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1. Introduction

The diffusion equation with constant coefficients

a 0 02

5P =~ lpl + o5 (Dp] (1.1)
governs a Brownian motion with drift, the scaling limit of a random walk with finite variance jumps. The famous paper
of Einstein [13] details these connections. Sokolov and Klafter [40] discuss the modern theory, which involves fractional
derivatives. Particle sticking and trapping is modeled using a fractional time derivative [19,28]. The resulting time-fractional
diffusion equations have found many applications in science, engineering and finance [17,24,30,31,37,38,41].

When the coefficients w, D vary in space, the diffusion equation (1.1) governs a Markov process. Proving the existence of
strong solutions of time-fractional diffusion equations is a difficult problem [5,27] even on unbounded domains. If ¢ (x) and
D(x) are polynomials, the special structure allows explicit solutions. The normalized steady state solutions comprise a family
of probability density functions classified by Pearson [32]. The study of these Pearson diffusions began with Kolmogorov [20]
and Wong [44], and continued in [2,3,15,22,23,39]. The Pearson diffusion equation governs several useful classes of Markov
processes, including the Ornstein-Uhlenbeck process [43], and the Cox-Ingersoll-Ross process [11], which are useful in
finance.

This paper considers fractional Pearson diffusions, where the first time derivative in (1.1) is replaced by a Caputo
fractional derivative [9] of order 0 < « < 1. Explicit strong solutions are developed, using spectral methods involving the

* Corresponding author.
E-mail addresses: LeonenkoN@cardiff.ac.uk (N.N. Leonenko), mcubed@stt.msu.edu (M.M. Meerschaert), sikorska@stt.msu.edu (A. Sikorskii).
URLs: http://www.cardiff.ac.uk/maths/contactsandpeople/profiles/leonenkoN.html (N.N. Leonenko), http://www.stt.msu.edu/users/mcubed/
(M.M. Meerschaert), http://www.stt.msu.edu/users/sikorska/ (A. Sikorskii).

0022-247X/$ - see front matter © 2013 Elsevier Inc. All rights reserved.
http://dx.doi.org/10.1016/j.jmaa.2013.02.046



N.N. Leonenko et al. / ]. Math. Anal. Appl. 403 (2013) 532-546 533

Mittag-Leffler function. Stochastic solutions are then obtained, using a non-Markovian time change involving the inverse
stable subordinator. These solutions can be useful for particle tracking codes [25,45].

Time-fractional diffusion equations are important for applications to hydrology, finance, and physics, to name a few,
see [29] for full details. In hydrology, the fractional time derivative models sticking and trapping between mobile periods
for contaminant particles in a porous medium [38] or a river flow [10]. In finance, it models delays between trades [37],
and has been used to develop the Black-Scholes formalism in this context [24,41]. In statistical physics, the fractional
time derivative appears in the limit equation for a continuous time random walk, characterized by random waiting times
between particle jumps [28,30,31]. The methods of this paper provide concrete governing equations, explicit solutions,
and a stochastic interpretation for such situations, when the underlying diffusion has variable coefficients to model spatial
inhomogeneities. To the best of our knowledge, this is the only known case of a time-fractional diffusion with variable
coefficients for which one can explicitly compute the transition densities.

2. Pearson diffusions and their classification
2.1. Pearson diffusions

Pearson diffusions satisfy a stochastic differential equation of the form
dX; = pXp)dt + o (Xp)dW (t), t>0, (2.1)

where W (t), t > 0, is a standard Brownian motion, and the drift z(x) and diffusion (volatility) o2 (x) are polynomials of at
most first and second degree, respectively:

o?(x) 2
= do + d1X + de . (2.2)

nx) = ap + ax, D(x) =

Let (I, L) be an interval such that D(x) > 0 for all x € (I, L). Given a Markov process X, let p = p(x, t; y, s) be the transition
density, i.e., the conditional density of x = X; given y = X;. We will only consider time-homogeneous processes, which
means that p(x, t; y,s) = p(x,t —s; y, 0) for t > s, and will write p(x, t; y) = %P(Xt <x|Xo =y).

The Fokker-Planck operator £ is defined as

9 102 .,
Leg) = —— @M+ 2 =5 [0?(0g®)].

and the Kolmogorov forward or Fokker-Planck equation is
ap(x, t;y) G] 10% . , ap
—_— = - . t; _— s t; — =
PR oy WP B+ 2o [0?px, t;y)] or "

The transition density satisfies this equation with the point source initial condition. The infinitesimal generator of the
diffusion (2.1) is:

(2.3)

. 9 o?(y) 92
Gg(y) = |:M(V) @ + 5 a_yZ] g).

This operator appears on the right-hand side of Kolmogorov backward equation:

Ip(x, t;y) Ipx, t;y) | o*(y) °p(x, t; y) ap
— =W + or — =
ot dy 2 9y? ot
If the stationary (invariant) density m of the diffusion (2.1) exists, it satisfies a time-independent Fokker-Planck equation
(2.3) with zero on the left-hand side [18]. For Pearson diffusions, this equation reduces to

W u) DX (do—dy) + (a5 — 2dr)x
m(x) D(x) - do + dix + dyx?

Eq. (2.5) is the famous Pearson equation introduced by K. Pearson in 1914 [32] in order to unify some important classes of
distributions. Because of this connection to the Pearson equation, the processes that satisfy Eq. (2.1) are known as Pearson
diffusions.

