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Abstract. We establish properties of strong local nondeterminism for several
classes of a-stable random fields such as harmonizable-type fractional stable
fields with stationary increments, harmonizable and linear fractional stable
sheets. We apply these properties to study existence and joint continuity of
the local times of stable random fields.
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1. Introduction

For 0 < a < 2, a random field X = {X(¢),t € RN} with values in R? is called
an (N,d,a)-stable random field if for all integers n > 1, t ... t" € RY and
u', ..., u” € R? the linear combinations Z?Zl (u?, X (7)) are a-stable random
variables, where (-,-) denotes the inner product in R?. Stable random fields form
an important subclass of infinitely divisible processes and have been studied by
many authors. We refer to Samorodnitsky and Taqqu (1994) and the references
therein for further information.

In this paper we study an (N, d, «)-stable random field X = {X(¢),t € RV}
defined by

X(t)=(X1(t),..., Xa(t)), teRV, (1.1)

where X1, ..., Xy are independent copies of an a-stable random field X = { X (¢),
t € RV} with values in R.
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We further assume that X, = {Xo(t),t € R} has the following stochastic
integral representation

Xo(t) = / F(t,2) Mo (dz), (1.2)
F
where M, is a symmetric a-stable random measure on a measurable space (F, F)

with control measure m and f(t,-) : F — R (¢t € RY) is a family of measurable
functions on F' satisfying

/ |f(t,2)|*m(dz) < oo, Vte RN, (1.3)
F

For any integer n > 1 and t!,...,t" € RY, the characteristic function of the joint
distribution of Xo(t!),..., Xo(t") is given by

E exp (iéquo(tj)) = exp (- H éujf(tj’ .)H:m)’ (1.4)

where u; € R (1 <j <n)and | |am is the L%(F,F,m) (quasi) norm. We write
ZUon(tj) Zujf(tj, )
j=1 j=1

for the scale parameter of Z?:l u; Xo(t7). From now on we will omit m from the

subscript in (1.5).
We will also consider real-valued stable random fields X represented by

(1.5)

[eY a,m

Xo(t) = Re /F F(t, 2) My (dz), (1.6)

where Ma is a complex-valued, rotationally invariant a-stable random measure
on a measurable space (F,F) with control measure m and the complex-valued,
measurable functions f(t,-) (t € RY) satisfy (1.3). See Chapter 6 of Samorodnitsky
and Taqqu (1994) for definition of complex-valued stable random measures and
their integrals.

The class of a-stable random fields with representation (1.2) or (1.6) is very
broad. In particular, if a random field Xy = {Xo(t),t € RV} is symmetric a-stable
and separable in probability [that is, there is a countable subset T, C R¥ such
that for every t € RV, there exists a sequence {t;} C Tp such that Xo(tx) — Xo(2)
in probability], then Xy has a representation (1.2); see Theorems 13.2.1 and 13.2.2.
in Samorodnitsky and Taqqu (1994) for details. At this point we should point out
that, with little extra effort, the results in this paper hold for all strictly stable
random fields with integral representations of the form (1.2) or (1.6).

It is known that many sample path properties of stable random fields repre-
sented by (1.2) or (1.6) can be derived from analytic properties of the functions
{f(t,-), t € RN}, Closely related to the present paper, we mention that Nolan
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(1988, 1989), Koéno and Shieh (1993), Shieh (1993) and Xiao (1995) studied Haus-
dorff dimensions, existence and joint continuity of the local times and intersec-
tion local times of stable random fields. One of the main technical tools in the
aforementioned papers is the property of local nondeterminism (LND) of Nolan
(1989), which is an extension of the local nondeterminism of Berman (1973) for
Gaussian processes. Roughly speaking, for t!,...,t" € RY close enough, the prop-
erty of LND characterizes the dependence structure of the stable random variables
Xo(tY), ..., Xo(t") in terms of the geometric properties of subspace of L*(F, F,m)
generated by the functions {f(#/,-), 1 < j < n}.

As suggested in Xiao (2006), for studying many problems on stable random
fields, it is useful (sometimes necessary) to strengthen the ideas of local nonde-
terminism introduced by Nolan (1989) so that we can describe the distributional
properties of the stable random variables Xq(t!),..., Xo(t") more precisely and
more generally. As an example, Xiao (2006) provided a definition of strong local
nondeterminism (SLND) for stable random fields; see Section 2. In the present pa-
per, we continue this line of work by introducing two new properties of strong local
nondeterminism, namely strong local nondeterminism in metric p and the secto-
rial local nondeterminism for stable random fields. These properties are capable
of describing the anisotropic nature of stable random fields, and extend naturally
the analogous properties of Gaussian random fields studied by Khoshnevisan, Wu
and Xiao (2006), Khoshnevisan and Xiao (2007), Wu and Xiao (2007) and Xiao
(2008). For convenience, we will simply refer to all of these properties of strong
local nondeterminism as SLND properties.

