1.- v (q). The corresponding test space is also defined as

%T*"l""’”d(Q) — (r))OH‘[ (I, Lz(Ad)) N LZ(I; Xd)a (40)

where

r T 2 T av .
boH™ (1:L2(A0)) i= {v I IVE M2y € HT ). Solimt = Vieet = Vigmq = VIt = 0, i = 1.+ ..

which is endowed with || - [|gg7.v1.va(q). It should be noted that similar to Lemma 3.7, for any u € B.OHT(I; LZ(Ad)) and
2t € (1,2), we obtain

Dfu, , Div)g
wp DT DEVal

(41)
0£vel, (HT (1;12(Ag)) |V|er(1;L2(Ad))

= |U|1HT(1;L2(Ad)>’

assuming sup loDfu, Div)al >0 VYvej H (I L2(Ag)).
ue{loHT(l;Lz(Ad))
Let u € B*V-:Y4(Q) and 2 = (0, T) x (a1, b1) x (az, by) x --- x (a4, by), where d is a positive integer. The Petrov-Galerkin
spectral method reads as:
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find u € B¥V1- -4 (Q) such that

au,v)=I1(v), VveBTVYi(Q), (42)
where the functional I(v) = (f, v)q and

d
a(u, v) = (GDf 4, PF g + Y [, Db, Dl Vg + ¢ (o D v, Dhi w)g]
i=1

"Flﬁa

Vi Vi Vi Vi
[y (0, Dt Dy Vg + iy (o, DL v, Dy ] + 7 (@ Vg (43)
1

J

following Lemmas 3.4 and 3.6 and y,cy, ¢y, kj;, and «y; are all constant. 2 € (0, 1), 2v; € (1,2), and 27 € (0,2) for
j=1,2,---.,d.

Remark 2. In case 7 < % the solution to the bilinear form in (43) does not lead to the homogeneous initial condition in
the strong form. To guarantee the equivalence between the problem under the strong formulation and the bilinear form, we
assume that f in (1) possesses enough regularity [44].

In [1], we presented the construction of the finite-dimensional subspaces of B%-V1:"-Yd(Q) and B7V1--Y4(Q) in details.
We define the space-time trial space as

d
UN=span{((1 )P on)(t)H(ij_H 0 &) — Pmy-1 ogj)(xj) n=1, N.mj=1,- ,Mj], (44)
j=1

where n(t) =2t/T — 1 and &;(x;) = 2;; :zj — 1. Moreover, we define the space-time test space to be
d
Vn :span{((l TP o n)(r) I1 (Per o) — Pr, 1 og,-)(xj) k=1, N.rj=1,.. .,Mj}. (45)
j=1

Then, the PG scheme reads as: find uy € Uy such that

a(uN,vN)=l(vN), Vv e VN, (46)

where

a(un. vy) = (D un. D vn)a
d
+Z[Ch (g D" un. xiDllJL,-i VN + € Do) UN. 4, D' Vel
i=1
d
= Ik, (o, D) un. 5, Dy’ V)@ + ki, Dy Un. ¢ Dyl V)
ljta; =xj BN xSy ENIQ T Py BN a0k NI
=1
+y Un, vN)q- (47)

Considering uy as a linear combination of points in Uy, the corresponding linear system known as Lyapunov system orig-
inates from the finite-dimensional problem. The properties of the corresponding mass and stiffness matrices allowed us to
formulate a general linear fast solver in [1].

4. Well-posedness and stability analysis

Based upon the lemmas provided in Section 3, we are able to prove the stability of the problem (46) in the following
theorems.

Assumption 1. For any v € B7-V1:-%4(Q) with v # 0, we assume that
sup <|(0Dtr u,,/D; v)9|) > 0 and sup (|(ajD;j u, XjD:f_' Vgl + |(XjD;:J_'u, ajD;j v)g|> >0 for j =
ueBTVIV(Q) ueBTVI M (Q) ! !
1,---,d.
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Lemma 4.1. (Continuity) The bilinear form in (43) is continuous, i.e., for u € B™V1:""-V4(Q),

3B >0, la(, v)| < B llullgrvivaq)llVIigrvi- g Yv e BTVM(Q). (48)
Proof. The proof follows easily using (21) and Lemma 3.7. O

Theorem 4.2. The inf-sup condition for the bilinear form, defined in (43) whend =1, i.e.,

. la(u, v)|
inf su >8>0,
0£ueBV1(Q) gzventvi () Vs (@ llullgrn (€2)

(49)
holds with B > 0, where Q =1 x A1 and Assumption 1 holds.