Afunction his an eigenfunction of (—§) if there exists a complex number A (the eigenvalue) such that the Sturm-Liouville
equation holds:

gp- (2.4)

(2.5)

98 = —Ag.

In the Pearson case, this equation can be written as a differential equation of hypergeometric type:

(do + dix + dox®)g” + (ag + a1x)g’ + Ag = 0. (2.6)
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Consider a system of polynomials {Q,(x), n € &'}, where Q,(x) is a polynomial in x of degree at most n, and the index
set is either & = N, the set of nonnegative integers (including zero),or & = {0, 1, 2, ..., N} for a finite nonnegative N. We
say that {Q,} is an orthogonal system, for some pdf (weight) m(x), if the following orthogonality relations hold:

/Q,,(x)Qm(x)m(x)dx = 83%5, nmeuw,
s

where S is the support of the density m, c,? are nonzero constants, and 4, is the Kronecker tensor. For Pearson diffusions,
the stationary density is the weight function m with respect to which the eigenfunctions are orthogonal [18, p. 331].

There are six basic types of solutions to (2.6), depending on whether the polynomial D(x) is constant, linear, or quadratic
and, in the last case, on whether the discriminant A = d% — 4dyd, is positive, negative, or zero [2]. These solutions are the
classical orthogonal polynomials. Three types of solutions of (2.6) correspond to the case when the spectrum of the generator
g is discrete. In this case, & = N. The remaining three types correspond to mixed spectrum of the generator, when only
finitely many orthogonal polynomials exist (# = {0, 1, 2, ..., N} for a finite nonnegative N), and the remaining part of
the spectrum is continuous (see [2,3,22,23]). A useful summary of the six types of Pearson diffusions is given in [29]. In this
paper, we consider fractional Pearson diffusions with purely discrete spectrum. When the spectrum of the generator § is
discrete, the eigenvalues are given by the formula:

An = —nu' (x) — %n(n — 1DD"(x) = —nla; + dy(n — 1)]. (2.7)

The associated eigenfunctions are of the form g(x) = Q,(x), where Q, is a polynomial of degree at most n. Next we briefly
describe the three classes of Pearson diffusions with discrete spectrum.

2.2. Ornstein-Uhlenbeck (OU) process

When D(x) in (2.2) is a constant, Eq. (2.1) takes the form
dXt=—9(Xt—u)dt+v2902th, 9>0,t20,

with an obvious change of notation. For a stationary OU process, € is a correlation function parameter (corr(X;, X;) = e~?It=sI,
see [6]), and u and o are distribution parameters. The invariant distribution is normal:
0= 28)
m(x) = e 2% | x € R. .
o/ 21

When 6 > 0, the diffusion is a stationary OU process when the initial distribution has density m. The eigenvalues are
An = 6n,n > 0. The eigenfunctions of (—§) are Hermite polynomials:

Ha(x) = (=D [m(x)] ! ;—:nm(x), xeR,n=0,1,2,...

and the normalized Hermite polynomials are
n

ol
Qu(s) = ﬁHn(X)-

2.3. Cox-Ingersoll-Ross (CIR) process

When D(x) = d1x+do, we may suppose dy = 0 (after normalizing, which would change ao to ag—a dy/d;).1fd; > 0then
the process is a CIR (square root Feller) diffusion on the interval (0, o) [11].1fd; < 0, then the state space is (—oo, 0), where
o2 (x) is positive. This can be reduced to the case d; > 0 by a simple reparametrization. Using the traditional parametrization
of the CIR process, Eq. (2.1) takes the form:

b /20
dXt=—9<Xt——>dt—|— — X; dW,, 6 >0,a>0,b>0,t>0.
a a

Then we have the invariant density:

b
a
mx) = —x""e™™ x> 0. (2.9)
I(b)
With this parametrization, when the initial distribution has density m, the stationary CIR process has the correlation function
corr(Xe, X;) = e~ ?1t=5! see [6]. The eigenvalues are A, = n, n > 0. The orthogonal polynomials are Laguerre polynomials
given by the formula:

n

1 d
L;bf])(ax), x>0neN with LEIV)(X) — _‘Xfyexﬁxnﬂ/efx’ y > —1.
n: X



N.N. Leonenko et al. / ]. Math. Anal. Appl. 403 (2013) 532-546 535

The normalized Laguerre polynomials are
B L,Sb_l)(ax)
~ JTO+n)/(Tbnh’

Qu(x)

2.4. Jacobi diffusion

Suppose D(x) = d(x — x1)(x — Xx), and d, < 0. Then the state space is (x1, X) with x; < x;. After rescaling we may
assume d, = —1, and after a linear change of variables X = 2x — (X; + x,)/(x; — x;), we can take D(x) = 1 — X%, u(x) =
—(a+b+2)x+b—a.To separate the correlation and distribution parameters, use factor of 8 /(a+ b+ 2), and write Eq. (2.1)
in the form

dX; = —6 (xt __b-a ) +\/ 20 (1 x2yaw,.
a+b+2 a+b+2
With this parametrization, the invariant density is (up to a normalizing constant)
m(x) x (1 —x)°%1+x)°
In the recurrent case a, b > —1, we obtain the Beta density:
T'a+b+2)
r'(b+ 1) (a+ 1)20+b+1°