We believe that, similar to the Gaussian case, SLND properties are useful for
studying various sample path properties of (IV, d, «)-stable random fields. As one
of such applications, we apply SLND to establish the joint continuity and Holder
conditions for the local times of stable random fields. Further results can be found
in Nolan and Xiao (2008).

The rest of this paper is organized as follows. In Section 2 we first recall
the definitions of local nondeterminism for stable processes introduced by Nolan
(1989) and strong local nondeterminism in Xiao (2006). Then we define strong
local nondeterminism in metric p and the sectorial local nondeterminism for sta-
ble random fields, which are extensions of the analogous properties for Gaussian
random fields introduced in Khoshnevisan and Xiao (2007), Wu and Xiao (2007)
and Xiao (2008) respectively. By using a Pythagorean type theorem in the space
L*(m) (1 < a < 2) proved by Cheng, et al. (2003), we describe the underlying
connection between finite dimensional distributions of stable random fields and
the properties of strong local nondeterminism.

In Section 3, we provide some sufficient conditions for a stable random field
to have the properties of strong local nondeterminism or sectorial local nonde-
terminism. These conditions are applicable to both isotropic or anisotropic stable
random fields.

In Section 4 we study the existence and joint continuity of the local times of
an a-stable random field X = {X(t),t € RV} with values in R?. Our arguments
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are based on the Fourier analytic methods initiated by Berman (1973) and further
developed later by Pitt (1978), Geman and Horowitz (1980), Ehm (1981), Nolan
(1988, 1989), Csorgé et al. (1995), Xiao (1997, 2007, 2008), just to mention a
few. The new idea in this paper is to make use of the properties of strong local
nondeterminism of a stable random field X = {X(¢),t € RY} directly, without
having to rely on the approzimate independence of the increments X (/) — X (t7~1)
(j = 1,...,n) over suitably ordered time points ! < ... < ¢". This is the main
difference between the work of Nolan (1988, 1989) and the present paper.

Throughout this paper, the underlying parameter space is RY or Rf =
[0,00)N. We use | - | to denote the Euclidean norm in RY. The inner product
and Lebesgue measure in RY are denoted by (-,-) and Ay, respectively. A typical
parameter, t € RY is written as t = (t1,...,ty), or as (c) if t; = --- =ty = c.
For any s,t € RY such that s; <t; (j=1,...,N), [s,t] = H;V:1 [sj,1;] is called a
closed interval (or a rectangle). We will let .A denote the class of all closed intervals
in RY. For two functions f and g, the notation f(t) < g(t) for t € T means that
the function f(t)/g(t) is bounded from below and above by positive constants that
do not depend on t € T'.

We will use ¢ and ¢(n) to denote unspecified positive and finite constants,
the latter depends on n. Both of them may not be the same in each occurrence.

More specific constants in Section ¢ are numbered as ¢, ,, ¢, ,, .. ..

2. Properties of local nondeterminism for stable random fields

In this section, we start by recalling briefly the properties of local nondeterminism
for stable random fields introduced by Nolan (1989) and discussed in Xiao (2006).
Then we define the properties of strong local nondeterminism for anisotropic stable
random fields. Finally we prove a lemma which will be useful for applying SLND
properties to study local times of stable random fields. For simplicity, we only
consider a real-valued a-stable random field Xy = {X(t),t € RV}.

The notion of local nondeterminism was first introduced by Berman (1973)
for Gaussian processes (i.e., « = 2 and N = 1). It was later extended by Pitt (1978)
to Gaussian random fields (N > 1) and by Nolan (1988, 1989) to SaS processes
and random fields. Their definitions are expressed in terms of the increments of Xj.
Hence an ordering in RY is needed. For N = 1, there is a natural order in R. For
N > 1, Pitt (1978) defined that for any n points t!,... " € RV ! g2 ... "
if and only if

[t — 7= < — '] forall 1<i<j<n. (2.1)

Note that the partial order defined by (2.1) is not unique. For any n points in RY
(including the case N = 1), there are at least n different ways to order them using
(2.1). For example, one can pick any point and label it as ¢™, then label the one
which is the closest to t™ as "1, and so on.

For the Gaussian case, the definitions of LND of Berman and Pitt are ex-
pressed in terms of the covariance function of X,. Since, for an a-stable processes
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with 0 < a < 2, there is no covariance to measure the dependence, Nolan (1989)
relied on the L®-representations of symmetric a-stable random fields and the ap-
proximation properties of normed or quasi-normed linear spaces.

In order to state the definition of local nondeterminism for stable processes
and random fields in Nolan (1989), we need some notation. For any integer n > 2
and t1,... t" € RN let M"~1:= M(t',...,t"" 1) be the subspace of LY(F,F,m)
spanned by {f(t',-),..., f(t""',)}, and denote by | f(t", -)|M"‘1Ha the L*-
distance from f(",-) to M"™~!. That is,

n—1

R R R > s

: Vul,...,un_leR}.
a

(2.2)
Since M™~! has finite dimension, the infimum in (2.2) is attained. In order to draw
analogy with the Gaussian case, we abuse the notation and, from now on, write
that for all t',...,t" € T

X0 (")| Xo(t), ... Xo(" ). = || £t )| .. (2.3)
It can be viewed as the L%error of predicting Xo(t") , given Xo(t!),..., Xo(t"1).