Proof. It is evident that u and v are in Hilbert spaces (see [41,42]). By Assumption 1, we can prove that
lau, v)| = [(oDf u, Df Vol + (|(alv,’él U, x, Dyl Vgl + 16, Doy’ U, ¢, Dy’ v>Q|)
+ (I, DY 4, Dyt VIal +16, D! 1, 4, DV Val) +1(, Vgl. (50)
Next, by (21) and Lemma 3.8 we obtain

DF (u), DL (V)g Df W), Df (V)
sup [(Dr (u), Dy (V) |E sup 1P @), Py W)al 2C1IU|1HI
0£VeBTVI(Q) |V|S3fv"1 (Q) 04veBTV1(Q) |v|rH-[ ((0 T)'LZ(A1)) (

O.T:L2(AD)’

1(a; Pat @), 5, Dyl (W)l + (G, D! (W), ¢, Dx; (Vg
sup =
0£VEBT V1 (Q) [v]gTvi ()
1(a; Pat @), 5, Dyl (Wl + (G, D! (W), ¢, Dx; (Vg
sup

0£veBTV(Q) [v]

= Coltleyr (. o
CHU](Al:LZ(I)) 21U HV1(A],L2(1)>

and sup Mﬂ > [lullj2(q), where Cq, C2, and C3 are positive constants and independent and Assumption 1 holds.
0£veBTVI(Q) @

Therefore, for u € B*>V1::Y4(Q)
la(u, v)|
0£ven™1 (@) IVIIB7v1 (@)
1(,Df (W), DF (V)al + (g, Dx; W), y, D;; Mal+1(, D;} W), ¢, Dt (M)al + (W, V)l
0AveBTV1(Q) Vilsz (@)

v

p

> {ul,,, (@mn) T M (aiza) + Iz | (51)

where C is min{Cy, Ca, C3, C4} and B is a positive constant from (50). Accordingly,

la(u, v)|
213 ”u”BI"’l(Q)v (52)
ozvest (@ VIt (@)

where g = BC is a positive constant and independent of 7, vy, and u. O

In Theorem 4.3, we extend the proof of Theorem 4.2 to the corresponding (1 + d)-dimensional problem in (42).

Theorem 4.3. The inf-sup condition of the bilinear form, defined in (43) forany d > 1, i.e.,

lau, v)l

inf sup >8>0, (53)
0£UEBT V1 M(Q) gyep TV va (@) IV g1 va @) Ul gTovva (€2)

holds with 8 > 0, where Q2 = I x Ay and Assumption 1 holds.
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Proof. By Assumption 1,

d
lau, V)1 = 1GDF u, Df Vial+ Y (16,P4 . Dl Vel + 16, Dk u, o D val )
i=1

d
Vi Vi Vi Vi
+ 3 (16, 1. D} Vel + 16, D, u, o DY Vial) + @, vgl. (54)
j=1
It follows from (21) that for u € B%V1>+Y4(Q) and v € BTV1-:Y4(Q) we have
d
>~ (16, DY @), Dy (el + 1, Dy ()., DX (Mal)

i=1

d
>Ciy. (llaiD)ff W2 Il Py W2y + Il Py! W20 llg, Dt <v)||Lz(m).
i=1

Thus

M-

(1, D¥ ), Dy )l + 1, D} W), 4, DY (Ve
1

d
=1 Y (1o DY @z + 1 Dh @llizey) x 3 (P Wiz + gy Pl Wllizqe)
i=1 j=1

= Cilutli2,2 V12,2 (55)

where C; is a positive constant and independent of u and v;. Considering Lemma 3.8, there exists a positive constant C3 > 0
independent of u and t such that