When the initial distribution has density m, the stationary Jacobi diffusion has the correlation function corr(X;, X;) =
e?1t=5l see [6]. The eigenvalues are A, = nf(n + a+ b + 1)/(a + b + 2),n > 0. The orthogonal polynomials are Jacobi
polynomials given by the formula:

m) = (1 —x)4(1 +x)°

xe (—1,1). (2.10)

n

Znnlpéa’b)()() =(-D"1-x"%1 —}—X)*b% {(1 — X1 —|—X)b+"} )

The orthonormal Jacobi polynomials are

P(a,b)
Qu(x) = — ®. (2.11)
Cn
where
3 20+b+1 I'n+a+1DI'(n+b+1)

= )
" 2nd+a+b+1T'(n+ DI n+a+b+1)

3. Fractional Pearson diffusions

The Caputo fractional derivative of order 0 < o < 1is defined by

ruey _ [3/ (t—r)_“u(r,x)dr—u(o’x)]
ate rd—a) o o

t
When 0 < @ < 1, and u is differentiable in t (or even absolutely continuous), the fractional derivative can also be
expressed as

o t
*u(t,x) _ 1 / du (7,x) (t — 1) dr, (3.2)
ot F(] —O() 0 ot

(3.1)

see for example [12]. Let ii(s, x) = fooo e Stu(t, x) dt be the usual Laplace transform. It is not hard to check that 3%u(t, x) /9t*
has Laplace transform s*ii(s, x) — s*~'u(0, x), which reduces to the familiar form when o = 1.
For0 < o < 1and functionp = p(x, t; y),t > 0,x € (I, L), we consider a time-fractional Fokker-Planck equation of the
form
0%p 0 R 0%p
— = — [—uX)pl+ — | zo°(x or
o [—n(x)p] " [2 (*x)p

e e = Lp (3.3)

subject to point source initial condition. Note that, y is a constant in this equation. We also consider a fractional diffusion
(backward Kolmogorov) equation:
a%p
dte

9 1 32
=gGp= u(v)£ + Eoz(y)a—;. (3.4)
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Note that, x is a constant in this equation. We use separation of variables approach and seek a solution of the fractional
backward equation (3.4) in the form p, (%, t; y) = T(t)@(y), where the functions T and ¢ may depend on x and «. Then

d“T(t) 1 d“T(t) o)

o) =T(OF) or Sy
dt T(t) dt* o)

if T and ¢ do not vanish. The last equation can hold only if both sides are equal to a constant. Denote this constant by —A

(so that A > 0) and consider two resulting equations:

G = —Ap (3.5)
and
1)
T = AT(t). (3.6)

For Eq. (3.5), the eigenvalues are given by (2.7), and the eigenfunctions are either Hermite, Laguerre, or Jacobi polynomials,
as noted in Section 2. As for Eq. (3.6), it was shown in [26,27] that strong solutions (temporal eigenfunctions T, (t)) have the
form:

0 (—hnt®y
To(t) = Ey (—Ant®) = - 3.7
() ( ) j}zoﬁ rataD (3.7)

where T,(0) = 1, and E, () is the Mittag-Leffler function. For « = 1, the standard exponential form of T, is recovered:
T,(t) = e~*n*. These considerations lead to a heuristic solution of the backward equation:

Pa(X,t;y) = baEa (—Ant®) Qu(¥),

n=0

where {Q,} represents the orthonormal system of Hermite, Laguerre or Jacobi polynomials in the case of OU, CIR, or Jacobi
diffusion, respectively (see Section 2 for details), and the constants b, may depend on x. The goal of this section is to make
this heuristic argument precise, and provide expressions for strong solutions for the fractional Cauchy problems associated
with (3.3) and (3.4).

Lemma 3.1. For the three classes of fractional Pearson diffusions (OU, CIR, Jacobi) whose invariant density m and system of
orthonormal polynomials {Q,, n € N} were detailed in Section 2, forany 0 < a < 1, the series

Pa(X, t;y) = M) Y Ey (—Ant®) Qu(y)Qu(x) (38)

n=0
with E, given by (3.7) converges for fixedt > 0,x, y € (I, L).
Proof. For a Mittag-Leffler function with0 < o < 1 (see [21], Eq. (3.5)):

C
Ey(—2pt%) < ———,
W(hat) S T

and from [26, Eq. (5.26)]
1
I'(1—a)Ant®
as the argument A,t* — oo. Here f(t) ~ g(t) means that lim;_, f(t)/g(t) = 1. The eigenvalues are A, = 6n in the
Hermite and Laguerre cases, and A, = nf(n +a + b + 1)/(a + b 4+ 2) in the Jacobi case. In the rest of the proof, we will

assume without loss of generality that, # = 0 and 0 = 1 in the OU case, and a = 1 in the CIR case.
Let us first deal with the OU case. From [36, p. 369]

Eq(—Ant®) ~

10, ()| < Ke*/4n~1/4 (1 n |x/f2|5/2) , (3.9)

where K is a constant that does not depend on x, and the convergence of the series (3.8) follows from

a Cx,y,t,a)
|Eo (—Ant™) Q) Qu(x)| < iz

Above and in the later parts of the paper, we use notation C(x, y, t, «) for constants not all equal, but not dependent on n.
These constants may also depend on the parameters of the distributions (i.e. the coefficients of w(x) and o (x) in (2.2)).
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In the CIR case, the orthonormal Laguerre polynomials satisfy [36, p. 348]

ex/z \/a
|Qn ()] :O<mn ) ;
uniformly for x in finite intervals [x1, x,], and therefore