Definition 2.1. Let X = {Xo(t),t € RV} be a real-valued a-stable random field
with representation (1.2) or (1.6), and let T € A be a closed interval. Then Xj is
said to be locally nondeterministic on 7T if

[Xo(®)||, >0 VteT and ||Xo(s)— Xo(t)||, >0 (2.4)
for all s,t € T with |s — ¢| sufficiently small, and
[Xo(t")[Xo(t!), . Xo(t" )]

[ Xo(t") = Xo(t"1)]la
where the lim inf is taken over all t!, ... #" € T that satisfy (2.1) with [t" —t!| — 0.

a >, (2.5)

lim inf

For N = 1, (2.5) requires information for both " > ¢"~1 and t" < ¢"~1.
Hence Definition 2.1 is often referred to as two-sided local nondeterminism. Nolan
(1989) proved that (2.5) is equivalent to each of the following two properties.

e [Characteristic function locally approximately independent increments] For
every integer n > 2, there exists a constant ¢, , = ¢, (n) > 1, depending on
n only, such that for all t!,...,¢" € T satisfying (2.1),

‘E(eiCQ,l ulXO(t1)> H E<3i02,1 uj(XO(tj)_XO(tjl))) ‘
j=2

E exp {i(ulXo(tl) + zn:uj(XO(tj) - Xo(tj‘l))) H (2.6)

j=2

B (eiczi ulXO(t1)> . E (eiczi uj(Xo(tj)—Xo(tjl))> ’
j=2

J

<

<
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forallu; e R (j=1,...,n).

e [Locally approximately independent increments] For every integer n > 2,
there exists a constant c,, = ¢, ,(n) > 1, depending on n only, such that for
all t, ... t" € T satisfying (2.1),

e (I Xo(®) ], + 32 s (%ot = X))

n

urXo(t') + > ui (Xo(t) — Xo(t 1))

Jj=2

<c,, (HulXO(tl)Ha + Z Huﬂ (Xo(tj) — Xo(tj_1>)Ha>

<

2.7)

[e3

forallu; eR (j=1,...,n).

As shown by Nolan (1988, 1989), Kéno and Shieh (1993), Shieh (1993) and
Xiao (1995), these LND properties are useful for studying sample path properties
such as joint continuity of local times of stable processes and stable random fields.
However, there are two shortcomings with LND in Definition 2.1. First, as in the
Gaussian case, the LND property is not useful for obtaining sharp uniform and/or
local growth properties of the local times or self-intersection local times of stable
random fields; see Dozzi and Soltani (1999, section 4) for related remarks. Secondly,
(2.5) compares || Xo(t")|M™ || with || Xo(t") = Xo(t"!)||a and requires the ratio
to stay positive when the points ¢!,...,t" get close. Similar to the Gaussian case
[see, e.g., Ayache, Wu and Xiao (2008)], this is impossible for many stable random
fields such as the stable sheet [Ehm (1981)], the linear and harmonizable fractional
stable sheets [Xiao (2006)]. To address these issues, Xiao (2006) proposed to define
the notions of strong local nondeterminism and sectorial local nondeterminism.

The following definition was given in Xiao (2006) and is useful for studying
(approximately) isotropic a-stable random fields.

Definition 2.2. Let X, = {X((t),t € RV} be an a-stable field with representation
(1.2) or (1.6). Let ¢ : Ry — Ry be a function such that ¢(0) = 0 and ¢(r) > 0
for 7 > 0. Then X is said to be strongly locally ¢p-nondeterministic (SLpND) on
T € A if, in addition to (2.4), there exists a constant c,, > 0 such that for all
integers n > 2, all t',...,t" € T,

2,3

[ Xo (™) Xo (), ., Xo(t™ )| > e, ¢( min [t" — tj|>. (2.8)

0<j<n—1
Here and in the sequel, t° = 0.

In the above, “Strongly” refers to that fact that c,, is independent of n
and, moreover, if || Xo(s) — Xo(t)HZ < ¢(|]s — t|) for all s,¢ € T such that |s — |

is small, then (2.8) implies (2.5). In next section we will give some examples of
stable random fields which are strongly ¢-locally nondeterministic with ¢(r) = 7
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for some constant 3 > 0. More general conditions can be found in Nolan and Xiao
(2008).

In recent years, several types of anisotropic stable random fields have arisen
in theory and in applications. Important examples include the harmonizable and
linear fractional stable sheets [cf. Xiao (2006)], and the operator-scaling stable
random fields with stationary increments constructed by Biermé et al. (2007).
In the following, we define three more properties of strong local nondeterminism
for anisotropic stable random fields. They extend naturally analogous properties
of fractional Brownian sheets and other anisotropic Gaussian random fields, and
are expected to be a useful tool for studying sample path properties of stable
random fields. In this regard, it is helpful to see Khoshnevisan, Wu and Xiao
(2006), Khoshnevisan and Xiao (2007), Wu and Xiao (2007), Xiao (2007, 2008)
for various applications of SLND properties in the Gaussian case.