“u |oDF @), DF (Dol _ “ |DF ). DF W)l _ Gl | 56)
otvemtur @ IVIsror e omvenia@ Wy (rizag) e (0.1:12(A0))
It follows from (55) and (56) that
la(u, v)|
0zves™ v () IVIisTova(g)
- 16DF . DE Vel + X (16, D4 1, D} Val + 16, Dyt o, Dy vgl) + |, Vgl
- ﬁO#VE%f‘lﬂP""‘”d(Q) lvilg e va (@)
= B (Callulhirqiziagy + Crlullzgn, + Uz )
> B Cllullgrorva (), (57)
where C =min{C,, C1} and also 8 > 0 from (54). Therefore,
lau, v)| 5. (58)

inf sup >
0AUEBTVI M (Q) gyen - va (@) Ul BTV va @) IV 71 va ()

where g = A C is a positive constant and independent of u and 7. O

Theorem 4.4. (Well-posedness) For all 0 <t <2,2t #1,and 1 <2v; <2,and i = 1,---,d, there exists a unique solution to
(46), which is continuously dependent on f € (BT*‘”*'“’“d)*(Q), where (BT’”V“’“H)*(Q) is the dual space of B®V1>+Vd(Q) and
Assumption 1 holds.

Proof. The continuity and the inf-sup condition, which are proven in Lemma 4.1 and Theorem 4.3 respectively, yield
the well-posedness of the weak form in (42) in (1 4 d)-dimension due to the generalized BabuSka-Lax-Milgram theo-
rem [45]. O
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Theorem 4.5. The Petrov-Galerkin spectral method for (47) is stable, i.e.,

. a(uy, v
inf sup latun, vyl >8>0, (59)
0#uneUn ozvevy VN Iz v va ) lUN ll BTy va )

holds with 8 > 0 and independent of N, where sup |a(un, vy)| > 0.
0#vneVn

Proof. It is clear that the basis/test spaces are Hilbert spaces. Since Uy C B-V1-"-%(Q) and Vy C BT-V1-Y4(Q), (59)
follows directly from Theorem 4.4. O

5. Error analysis

Let PAq(A) denote the space of all polynomials of degree < M on A, where A CR. Pj\/l(A) denotes Paq(A) N H{(A)
for any real positive s, where H§(A) is the closure of C5°(A) in A with respect to | - |lcgs(a). In this section, I; = (a;, b;) for

i=1,...d, Aj=1; x Aj_1, and A} = T4 Ik
k#j

Theorem 5.1. [46] Let r1 be a real number, where ry # M1+ % and 1 < r1. There exists a projection operator l'[r”;_ My fromH (A1)N

Hgf (A1) t.o.P‘jC/ll(Al) such that for any u € H™ (A1) N Hg' (A1), we have |lu — T ullepmr ay) < ct MY lullgr a,), where
c1 is a positive constant.

Maday in [46] proved Theorem 5.1 using the error estimate provided in [47] for Legendre and Chebyshev polynomials.
Next, this theorem is extended to Jacobi polyfractonomials of first kind.

Theorem 5.2. [24] Let rg > [2T], 1o #N + % and 2t € (0,2), 2t # 1. There exists an operator Hfo A from H™ () NH™ () to
P}, (A1) such that for any u € H(I) N THT (1), we have
llu = T attllige oy < o N llullgrorys
where cg is a positive constant.
Li and Xu in [42] performed the error analysis for the space-time fractional diffusion equation, employing Lagrangian

polynomials. Here, employing Theorems 5.1 and 5.2 and Theorem A.3 from [48], we study the properties of higher-
dimensional approximation operators in the following lemmas.

Lemma 5.3. Let the real-valued 1 <rq, 1y, I; = (aj,b;) i =1,2, =11 x I, and % <vi,w<1llIfue ng(lz, H(I1) N
H" (I3, Hy' (I1)), then

V V.
lu =TI o T2 Ul )
)

vy —r —r
< M ullgra (121 MRS M Ul b2 (1 () + MG I va (1,5 (1)
- - —r —r
+ Ml g gy a2y MM U g 2 1)+ M 2 e g B2 (1)) (60)

Nl—=

where || - [[grv2 (@) = {| ,and B > 0.

2 2
‘ : ”CH"l (11,L2(I)) + ” : ”’:H‘)Z(h.Lz(h))}

Proof. If u € Hy? (I, H" (I1)) N H™2(I, Hy' (I1)), then evidently u € H™ (I, H" (I1)), u € H™2(I,L*(I1)), and u € H" (I3,
L2(I)). By the real-valued positive constant 8, we have

v v
llu — th, M Hr; Mzu”Bvl'vz(Q)

[SE

_ _ " V2 2 _ W V2 2

= (“” Ty v Ty, ity WlERva 1, 200y 18 = T g TS oty M2 1 e (11)))
V1 %) V1 V2

=M= Ty vy T, agpUllerz g 2y 180 = T v, Ty g Ulliza v - (61)