Cx,y, t,a)
nl+1/2

|Eq (—Ant®) Q1) Q)| <
in this case. Finally, for orthonormal Jacobi polynomials from [42, p. 196] and [14] we have

Q. (x) = C(x, a, b) cos(N + y) +0(n™ "), (3.10)

wherex = cos6, N =n+1/2(a+b+1),and y = —(a+ 1/2)7 /2, and O holds uniformly in 6 on [¢, ¥ — €] forany € > 0.
The convergence of the series (3.8) follows from
C(x,y,t,a)cos(NO + y)

n2 '

|Eq (—=Ant®) Qu()Qu(®)] <

The next result proves a strong solution for the fractional backward equation.

Theorem 3.2. Suppose that, the function g € L,(m(x)dx) is such that ) £,Q, with g, = f,L g2(x)Q,(x)m(x)dx convergesto g
uniformly on finite intervals [y, y2] C (I, L). Then the fractional Cauchy problem

d*u(t; y) ut;y) 1,  0%u(t;y)
g = BUEW = p0) = = et (3.11)
with initial condition u(0; y) = g(y) has a strong solution u = u(t; y) given by
L 00
u(t;y) = ug(t;y) = / Pa (X, £; Y)EX)AX =Y Ey (—Ant®) Qu(y)gn- (3.12)
]

n=0
The series in (3.12) converges absolutely for each fixedt > 0,y € (I, L), and (3.11) holds pointwise.

Proof. Each term under the sum in (3.12) satisfies (3.11) because

o

0
g’Ea(_)Vnta)Qn(.Y)gn = _)\ngnEa(_)\nta)Qn(y) = a?Ea(_)\nta)Qn(y)gn-

To prove that (3.12) satisfies (3.11) pointwise, we need to show that, the series in (3.12) can be differentiated term by term,
and in view of standard results in analysis (e.g., see [35, Theorem 7.16, p. 151; Theorem 7.17, p. 152]), this would follow from
absolute and uniform convergence on finite intervals of the series > Q,(y)g, and the series that involve the derivatives:

o0

a* N
> e B Ant ) @),

n=0

> Eu(—at)2Q (),

n=0

Y Ea(—Ant*)gnQ) ().

n=0

For the series with the fractional time derivative,
aa
a?Ea (_)\nta)Qn (y)gn = _)\nEa (_)\nta)Qn (y)gn .

Since E, (—Ant%) = O(A,j]t_“) whent > 0and n — oo (Eq. (5.26) in [26]), the series with a fractional derivative in time
converges if ), Qn(y)g. converges. Under the conditions on the function g, the series ) _, Q,(y)g, converges (pointwise) to
g(y) uniformly on finite intervals [yq, y2] C (I, L).

Without loss of generality, assume that, & = 0 and o = 1 in the OU case, and a = 1 in the CIR case. In the OU case, we
use the relation ([ 1, p. 783]):

iHn (%) = nHp_1(x).
dx
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For orthonormal Hermite polynomials,

d
Q) = VnQu 1 (%),
X
and
|Ee (—2nt®)ga Q)| < C(t,y, a)n>/*|gyl.

Convergence of the series ) n—3/4|g,| follows by the Cauchy-Schwarz inequality:

1/2 1/2
D g < (Z n‘”) (Z |gn|2) :
n n n

The series ) |g,|* converges because g € L(m(x)dx) and [ [g(x)|°m(x)dx = )_ |g,|*.
For the second derivative in space, use the differential equation (2.6):

Q' =yQ,(¥) — nQu ().
The series involving the first derivative in space was treated above, and for the second term
Eoz (_)\nta)nQn(Y)gn

we again use the asymptotics of Mittag-Leffler function (Eq. (5.26) in [26]) E, (—At*) ~ 1/(I'(1 — a)A,t*) for t > 0 and
n — oo, and the facts that A, = 0n, and that ), Q,(y)g, converges uniformly on finite intervals.
In the CIR case, from [42, p. 102] we have

d - b
—LP V() = —1,”, (),

dx
and for orthonormal Laguerre polynomials
d 3 ( _ )b/2
(b—1) (b)
& W= GG 1().

The last quantity behaves like C(x, b)n'/4

|Eo (—Ant™)ga Q0| < C(t,y, o, b)n>*|gy],

and the rest of the argument for the series involving the first derivative in space is the same as in the OU case. The same
argument also applies to the second derivative in space because, for Laguerre polynomials, Eq. (2.6) has the form

uniformly on finite intervals (see [36, p. 348]). Therefore in this case

d? d
J/ﬁQn(V) =y —b)—Qy) —nQy).
y dy
For Jacobi polynomials,
2n+a+b)(1 —x ) p<a D (x) = n(a—b— @2n+a+bx)PD(x) +2(n + a)(n + bPY (x)

and for orthonormal Jacobi polynomlals

d . nla—b— 2n+a+ b)x) 2(n+a)(n+ b)
aQn(X) = T ontarb(—x) Qn(x) + antat b _Xz)\/n/(n— 1)Qn-1(x).