Let (Hy,...,Hy) € (0,1)" be a fixed vector and denote by p the metric on
RY defined by

N
p(s,t) = ls; —t;|",  Vs,teRN. (2.9)
j=1

For any 7 > 0 and t € RY, we denote by B,(t,r) = {s € RN : p(s,t) < r} the
closed (or open) ball in the metric p.

Definition 2.3. Let Xo = {X((t),t € RV} be an a-stable random field with repre-
sentation (1.2) or (1.6) and satisfy (2.4).

(i) If there is a constant ¢, , > 0 such that for all n > 2 and all t!,...,¢t" € T,

n 1 n—1 > : n k:- )
X @)X, X, 2 e min p(7,27) (2.10)

Then we say that X has the property of strong local nondeterminism in the
metric space (7', p) (or S)LND on T).
(ii) If there is a constant ¢, ; > 0 such that for all n > 2 and all t*,...,t" € T,

N
| Xo(t™) | X(EY),..., X Y|, > ¢

= G5

: n 4k H;

>, min |t — 5], (2.11)
Jj=1

then we say that X, has the property of sectorial local nondeterminism on

T.
(iii) If there is a constant ¢, ; > 0 such that for all n > 2 and all t*,...,t" € T

satisfying téf <ty foralll1 <k <n-1andsomel <{< N, we have

H Xo(tn) | )(O(tl)7 e ,Xo(tnil)Ha >c

— 72,6

in (7 — ¢F)He 2.12
1§11?§12—1( =t ( )

then we say that X, has the property of one-sided sectorial local nondeter-
minism on 7.

The following are some remarks about Definitions 2.2 and 2.3.
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Remark 2.4. e If Hy =--- = Hpy, then SLND in the metric p is equivalent to
SPLND with ¢(r) = rofs,

o It is clear that in Definition 2.3, (i) = (ii) = (iii). In Section 4 we will prove

joint continuity of local times for stable random fields satisfies Condition (ii)

and also show that, for some problems, the weaker condition (iii) is enough.

In order to apply the properties of SLND to study sample path properties
of stable random fields, it is desirable to be able to characterize the dependence
structure and joint distributions of an a-stable random field by using their proper-
ties of strong local nondeterminism. However, it has been difficult to achieve this
goal completely. This is because, unlike the case of Gaussian random fields where
the geometry of Hilbert spaces has played important roles, properties of local non-
determinism for stable random fields carry less information and the geometry of
the space L*(m) is more complicated.

As a step toward this direction, we prove a useful connection between the
joint distribution of Xo(t!),..., Xo(t") and the strong local nondeterminism. This
will be the main technical tool for us to study the joint continuity of local times
in Section 4. Some new ideas may be needed in order to make further progress;
see Conjecture 2.8 below.

Let us recall some geometric properties of the space L*(m) (1 < a < 2).
For any x,y € L*(m), x is said to be James orthogonal to y (written as = L, ¥)
if |+ cylla > ||z]la for all ¢ € R; see Samorodnitsky and Taqqu (1994, p.97).
Suppose M is a closed subspace of L*(m). If L, y for all y € M, then we will
write x L, M. It is known [see, e.g., Kothe (1979)] that, for every x € L*(m)
(1 < a < 2), there is a unique y € M such that

|z = ylla =inf {||z — 2|la : 2 € M}. (2.13)

The element y is called the metric projection of z into M and is denoted by
y = Pyrx. By (2.13), we have ¢ — Pyx L, M.

As a consequence of the Pythagorean type theorem in the space L*(m) (1 <

a < 2) proved by Cheng, et al. (2003, Proposition 3.3), we have

Lemma 2.5. Given a constant 1 < o < 2, there exists a positive constant c, ,
depending on « only such that for all x,y € L*(m) satisfying x L, y we have

o+ ll% = o (lellz + [1]2). (2.14)

Lemma 2.5 can be applied to prove the following useful lemma.
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Lemma 2.6. Assume 1 < a < 2. For all integers n > 2 there exists a positive
constant c(n) such that for all t*,...,t" € RN and uy,...,u, € R,

Z u; Xo(t)
j=1

> c(n)(|vl|||X0(t1)||a

+) vyl ||Xo(tj)|X0(t1),...,Xo(tj1)||a).

=2
(2.15)
In the above,
(V1,0 y0n) = (Ug, ..., up) A, (2.16)
where A = (a;;) is an n x n lower triangle matriz (which depends on t*,...,t")

with a; =1 for all 1 < i < n.

Remark 2.7. Roughly speaking, in (2.15) we expand || > u Xo(t) Ha by repeat-
edly “conditioning” Xo(t7), given Xo(t!), ..., Xo(t?~1). Moreover, this “condition-
ing” can be done in an arbitrary order of the random variables Xo(t1), ..., Xo(t").
This observation will be useful in Section 4.