By Theorem 5.1, (61) can be simplified to
V1 %)
I =T gy Ty, aty Ullemva 210
_ V2 V2 V1 Vo
=l =T U+ T = T g T gy Ullenv .20y

2] V2 V1 V2
< Ml =T gy Ullenva (g, 2y + 1T g 8 = T gy g gy Ullenva a1y, 121
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< MRl 12y + IO gy = D@ =TI g Wllema iy 121y
= T g ey, 200y
< MUl yra . i2q1y) F M5 M Ul 2 1 ) + MY e 11 1) - (62)
where 7 is the identity operator.
Since [lu =T o T2 o utllizqy cpm gy = U =T 0 T 0 ttllegm 1y, 121,y We obtain
=TI g, T2 o2y chm iy
= llu =T g u+ T g u =T T2 ullenmn y 2a0))
< =T g ullenon a2y + 1T a0 = T T2 g Ul ay.1202))
= M‘;lirl Nl g o1y, i2a0)) + ||(H:117M1 D - le); MZU)||CHV1 (I,L2(I3))
Hlu = T2 wg,ullenm g i2,)
< MU T Ul g gy 20 MM Ul g 1y 12 (1)) + My 2 e 1y 172 (1) - (63)
Accordingly, (60) can be derived immediately from (63) and (62). O

In order to perform the error analysis of (1 4+ d)-dimensional PG method, we first study the approximation prop-
erties in three dimensions and then extend it to (1 + d)-dimensions. It should be noted that in the following

lemmas, H'i+1 702 Ttk (I g x - x T, LA ) = H1 (g, H92 (T, -+, HI (T, L2 (AL 7K))), where
A’Ul+1"""+k =TT j—1 ;. Following Lemma 5.3, we introduce
ki1, itk

Lemma 5.4. Let the real-valued 1 <r;, I; = (a;, b;), Q = ]_[?:l Ii, A = ]_[ile I;, A,]; = ﬂif:] I; and % <vi<lfori=1,---,d.If
i#]
ueHy' (11, H?3(A3)) N H3 (A3, “Hy? (1)) N H™"2(A2, “Hg? (I3)), then

lu—T1 112

r1, My rzg/\/lzn

V3 .
ry, MsUllerir; 12(a)
Vi—Ti ) Vi—Ti x 7 Tj A Tk —Tj =T
< M Ul gz eaiyy MG MG M i) MG M I e g gz g
3
Vi—Ti g 7Tj . T o
+ Z (Mi M, ”u||Hri‘rf(l,~><Ij,LZ(A'3'j))) +Mj ey, (li,H’j(Ij,LZ(A;J)))) (64)
i=1
J#i
fori=1,2,3,j=1,2,3and j#i,andk =1,2,3 and k # 1, j, where 8 > 0.

Proof. See Appendix. O

Lemma 5.4 can be easily extended to the d-dimensional approximation operator as

d
h ) Vi—Tj . i i.j
llu = Tgulle v g, r2eainy = Mt MUl 12 al)) + DM, Wl iy s .02
j=1
i#
g d d
Vi—Tj —Tj ij SIM i
+ MUY M Wl s 20000+ 22 MM, Vet ot 2o
— k=1 j=1
jj#i ki jj;éi,k
d
Vi—Tj —Tj
+"'+Mi (HM] ])”u||Hri(1,-,H’1v"'-’d(AQ)))' o)
j=1
i#i

Theorem 5.5. Let 1 <r;, [ = (0,T), I; = (a;, b;), Q= I x (r[?:1 1i>, Ae=TT I AL =TT Liand L < v <1fori=1,--- .d,
2]

d .
Ifue ( A Ho(I, HYi (I;, H 4ff—17ff+1-"~fd(A;1))) A'HT (I, H™ 4 (Ag)), then we have
i=1
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lu = TIF A TIgull e va ey
d
- _ —rj
5’3<NT Pl g + 2N M; J”””Hrou,H’f(lj,L?(Aé)))+"'
=1
d

d
- —T;j Vi—Ti
+NT rO(HMj j)”u”HrO(LHrl'W’rd(Ad))) +§ :{Mf' Il g 2 cad sy +
j=1 i=1

d
R —r:
+ M (T MG Wl a2 ) (66)
j=1

J#ik
h _ V1 . Vd . ..
where I1; = I Hrd, My and B is a real positive constant.