The first term in the last relation leads to the series

D nEa (= 2nt*)Qu(X)gn

that converges, because it is dominated by the absolutely convergent series C(t, x, &, a, b) ), g,/n. The latter can be seen
from Cauchy-Schwarz inequality

(Z |gn|/n)2 < (Z |gn|2) <;1/n2).

The second term in the expression for the derivative, in the case of Jacobi polynomials, behaves in the same way as the first,
and finally, the expression for the second derivative from (2.6) is

d
(1—}’) Qn(y) _((b_a)_(a+b_2)_V)EQn(_V)_n(n+a+b+1)Qn(_V)-
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The term with the first derivative was treated above. The second term leads to the series

> Eo(—=Ant®)n(n + a+ b+ 1)Qugn,
n

which converges since the series ) ° Q,g, converges by assumption and A, = nf(n+a + b+ 1)/(a+ b + 2) in this case.

Thus in all the three cases, (3.12) can be differentiated term by term, and it satisfies the fractional backward Kolmogorov
equation (3.11). The initial condition is satisfied since u(0; y) = Z;“;O Q.(v)g, = g(y) pointwise fory € (I, L) for g that
satisfies conditions of the theorem. O

Now, we consider the fractional Fokker-Planck (forward) equation. Because of the prefactor m(x) in (3.14) below, here
we use an eigenfunction expansion of f (x) /m(x) in L, (m(x)dx). Note that, f (x)/m(x) is well defined because m does not
vanish on the interval (I, L).

Theorem 3.3. Suppose that, the function f /m € L,(m(x)dx), and that ) f,Q, with f, = flLf(y)Qn(y)dy converges to f /m
uniformly on finite intervals [y, y2] C (I, L). Then the fractional Cauchy problem

2

ux, ) _ Lu(x, t) = —3[ Xu(x, t)] + 1a—[ 2u(x, )] (3.13)
gra T = T VR DI S e 19 ’ '

with the initial condition u(x, 0) = f (x) has a strong solution u = u(x, t) given by

L 00
u, t) = ug(x, t) = /1 Pa (% £5 f )dy = M) Y Ey (—2nt®) QX (3.14)
n=0

The series in (3.14) converges absolutely foreacht > 0, x € (I, L), and Eq. (3.13) holds pointwise (u is a strong solution).

Proof. To demonstrate that each term in (3.14) satisfies (3.13), recall that m satisfies the time-independent Fokker-Planck
equation (2.5), and so m(x) u(x) = %(az(x)m(x)/Z). We have

d d?
LX) Eg (—Ant*)fnQu (%)) = Eo(—=Ant*)fy [_a(ﬂ(x)m(X)Qn(x)) + @(Gz(x)m(X)Qn(X)ﬂ)}
= Ea(_)\nta)fnm(x)an(X) = _)\nEa(_)\nta)fnm(x)Qn(X)-

The same expression is obtained for the Caputo fractional derivative in time applied to each term in (3.14):

80{
ﬁ(m(x)Ea(_)\nta)ann(X)) = —AnEo (=Ant®)fim(x)Qn (x).

The proof that series in (3.14) can be differentiated term-by-term with respect to the time and space variables is similar to
the proof in Theorem 3.2. The conditions on f ensure that the series

o0

a* N
> e B Ant ),

n=0

> Ea(=2at)Q (X,

n=0

> Ea(=2at*)Q) (O,

n=0

converge absolutely and uniformly on finite intervals.
Finally, under the assumptions on f, substitution of t = 0 into (3.14) gives

u(x, 0) =m) Y f1Q(x).
Since ), fnQa(x) = f(x)/m(x) pointwise for x € (I, L), we see that u(x, 0) = f(x). O

Remark 3.4. Here we provide some sufficient conditions for convergence of the eigenfunction expansions that were
assumed in Theorems 3.2 and 3.3. Assume that, g € L, (m(x)dx) is continuous on (I, L) and has bounded variation on any
finite interval [y1, y2] C (I, L) (or that g is differentiable on (I, L)). Then the conditions of the equiconvergence theorems
[42, pp. 245-248] are sufficient to ensure that ) £,Q, converge to g uniformly on finite intervals [y;, y»] C (I, L): for the
case of Hermite series, it suffices that, the function g is absolutely integrable on any finite interval: ffa lg(y)|dy < oo for
every a > 0,and

/ e P (gl + 80 Ddx = o). n > oo,

n
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Sansone [36, p. 381] gives a different sufficient condition: ffooo g(x)~/m(x)dx converges. For the Laguerre series, it suffices
that the integrals fol xP~1g(x)|dx and fo1 xb=1/2=1/4|g (x)|dx exist and

o0
/ e M2XOVBIR g () dx = o(n” /%), n— oo.
n

For the Jacobi series, it suffices that, the integrals

1 1
/(1—X)“(1+X)blg()<)|dx and /(1—X)“/z‘”“ﬂ+X)b/2‘”4lg(X)ldx
—1 —1

exist. For a different sufficient condition in the Jacobi case, see [33]. For Theorem 3.3, these sufficient conditions need to
apply to the function f /m.

Remark 3.5. If « = 1, then (3.8) becomes

P t:y) =m®) > e QX Y). (3.15)
n=0

The series (3.15) converges pointwise, can be differentiated term-by-term, and its sum satisfies both forward and backward
Kolmogorov equations (Egs. (2.2) and (2.3), respectively) with point source initial conditions. The functions defined in (3.12)
and (3.14) with @ = 1 solve the respective Cauchy problems under the conditions of Theorems 3.2 and 3.3.