Proof of Lemma 2.6. This is proved by induction. For n = 2, let t',¢> € RY and
uy, uz € R. Without loss of generality, we assume uy # 0. Let M*! be the subspace
generated by Xo(t!). Then the metric projection of Xo(t?) in M can be written
as ag Xo(t!) for some ag; € R. Then Xo(t?) — ag Xo(t') Lo, M! and Lemma 2.6
implies

||U1X()(t1) + UQX()(t2)Ha
= |u2| HX(](t2) - ango(tl) + (% + agl)Xo(tl)

(2.17)

> e, (el X[ Xo(e)], + s + azvu [ Xo(2V)], )

This proves (2.15) for n = 2. The rest of the proof is very similar and is omitted. O
Note that the inequality (2.15) may not be optimal. When o = 2, the or-

thogonality in L?(m) implies that (2.15) is an equality with c¢(n) = 1 for all n > 2.

Hence this answers a question in Xiao (2006, Remark 2.4) on strong local nonde-

terminism of Gaussian random fields. We expect that an analogous result remains

partially true in L%(m) for 1 < o < 2, and formulate the following conjecture.
Let m be a Borel measure on RV \{0} satisfying the condition

/ (LA |2]%) m(dz) < . (2.18)
RN
and let f(t,-) be exponential functions of the form

f(t,z) =1—ehm), teRY, zeRV. (2.19)

For t1,...,t" € R¥, denote by M(t!,...,t") the linear subspace of L*(RY m)
generated by the functions f(t!,-),..., f(t",").
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Conjecture 2.8. Given 1 < a < 2, there exists a constant ¢, , € (0,1), depending
on «a only, such that for all integers n > 2, t*,... t" € RV, there is an element
g* € M(th, ... t" 1) with the following property:
« (0% (0%
17" =glly = oo (£ ) = g7l + o™ = 9l (2.20)
for all g € M(t!,... 1" 1).

It is important that, in (2.20), the constant c,, is independent of n and
tt,...,t" and the coefficient of the term Hg* — g||z is 1. If this conjecture is indeed
true, then we will not only be able to improve the results in Section 4 significantly,
but also to investigate other fine properties such as the exact Hausdorff and packing
measure functions of the trajectories of stable random fields. The latter problems
are much more delicate than those on Hausdorff and packing dimensions of stable
random fields considered in Shieh and Xiao (2007).

3. Spectral conditions for strong local nondeterminism

In this section we consider several types of a-stable random fields with a € [1,2)
and provide sufficient conditions for them to be strongly p-locally nondeterministic
or sectorially locally nondeterministic. Our arguments extend those in Wu and
Xiao (2007) and Xiao (2007, 2008). We expect that Theorems 3.1, 3.4, 3.5 and 3.7
still hold for the case 0 < o < 1, but we have not been able to prove these results.

3.1. Approximately isotropic stable random fields
Let Xo = {Xo(t), t € RV} be a real-valued a-stable random field defined by

Xo(t) = Re / (e't*) — 1) M, (dw), (3.1)
RN

where Ma is a complex-valued rotationally invariant a-stable random measure on

RY with control measure m, which satisfies

/ (LA ]z]*) m(dx) < oo. (3.2)
RN

This condition assures that stochastic integral in (3.1) is well-defined. In analogous
terminology for stationary processes, the measure m is called the spectral measure
of Xy. When m is absolutely continuous, its density is called the spectral density
of X().

By (3.1), it can be verified that the stable random field Xy has stationary in-
crements and X((0) = 0. Denote the scale parameter of Xo(t) by o(t) := || Xo(t) HQ
Then for all h € RY,

o (h) = 20/ / (1— cos (h,))*/> m(da). (3.3)

RN
Similar to the studies on Gaussian processes, this function plays an important role
in studying sample path properties of stable random field X defined by (3.1).
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The class of stable random fields given by (3.1) is large, because m can be any
measure on RY satisfying (3.2). In particular, if Z is a stationary, harmonizable
stable random field given by

Z(t) = Re / it Ma(dx),
RN

where the control measure of Ma is a finite measure. Then X defined by Xo(¢t) =
Z(t) — Z(0) is also of the form (3.1).
The following theorem provides a sufficient condition for X, to be strongly

¢-locally nondeterministic with ¢(r) = r#.

Theorem 3.1. Let Xo = {Xo(t), t € RN} be a real-valued a-stable random field
defined by (3.1) with spectral density f(x) and 1 < « < 2. If there exist positive
constants H € (0,1) and ¢, , such that

C

flz) < W%JFN Yz eRY with |z|>c,,, (3.4)

then there is a positive constant c, , such that for alln > 2 and th,...,t" e RN,

2

[ X)X, ..., Xo(t" D], = ¢, pmin [t — )1 (3.5)
Proof. The Fourier analytic method for proving (3.5) is similar to that of Theorem
3.4 below. Since the condition (3.4) only provides information on the spectral
density at infinity, a modification similar to the proof of Theorem 2.1 in Xiao
(2007) is needed. Since more general results will be proved in Nolan and Xiao
(2008), we omit the details. O

The following are two important examples of isotropic stable random fields
which satisfy the condition (3.4).