Proof. Directly from (35) we conclude that

d
lull ey va @) = ﬂ(”“”'Ht(I,LZ(Ad)) + Z Il 2 e (Ii,LZ(A;))))'

i=1
By Theorem 5.2 we obtain
d
llu = TIE, pTIgull <NT ]| + Y NTTOMG Nl o g g +oe
ro, N dHITHT (112 (Ag) = H'O(I,12(Ag)) j H'O(1,HT (1, L2(Ag)))
Jj=1
d
_ —T;j
+NTTTO ( l_[ M; }) Nl bro 1, 51 7 A g))) - (67)
j=1

Accordingly, the property of composite approximation to time-spatial (1 4+ d)-dimensional space-time approximation opera-
tor in (66) is obtained immediately using (65) and (67).

Remark 3. Since the inf-sup condition holds (see Theorem 4.5), by the Banach-Necas-Babuska theorem [49] and Lemma 4.1,
the error in the numerical scheme is less than or equal to a constant times the projection error. Accordingly, we conclude
the spectral accuracy of the scheme. O

6. Numerical tests

To study the convergence rate of the PG method in (43), we perform numerical simulations and consider the following
relative errors in L? as

lu— ueXt”LZ(Q)

llelli2e) = (68)
@ ue 2 q)
and in the energy norm as
llu —u™| g o
lell g (@) = a2 (69)
[lueXt || gzvi ()
where u®" is presented in (71) and (72) in Case I and Case II respectively. Let Q = (0, T) x (—1, 1). Recalling that
1
I e @) = {Il- 172y + 10DF Olif2g) + 121D Olif2 gy + I DY Ollf2 gy } - (70)

We particularly consider the time and space-fractional diffusion equation (i.e. ¢; =¢; =0 in (1)) in 2-D space-time as we
have obtained similar results for advection-dispersion equation in higher dimensions.

Case I: We choose the exact solution to be
u™ (e, x) =tP x [(1+ %P2 —e(1 + 0], (71)

in (1), where € =2P27P3_In (71), we take p; =555, p2 =53 and p3 =51.
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Table 1
Convergence study of the PG spectral method for (14 1)-D diffusion problem, where kj, =k, = 12—0 and T = 2. Besides, p1 = 521—0, p2= 5?—1 and p3 = 5%
in (71). Here, we denote by 7 the practical rate of the convergence, numerically achieved.

Case I-A: v; = 12 fixed, where we consider the limit orders T = 5= and T = <. Case I-B: T = = fixed, where v; = 1} and v; = 12.
20 20 20 20 20 20

Temporal p-refinement Case I-A

—_ 1 — 15
T =55 and v = 33

_9 =15
T =55 and v = 53

M, lellsmvi (@) lell2) M, llell sz (@) llell 2@

(Fo =12.81) (Fo = 14.09) (Fo =13.32) (Fo = 14.44)
3 0.48488 0.45541 3 0.65358 0.56631
5 0.04176 0.04003 5 0.07529 0.05431
7 3.44 x 107 2.64 x 1072 7 0.00079 0.00045
9 5.00 x 1077 2.81x 1077 9 5.03 x 1077 2.59 x 107
11 4.82x1078 1.45 x 108 11 4.81x1078 6.61 x 107?

Spatial p-refinement Case I-B

vi =15 and T = 3 U1:%andr:25—0
M llell zmv1 (@) lell2(q) M lell zrvi (@) llell 2
(F1 =9.18) (F1 =9.36) (F1 =8.51) (f1 =9.08)
3 0.45329 0.40578 3 0.55657 0.38525
5 0.01738 0.01259 5 0.03097 0.01445
7 4.68 x 107> 0.000029 7 3.08 x 1072 1.06 x 107>
9 1.19 x 106 6.96 x 1077 9 2.45x 1076 6.63 x 1077
11 7.09 x 1078 533 x 1078 11 5.42 x 1077 1.56 x 1077
Table 2

Here, we set p; = 5% and n=1 in (72) to study the convergence of the PG spectral method for (1 + 1)-D diffusion problem, where «, =« = 1% and

T = 2. Besides, the limit orders are v; = 1} and vy = 13, where 7 = 3 is fixed.

p-refinement

=1 and =3 vi=1 and =3

M lellzz (@) lell2(q) M lell sz (@) lell2(q)