For OU and CIR diffusions, (3.15) can be written in closed form. The transition density of the OU process was given in [18,
p. 332] for a special case. In general,

(x, t;y) = ! ex —(X_M_(y_'u)e_et)z t>0
P ey P 202(1 — e-201) ,  tz0

The transition density for the CIR process is

b—1
E 6(b— 1t
pixtiy) = (= CE Y L L el e L )
y (1 —e I (b) 2 eft —1 sinh (0.56t)

where I(,_1y(+) is the modified Bessel function of the first kind.

Remark 3.6. For the OU case (when o?(x) is a constant), the physical interpretation of Eq. (3.8) was provided in
[30, Egs. (117) and (119)]. The expansion (3.8) in the CIR and Jacobi cases can be interpreted similarly.

Remark 3.7. It is easy to see that the solutions (3.12) in Theorem 3.2 are unique. If there are two solutions u1, u; with the
same initial condition u;(0; y) = g(y) that satisfies the conditions of the theorem, then u = u; — u, is a solution with initial
condition g(y) = 0. Then every g, = 0, and hence it follows from (3.12) that u(t; y) = 0, proving uniqueness. The proof for
Theorem 3.3 is similar.

4. Stochastic model for fractional Pearson diffusion

The Pearson diffusions defined by (2.1) have transition densities that solve the Fokker-Planck equation (2.3). Theorem 3.3
provides the corresponding solution to the fractional Fokker-Planck equation (3.13). In this section, we construct the
fractional Pearson diffusion process, whose transition densities solve (3.13). This construction involves a non-Markovian
time change, by way of the inverse (or first passage time) of a stable subordinator. Since the negative generator of a stable
subordinator with index 0 < o« < 1 is a (Riemann-Liouville) fractional derivative of order «, the appearance of the
stable subordinator here is somewhat natural. Our approach extends the results of [4,28] to the case of variable coefficient
diffusions. Because the fractional Pearson diffusion is non-Markovian, the transition densities do not determine the process.
Hence the stochastic solution provides additional information about the movement of particles that diffuse under this model.

Let D; be a standard stable subordinator with Laplace transform

E[e™P] = exp{—ts"}, s>0 (4.1)
and define the inverse (hitting time, first passage time) process
E, = inf{x > 0 : D, > t}. (4.2)

Let X1 (t) be a Pearson diffusion given by Eq. (2.1) whose transition densities solve the forward Fokker-Planck equation (2.3)
with the point source initial condition. We take X;(t) to be independent of the subordinator D;, and define the fractional
Pearson diffusion process

Xo(t) =X1(E), t=0. (4.3)
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We say that, the non-Markovian process X,, (t) has a transition density p, (x, t; y) if
PXy(t) € BIX(0) =y) = /Bpa (x, t; y)dx
for any Borel subset B of (I, L).

Lemma 4.1. The fractional Pearson diffusion (4.3) of OU, CIR, or Jacobi type has transition density defined by Eq. (3.8) from
Lemma 3.1.

Proof. Let p;(x, t; y) be the transition density (3.15) for a Pearson diffusion of OU, CIR, or Jacobi type. Since {E; < x} =
{Dy > t}, a straightforward argument [28, Corollary 3.1] shows that the density of E; is

fi9 = ox g, (). (4.4)

where g, is the density of D(1). Bingham [7] and Bondesson, Kristiansen, and Steutel [8] show that E; has a Mittag-Leffler
distribution with

o
E(e) = / e~f, (x) dx = E, (—st%).
0
Since the Pearson diffusion X (t) is independent of the time change E;, a Fubini argument along with (3.15) yields

PXy(t) € BIX4(0) =y) = / PX1(7) € BIX1(0) = y)fi () dt
0

2/ /m(x,r;y)def(r)dr
0 B

= / mx) Y Q(X)Q () / e f,(1)drdx
B n=0 0

= /m(X)ZQn(X)Qn(Y)Ea(_)\nta)dx (4.5)
B n=0

which shows that (3.8) is the transition density of X, (t).
The justification for term-by-term integration in

/ D Qe fi(T)de
0 n=0
is as follows. For € > 0, consider
oo X
/ D GG fi(r)dr.
€  n=0
The series Z;";O Q,(%)Q,(y)e T converges absolutely and uniformly for T € [¢e, 00), and

/ ef}\ntft(_[)dr < / e*}\nfft(r)d-c = Ea(_)\-nta)
€ 0

is finite for all n. Therefore
/ QX)) f(T)dT = Y Qu(x)Q(y) / e fi(t)dr.
€ n=0 n=0 €

The last series converges because

o0

Y 100 )] f e (DT <Y QX Q)]

n=0 n=0

and the behavior of orthonormal polynomials was detailed in the proof of Lemma 3.1. Now, we let ¢ — 0. On the right hand
side, the limit as ¢ — 0 can be brought inside the summation by the dominated convergence argument:

/oo eikntft(f)d‘[ - /OO e,)\ntft(-[)d‘[ = Ea(—)\.nt‘)‘)’
€ 0



542 N.N. Leonenko et al. / ]. Math. Anal. Appl. 403 (2013) 532-546

and the series

D Eu(—at*) Q@ (X)Q(¥)

n=0
converges absolutely forallt > 0Oand x,y € (I, L) as was shown in Lemma 3.1. O
The next result shows that, (4.3) gives a stochastic solution to the fractional backward equation (3.11).