Ezample 3.2. [Harmonizable fractional stable field] Let H € (0,1) and « € (0, 2]
be given constants. The harmonizable fractional stable field Y# = {YH(t),t €
RN} with values in R is defined by

. ei(t,z> -1 ~

where Ma is a complex-valued rotationally invariant stable random measure on
RY with the N-dimensional Lebesgue measure as its control measure. It is easy
to verify that the a-stable random field Y ¥ is H-self-similar with stationary in-
crements. Namely, for all ¢ > 0,

(YH(ct),t e RNV L LAY (1)t € RV (3.7)
and for all h € RV,
(YH(t+n) =Y (h),t e RN} L {YH(t) — Y (0),t e RV} . (3.8)
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In the above, 2 denotes equality of all finite dimensional distributions. Moreover,
Y is isotropic in the sense Y () < [t1HFYH((1,0,...0)) for all t € RY. Hence
YH is an a-stable analogue of fractional Brownian motion. When N = 1, YH#
is a variant of the real harmonizable fractional stable motion (cf. Chapter 7 of
Samorodnitsky and Taqqu (1994)).

The stable random field Y# can be written in the form (3.1) and its spectral
measure m has a density function which is given by

H N
Frta(e) = |(jH+N> (3.9)

where ¢(a, H, N) > 0 is a normalizing constant such that the scale parameter of
Y (1) equals 1. A change of variables shows that o (t) = [¢t| for all t € RY. When
1 < a < 2, the local nondeterminism of Y was proved by Nolan (1989).

Ezample 3.3. [Fractional Riesz-Bessel a-stable motion] Consider the real-valued

a-stable random field Y7 = {Y7(t),t € RN} with representation (3.1) and

spectral density

c(a,v,m,N)
F0l® = L ey

where c¢(a, 7,1, N) > 0 is a normalizing constant and v and 7 are positive constants

satisfying

(3.10)

N
v+17>5, 0<2y<a+ N.

This implies that condition (3.2) is satisfied. Since the spectral density f , involves
both the Fourier transforms of the Riesz kernel and the Bessel kernel, we call Y77
the fractional Riesz-Bessel a-stable motion with indices 1 and v. When o = 2,
Y7 is the fractional Riesz-Bessel motion with indices v and 1 defined by Anh
et al. (1999), who have shown that these Gaussian random fields can be used
for modeling simultaneously long range dependence and intermittency. The stable
counterpart Y7" has the additional feature of having heavy-tailed distributions.

Since the spectral density f,,(z) is regularly varying at infinity of order
2(y +mn) > N, by a variant of Theorem 1 in Pitman (1968) we can show that, if
2(y +mn) — N < a, then o(h) is regularly varying at 0 of order (2(y +n) — N)/«a
and

o(h) ~ |h|COHm=N)/a

where a(h) ~ b(h) means a(h)/b(h) — 1 as h — 0. Because of Theorem 3.1, we see
that the results of this paper are applicable to the fractional Riesz-Bessel stable
motion Y7,

3.2. Anisotropic stable fields with stationary increments

Now we deal with anisotropic stable random fields with stationary increments.

Theorem 3.4. Let Xog = {Xo(t),t € RN} be a real-valued a-stable random field
defined by (3.1) with spectral density f(x). Assume that there is a vector H =
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(Hi,...,Hn) € (0,1)N such that

f@) = ! Vo e RN\{0}, (3.11)

(Zj\le \zj|Hj)a+Q’

where Q) = ZJ 1 f} Then there exist positive constants c,, > 1 and c,, such

that the following statements hold:
(i) For all s,t € [0 v,
Coy L p(s, ) < || Xo(s) O(t)Ha <c,, p(s,t). (3.12)
Recall that p is the metric defined in (2.9).
(ii) If, in addition, we assume o € [1,2). Then for alln > 2 and all t*,... t" €
RV,

| Xo(t™)| Xo(tl),...,Xo(tnfl)Ha >c,, 0<2n1£1 1p(t” tk). (3.13)

Proof. Let us first prove Part (i). For all s,¢ € RY, we write

o) = Xal0)2 = [ [0 = " oo

/ (1 cos (s — .20 dae (3.14)
= — s—t,x _.
RN ’ p<0’ x)a+Q
To evaluate the last integral we denote t—s by h = (hy, ..., hy) and make a change

of variables y, = p(0,h)He x, (0 =1,...,N). Since p(0,2) = p(0,y)/p(0, h), we
derive
dx

—cos (h,x))*? "7
foo = eon )™ g

= p(0,h)" /RN 1 —cos <ihe ,D(O,h)He_lye)

=1

Note that the point (hq p(O,h)’Hl_l,...,th(O,h)fHI_Vl) €S, ={r e RV :
p(0,z) = 1} which is a compact set, we see that the last integral in (3.15) is
bounded from below and above by positive constants. Hence, (3.12) holds.