5 0.04756 0.02655 5 0.05730 0.03147

9 2.89 x 107 1.60 x 107> 9 2.72 x 1074 1.54 x 1074
13 4.44 x 107° 2.46 x 1079 13 432x10°8 2.44 x 1078
17 410 x 10~ 5.90 x 10~12 17 8.88 x 1071 9.17 x 1012

Temporal p-refinement: In Table 1 Case I-A, we study the spectral convergence of the method for the limit fractional
orders of 7 = 21—0 and %, while v = % fixed and «j, =« = % in (1) for (1 + 1)-D diffusion problem. In the temporal
p-refinement, we keep the spatial order of expansion fixed (M = 19) such that the error in spatial direction approaches
to the exact solution sufficiently and hence the rate of the convergence is a function of the minimum regularity in time
direction. Theoretically, the rate of convergence is bounded by MTTU lull gror.12¢a,))» Where ro = p1 + % — € is the minimum

regularity of the exact solution in time direction. In Table 1 we observe that 7y in llell;2(q) and |le]igrvi (q) are greater than
~cll : _ _r
ro ~ 5455. Accordingly, [lell 2(q) < M “llelligro @) < M ltllgro 2(ay))-

Spatial p-refinement: We study the convergence rate of the PG method for the limit orders of v{ = % and % while

T= % in Table 1 Case I-B. The temporal order of expansion is constant (M; = 19) to keep the solution sufficiently accurate
in time direction. Similar to temporal p-refinement, we have |e||;2(q) < M el e @ < M lull g1 (ay.1201y), Where
rn=p3+ % — € as the minimum regularity of the exact solution in spatial direction. In agreement with Theorem 5.5, the

practical rates of convergence 71 in |le|l;2(q) and in |le|prvi(q) are greater than r; ~ 5%. Further to the aforementioned
cases, we have observed similar results for higher dimensional problems, including (1 + 2)-D time- and space-fractional
diffusion equation as well. Besides, several numerical simulations have been illustrated in [1] which confirms the theoretical
error estimation in (1 + 1)- and (1 4 d)-D fractional advection-dispersion-reaction and wave equations.

Case II: We consider the smooth exact solution to be
ut(t, x) = tP1 x [sin (n(1 +x))], (72)
in (1), where p; =555 and n=1.

p-refinement: The convergence rate of the PG method for the limit orders of v; = % and % is investigated while T = % in
Table 2. The temporal order of expansion is chosen as (M; = 19) to keep the solution sufficiently accurate in time direction.
The results in Table 2 show the expected exponential decay which verifies the PG method for different values of vq.
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7. Summary and discussion

We proved well-posedness and performed discrete stability analysis of unified Petrov-Galerkin spectral method devel-
oped in [1] for the linear fractional partial differential equations with two-sided derivatives and constant coefficients in any
dimension. We obtained the theoretical error estimates, proving that the method converges spectrally fast under certain
conditions. Finally, several numerical cases, including finite regularity and smooth solutions, have been performed to show
the spectral accuracy of the method.
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Appendix A

e Proof of Lemma 3.1

Proof. In Lemma 2.1 in [42] and also in [41], it is shown that || - [igo sy and || - [lrye(a) are equivalent. Therefore, for
u € H? (A), there exist positive constants C; and C, such that

lulle ay < Cillulligo ays
lullte a) = Callullrme (a). (73)
which leads to
NulFio a) < CH U p) + CElUlPgo ca)
= CT oDy W2 ) + C3 IxDF W72y, + (CF +C3) lul
< Ci ullZyo n)- (74)

where (7 is a positive constant. Similarly, we can show that

|ullZo () < C2 lllHo (a), (75)

where C; is a positive constant. This equivalency and (13) conclude the proof. O
e Proof of Lemma 3.4

Proof. Let Ay =[]%,(a;,b;). According to [39], we have afoivi“ =4, Dx (, Dxu) and Dl‘;:“ = X},Dl‘;lf (X[,D;’i"u). Let il =, Dy u.
Then,

Xi
1 d u(s)ds

2v; Vi =
Dy 'u,Va, =Dy, Va, = | ————|— [ ———|vdA
(a, Xi )Ad (al Xi )Ad / F(] _ Ui) dx,‘ (Xl' _ S)Ui ] d
Ag aj
[ dds b I as)ds d
v uds i 1 u(s)ds dv
=[{ / } dAd—/ ©)ds dv ), (76)
ra-v)J & —s)Vilx=q Fra—-v)J & —s)Vidx
Ag a; Ag ai
) - bj .
where A = H?:L#i_ Then, we have ng {1‘(+—v1) a’:‘ ﬁ}x,:aid[\b =0 due to the homogeneous boundary conditions.
Therefore,
/ ! dGsyds d
20; 1 u(s)yds dv ;
Dy U, VA, = — —dx;jdA;,. 77
oD I // F(1—v) ) xi—svdy = ¢ (77)
4