Theorem 4.2. For any function g that satisfies the conditions of Theorem 3.2 (see also Remark 3.4), the function

u(t; y) = E[g(Xu ()X, (0) =yl (4.6)
solves the fractional Cauchy problem (3.11) with initial condition u(0; y) = g(y).
Proof. The proof is an application of Theorem 3.1 in [4] along with some ideas from [28]. Let p1(x, t; y) be the transition

density (3.15) for a Pearson diffusion of OU, CIR, or Jacobi type. For at > 0, define the operator
L

T(t)g(y) = E[g(X;(t))[X1(0) = y] 2/1 pi1(x, t; y)g(X)dx

for bounded continuous functions g that vanish at infinity in the OU case, bounded continuous functions on [0, +00)
that vanish at infinity in the CIR case, or bounded and continuous functions on [—1, 1] in the Jacobi case. The
Chapman-Kolmogorov equation for the transition density p; implies that the operators {T(t), t > 0} form a semigroup:
T()T(s) = T(t + s). In view of [16, Theorem 3.4, p. 112], the operators T (t) form a uniformly bounded semigroup on the
respective Banach space of continuous functions, with the supremum norm. In addition, for any fixed y € (I, L)

L
T(tHgy) —gW») =/I pix, t; ) (EX) — g(y)dx

2/ pix, t; ) (Eg®X) —g(y))derf pi(x, t; )X —g(¥)dx

[x—yl<en(l,L) |x—y|>en(l,L)

< s 20— g0l mmuwM+c/ pr(x, £ y)dx
|x—y|<eNn(l,L) |x—y|<eN(l,L) |x—y|>€eN(l,L)

since function g is bounded. From the properties of the diffusion processes, ]|X7y|>m(m pi(x,t;y)dx — 0ast — O for
any € > 0[18], therefore the second term in the above expression tends to zero as t — 0. The first term is bounded by
SUPx—_y|<enc.r) 1€(X) — ()|, which tends to zero as € — 0 because of the continuity of g. Therefore we have a pointwise
continuity of the semigroup in the sense that, for every fixedy € (I,L), T(t)f(y) — f(y) ast — 0. Lemma 6.7, p. 241
in [34] yields strong continuity of the semigroup: ||T(t)g — g|| — 0ast — 0. Therefore, {T(t), t > 0} is a Feller-Dynkin
semigroup in the sense of [34, Definition 6.5, p. 241]: a strongly continuous and uniformly bounded contraction semigroup
on the respective Banach space of continuous functions.
In the notation of Theorem 3.2, T(t)g (y) = u;(t; y) solves the Cauchy problem

2;_1; =gu, u0y)=g®). (4.7)
Since T (t) is a uniformly bounded and strongly continuous semigroup, Theorem 3.1 in [4] shows that

SigWy) = /Ooo T((s/)*)8 (V) 8a(S)ds = uq(t; y) (4.8)
solves the corresponding fractional Cauchy problem:

a%u

Fri gu,  u(0;y) =g). (4.9)

Then a change of variables (t/s)* = t in (4.8), together with the density formula (4.4) for the time change E;, yields

S:g)

t oo
—/ T(D)gy)ga(tt™ V)~ Vodr
o Jo

/ T(D)gWfe(v)dr

0
:/ E[g(X1(7))1X1(0) = ylfe(v)dz
0

= E[g(X1(E))IX1(0) = y]
which is equivalent to (4.6), since E; = 0 almost surely. O
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Remark 4.3. An alternative proof of Theorem 4.2 uses Theorem 3.2 along with the fact that

L
E[gXa ()Xo (0) = y] = / Po(x, t; y)g(x)dx
I
in view of Lemma 4.1.
Next, we apply this transition density to solve the fractional forward equation (3.13).

Corollary 4.4. Let p,(x, t; y) be the transition density (3.8) of a fractional Pearson diffusion of OU, CIR, or Jacobi type. For any
function f that satisfies the conditions of Theorem 3.3 (see also Remark 3.4), the function

L
Pa(x, 1) = /, Pa(x, £ 9)f 0)dy (4.10)

solves the fractional Cauchy problem (3.13) with initial condition p, (x, 0) = f (x).

Proof. This follows immediately from Theorem 3.2 and Lemma 4.1. O

Remark 4.5. Ifthe initial function f in Corollary 4.4 is the probability density of X, (0), then the solution (4.10) of the forward
(Fokker-Planck) equation gives the probability density of X, (t). Furthermore, the function

o0
fa(t,%,y) = pa(x, t; Y)f () = m(x) Z Eo (—2nt*) Q) Q(W)f (v)
n=0
gives the joint density of x = X, (t) and y = X, (0). For instance, when f = m, the conditions of Theorem 3.3 are satisfied
(see Remark 3.4).

The fractional OU process is obtained when the drift is linear and the diffusivity is constant:

ux) =0u —6x,0 >0,
{az(x) = 2002, (@10)
The stationary density (2.8) is normal with mean . and variance 2. The process X, is not Gaussian, even if the initial
function is Gaussian, due to the random time change. However, the next result shows that, the stationary distribution of the
fractional OU process is the same as the traditional OU process.