To prove Part (ii), we denote r = 0<Ikn<i£l 1p(t",tk). It is sufficient to prove

that for all uy € R (1 <k <n-—1),

Nl
N (3.15)

p(0,y)a+@’

«
>c,, (3.16)

3,4

on(t”) =5 Xo (1)

and ¢, , > 0 is a constant depending only on H and N.
By the stochastic integral representation (3.1) of X, the left hand side of
(3.16) can be written as
= / e
o RN

Xo tn Zuk XO
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where t° =0 and up = -1+ Y, _, .

Let §(-) : RNV — [0,1] be a function in C°°*(RY) such that §(0) = 1 and it
vanishes outside the open ball B,(0,1) in the metric p. Denote by 5 the Fourier
transform of §. Then 5A() € C°(RY) as well and g(m) decays rapidly as |z| — oo.

Let E denote the diagonal matrix with H; Lo, Hg,l on its diagonal and let
5,(t) = r~25(r~Ft). Then the inverse Fourier transform and a change of variables
yield

5e(t) = (2m)~N /RN e U0 §(rP z) da. (3.18)

Since min{p(t",t*) : 0 < k < n — 1} > r, we have 6,.(t" —tF) = 0 for k =
0,1,...,n — 1. This and (3.18) together imply that

n—1
J e / <ei(t",m) _ Z g ei<t’“,m>> e~ Ht"@) g(rEm) dx
RN k=0

_(on ( ”z:luw _— ) (3.19)
= (2n)N Q.

Now let 8 > 1 be the constant such that é—i—% = 1. By Holder’s inequality, (3.17),
(3.11) and the fact that p(0,r~Fz) = r71p(0, x), we have

(/

Ot
g up, e ")

y 1
ry f (@)l

1 Y 1/B
a </RN rQf(r—F z)f/e |0(x)| dm)

1/8
/ p(0,r—F 2)(QFe)f/a 52)[° da /
RN ’I"Q

. T_Q_l

- on(t") - Z ug Xo(t")

< || Xo(t") ZukXo tk

(t™) Zuk Xo(tF)

b

(3.20)

where ¢, , > 0 is a constant which only depend on H, N and 4. It is clear that
(3.13) follows from (3.19) and (3.20). This finishes the proof of the theorem. O
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3.3. Harmonizable fractional stable sheets

For any given 0 < a < 2 and H = (Hy, ..., Hy) € (0,1)V, we define the harmo-
nizable fractional stable sheet Z = {Z(t),t € RY} with values in R by

eltiNi — 1 —

Z"(t) = Re / M, (d)), (3.21)

N I H.+L
RN i |Aj‘Hﬂ+u

where Za is a complex-valued rotationally invariant a-stable random measure
with Lebesgue control measure. From (3.21) it follows that ZH has the following
operator-scaling property: For any N x N diagonal matrix £ = (b;;) with b;; =
by >0 forall 1 <i < N and b;; =0if ¢ # j, we have

{Z7(Et), t e RV} £ {(ﬁbfj) ZH (1), teRN}. (3.22)

Jj=1

Along each direction of Rf , ZH becomes a real-valued harmonizable fractional

stable motion. When the indices Hy,..., Hy are not the same, ZH has different
scaling behavior along different directions.

Note that, unlike in Part (i) of Theorem 3.4 which holds for all a € (0, 2), we
are only able to deal with the case when « € [1,2) in the theorem below.

Theorem 3.5. Suppose o € [1,2). Then there exist positive constants c, ;, > 1 and
¢;.,, depending on H and N only, such that

(i) For all s,t € [0,1],
Ca P5:1) < [[Z27(5) = ZH D], < €5 pl5:1). (3.23)
(ii) For all positive integers n > 2 and all t*,... t" € [0, 00), we have

~H ~H (1 ~H (in—1 . k| H;
HZ | Z7 Y, ...,z " )HQECW Zogl&liﬁl‘t?_m 7

(3.24)

Jj=1
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Proof. We prove the upper bound in (3.23) by using induction on N [as in Ayache,
Roueff and Xiao (2007¢)] and it holds for all a € (0,2). Here is the main step:

127 (s) = 2" @)

Nooisid N it
L
N-1

o 1
ota o Il
<[ 11
RN

Jj=1

+c/
]RN

N
S G Z |5j - tj|aHj'
=1

[

j=1 ‘)‘j
. ) e’
e’lsN>\N -1 e’ltNAN -1

Dy |Evta N Dy |Evta

X «
e’LSj)\j _ 1

dA
Mgt

(3.25)

[e3% [e3

dX

N-1 eiSj)\j —1 N-1 eitj/\j -1 eitN)\N -1

Ay |+

N H. L L
j=1 |)‘j‘HJ+”‘ j=1 |)‘j‘HJ+”‘

However, the method in Ayache, Roueff and Xiao (2007c) for proving the lower
bound can not be applied to ZH . Because of this we have to assume o € [1,2) for
the lower bound in Part (i), which we will show after proving (3.24).