ALI aj i

Moreover, we find that
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b; b;
d v d(vx—s)'=v 1 / dv -
S YV g = ST [V gig
ds / (x; — s)Vi Xi ds[{ 1— v bxi=s 1—v; ) dx; (*xi =3) X}
S s
bi b dv
d 1 dv 1—y / ax
= oK) oy i 78
Cds1- Vi / dx; % =9) M= (x;j — s)Vi & (78)
N S

Therefore, we get

- 1 ,.
(aiD,'fi’u,v)Ad:—/r(l_v)lu() ds/ — dx,)dsdAd_(u Dl‘)’iv)Ad. ]
Ad

o Proof of Lemma 5.4
Proof. Let i =1, j =2, and k = 3. We have

V1 V2 V3
Il = TL0 ity Tyt Ty, ats Wllemn g 12(ady)
=fu-1m" ou+m u—110 M2 u+n T u—T1 T2 T2 ullepvg g, j20al
r, Mi r, Mi r, My =2, Mo r, My =2, Mo r, My~ Ty, Mo =Ty, M3 T ICHY (1, L2 (A3)
V1 V1 V2
<M= T g ey i2caty 1T g 0 = T 0 T g Ullepon 1y n2aly

V2

V1 V2 %)
I g, T = T g, T2, T g tllepmn 1y 12 al - (79)

where by Theorem 5.1

v1—11
= T g, Wlepon ay 2aty < M Ilgn gy 20a0))-

Furthermore,

”Hﬁ M n:’)ll.,/\/ll H:j Mzu”CH“l (I1,12(Ad)y)

SN gy =D = T2 ey 12eaty 18— T2 wgulleyr . 12(aly)

S MU= T2 ol gy p2aty 0= TL2 ey 2aly)

< MM e e a2y + Mo Ul 1y 2 1. 12015 - (81)

Similarly,

Tty T ¥ = T g TIrs, it Tt lem 1202y

= I o, T = T, T2 T gt = T2 o+ T02 o T u
I 8 = T2 T v Ullern .2l

< IO vy = DAL gyt = T2 T g Wlleyn iy, 12(aly)
H IS = T2 0, T g Ullensn g 12(ad)

< MY o, =D =T )l ap.2aly tlu— I pgstlpn (11.12(A1))
AN g, = DW= TL2 o llegor gy, i2ady 18 = T2 v tllegor iy 12(a1))

S MM U = T2 g ulline ag 2y + MG ME P s 42,20
+ My u— Hr: M Ullervn B2 (15,12 313))) M3 P ullegor oty 13 (1,12 1))

= MU] 7“/\42 r2M3 P [l s (Az)) T leirl My Pl 3(A2,12(15)))
+ Mz_rzM;r?’ 1l gyor (I1,H'273 (AL)) + M;rB llttlle pyor (I1,H™3 (I3,12(I2))) - (82)

Therefore,
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flu— H:: M Hrzz My H;}; M3u||ch1 (1.L2(A3))
< MU T Ul gy 2eaty MM P g g 12y M ey i p.25))
+ MM MG Ul grirara (agyy + MM Ul g (AZ.L2(1)))
+ MM e 1y prars ayy + M Itlenn s s, 200 (#)
Following the same steps, we get
=TI g, T2 e, T s lle oz 1y, 12(02))
< M Ul 1y 1242y + MG MY I 2 g 20y M Tl g by 125

+ MGTEMTME P ull s (agy) + MY MG Ul g 2ay))

+ Mz_rl M3_r3 lulle v, (I2,H'1"3(A2)) + -/IVl3_r3 Nulle v 1y, 173 (15,2211 (84)
and
v % v
=T o, T A T A Ullenvs 5120
< M7 ull + MPTE M ful| + M u||
=My HI3 (1, 12(A3)) 3 1 H'31 (A2, 12(15))) 1 CHY3 (I3, H'1 (11, 12(15))
+ M TEMETM P Ul agy) + M3 MG Ul a1 2,
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