Theorem 4.6. Let X;(t) be an Ornstein-Uhlenbeck process, the solution of Eq. (2.1) with coefficients given by Eq. (4.11). Let E; be
theinverse (4.2) of a standard stable subordinator given by Eq. (4.1) independent of the process X;. Given any initial density f (x) for
X, (0) that satisfies the conditions of Theorem 3.3 (see also Remark 3.4), the density (4.10) of the fractional Ornstein-Uhlenbeck
process X, (t) = X;(E;) is asymptotically normal:

_x=p?
e 22 ast — oo. (4.12)

pa(x, t) — m(x) =

o2

Proof. In the OU case, the eigenvalues are A, = 6n, and the orthonormal polynomials are normalized orthogonal Hermite
polynomials given by the Rodrigues formula

B0 = (1) 2 e (e‘(xi.’?)z) . (4.13)
Jn! dxn
For example, the first four normalized Hermite polynomials are:
Ho(x) =1,

- 1
Hi(x) = - (=x+ ),

_ 1

Hy(x) = 572 (x—w?—0?),

T _ 1 _ _ 3 2 _
Hs(x) = 03\/6( X —)° +302(x — ) .

The fractional Fokker-Planck equation (2.3) becomes
aap 2
dt*

0 0
=§[9(X_M)p]+ [0°6p]., t>0,0<a<1,x€R, (4.14)

ax2
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and its solution satisfying the initial condition f has the form

Palx.t) = / Do, Y )dy = m(x) Y Eu(—Ont*)Hy (0l

n=0
= m(foHo(x) +m(x) ) Ea(—=0nt*)Hy(0f. (4.15)
n=1

Since Ho(x) = 1, we have fy = fooof(x)dx = 1, so the first term in (4.15) is m(x). For n > 1, use the asymptotic behavior of
the Mittag-Leffler function (Eq. (5.26) in [26]) and Hermite polynomials [36, p. 369] to get

_ 1
|E, (—0nt*)Hy(0)f] < C(x, a)t—a|fn|/n5/“ — 0 ast — oo.

Then a dominated convergence argument yields (4.12), since Y -, |ful/n%* < 0c0. O

The drift and the squared diffusion parameters of the fractional CIR process are given by

b ) 26
nx =—0\x— 7 and o“(x) = 7)(. (4.16)
The invariant density (2.9) is a gamma.

Theorem 4.7. Let X, (t) be a CIR process, the solution of Eq. (2.1) with coefficients given by Eq. (4.16). Let E; be the inverse (4.2) of
a standard stable subordinator given by Eq. (4.1) independent of the process Xy. Given any initial density f for X, (0) that satisfies
the conditions of Theorem 3.3, the density (4.10) of the fractional CIR process X, (t) = X1 (E;) satisfies

b
b—1 _—ax

Pa(x,t) > m(x) = ) e %, x>0 ast — oo. (4.17)

Proof. The eigenvalues are A, = n, 6 > 0, and the orthonormal Laguerre polynomials are given by the Rodrigues formula:

—(h_ 1 (b) _ d" 1
(b-1) _ n 1-b jax n+b—1_—ax
LY Px) = (-1 ,—n! b X e (x e ™), n>o0. (4.18)

The first three normalized Laguerre polynomials are:

Ly " =1,

[0 =/~ (ax— b),
b
7(b=1) _ 1 2,2
L "x = /—Zb(b e (a°x* — 2a(b+ 1Dx+ b(b + 1)).

The solution of the fractional Fokker-Planck equation

AL Y (A A t>0 x>0, 0 1
- F_ 7 _Z — | —p]l, >0,x>0,0<ua<
dt 0x a 4 X2 ap

with the initial condition f takes the form
0 -
Pa (X, t) = m(X) Y Eq(=0nt*)LY™ (0.
n=0

Then (4.17) follows as in the proof of Theorem 4.6. O

The drift and squared diffusion parameters for the Jacobi diffusion are

wx) = LA (—(@+b+2)x+b—a) and o*(x) = % (1-x%)
a+b+2 a+b+2 ’

and the stationary density (2.10) is a beta.

(4.19)
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Theorem 4.8. Let X;(t) be a Jacobi process, the solution of Eq. (2.1) with coefficients given by Eq. (4.19). Let E; be the
inverse (4.2) of a standard stable subordinator given by Eq. (4.1) independent of the process Xy. Given any initial density f for
X, (0) that satisfies the conditions of Theorem 3.3, the density (4.10) of the fractional Jacobi process X, (t) = X;(E;) satisfies

T'a+b+2)
I'(b+ DI'(a+ 1)20+b+1°

Pe(x,t) > mx) = (1 —x)%1+x)° xe(=1,1) (4.20)

ast — oQ.

Proof. Here the eigenvalues are A, = nf(n+a+b+1)/(a+b+2) and the orthonormal polynomials are Jacobi polynomials
given by the formula (2.11). The fractional Fokker-Planck equation has the form

8“})_ 0 o (x b—a 4 32 [e(1 —x?) (421)
dte — 9x a+b+2 b x> a—|—b+2p ’ ’

fort >0, —1 <x < 1,0 < o < 1, and its solutions with the initial condition f can be represented as

Pa(®. 1) =mE) > Eg(—t*nf(n+a+b+1)/(a+ b+ 2)P"" (X)f. (4.22)
n=0

Then (4.20) follows as in the proof of Theorem 4.6. O
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