The proof of (3.24) is a combination of the proofs of Theorem 3.4 in the
above and Theorem 1 in Wu and Xiao (2007). Since there is no new ideas needed,
we omit the details. N N

Finally, since HZH(S) — ZH(t)Ha > ||ZH(5)|ZH(t)Ha, the lower bound in
(3.23) follows from (3.24) by setting n = 2, t! =t and t* = s. O

Many properties of harmonizable fractional stable sheets are similar to those
of their Gaussian counterpart, i.e., fractional Brownian sheets. See Shieh and Xiao
(2007) for more information.

3.4. Linear fractional stable sheets

For any given 0 < a < 2 and H = (Hy, ..., Hy) € (0,1)", we define an a-stable
random field Z# = {Z# (t),t € RY} with values in R by

77 (1) = /R 0 (6,5) Mo (ds), (3.26)

where M, is a symmetric a-stable random measure on R with Lebesgue control
measure and

N
gu(tss) = e JT{((te =500)™ 7" = ((=s)) ™} (327)
/=1

In the above x > 0 is a normalizing constant and ¢y = max{¢,0}. Using (3.26) one
can verify that the (N, 1, a)-stable field Z¥ is operator self-similar in the sense of

(3.22), and along each direction of RY, Z# becomes a real-valued linear fractional
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stable motion. Z# = {Z(t),t € RY} is called an (N, 1, o)-linear fractional stable
sheet.

Note that, unlike the Gaussian case o = 2, where both (3.21) and (3.26)
determine (up to a constant) the same fractional Brownian sheet, the moving
average and harmonizable fractional stable sheets with the same a € (0,2) and
Hurst index H are different stable random fields. This is true even for N = 1; see
Samorodnitsky and Taqqu (1994, page 358). Moreover, it is known that the regu-
larity properties of linear fractional stable motion are very different from those of
harmonizable fractional stable motion; see Maejima (1983) and Takashima (1989).

Ayache, Roueff and Xiao (2007a, b, ¢, 2008) have studied asymptotic proper-
ties, modulus of continuity, fractal dimensions and local times of linear fractional
stable sheets. The methods there are different from the methods in this paper and
rely on the non-anticipating nature of the representation (3.26).

The argument of Ayache, Roueff and Xiao (2007c) proves that Z satisfies
the following one-sided form of sectorial local nondeterminism.

Proposition 3.6. For any fized positive number e € (0,1), there exist positive con-
stants ¢,y > 1 and c, ,,, depending on €, H and N only, with the following prop-
erties:

(i) For all s,t € [,1]V,

c;; p(s,t) < HZH(S) — ZH(t)Ha <, p(s,t). (3.28)
(ii) For all positive integers n > 2, and all t,. .., t" € [e, 00)N such that t§ <t
for some 1 < ¢ <N and all1 <k <n—1, we have
H/in H/,1 H/n—1 . n K\ H
HZ ()| 271, 27| Z e min (-1 (329)

Proof. Part (i) is from Lemma 17 in Ayache, Roueff and Xiao (2007¢), whose proof
shows that Z¥ can be decomposed as a sum of independent a-stable processes Yy
(1 < ¢ < N) such that, in the ¢th direction, Y; behaves like a Liouville fractional
stable motion of index Hy. Then it is straightforward to derive (3.29) and we omit
the technical details. O

In the following, we apply the Hausdorff-Young theorem to show that, for

€ (1,2), LFSS Z! satisfies the two-sided sectorial local nondeterminism. This

strengthens Proposition 3.6 and also shows that the results in Section 4 are ap-
plicable to LFSS.

Theorem 3.7. Suppose o € (1,2) and € € (0,1) are constants, and min <<y H;
> 1/a. Then there exists a positive constant c, ,,, depending on e, H and N only,
such that for all positive integers n > 2 and all t*,... t" € [g, 00)V, we have

N
HZH(t”)|ZH(t1),...,ZH(t"*1)H >e Y min |-

|
“0<k<n—1

(3.30)

Jj=
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Proof. We know that, for every ¢ € (0,00)", g, (t,-) € L*(RY dzx). The key
observation is that the Fourier transform of g, (¢,-) is

N it
— etiNi — 1 1
s (t,-)(A) = : —T- (3.31)
" 7:1_‘[1 Z)\j |)\j‘HJ E
Then the Hausdorfl-Young theorem [cf. Lieb and Loss (1997, p. 121)] implies that
the L%norm of linear combinations of g, (t*,) (1 < k < n) is bounded from
below by a constant times the LS-norm of the Fourier transform, which is the

corresponding linear combination of gﬂtk\,) In the above, § > 2 is the constant
such that é + % = 1. The rest is similar to the proof of Theorem 3.5. See Ayache,
Roueff and Xiao (2008) for more details. O

4. Local times and their joint continuity

In this section we apply the properties of sectorial local nondeterminism to study
existence and joint continuity of the local times of stable random fields with values
in R?. The main argument is still based on the Fourier analytic methods initiated
by Berman (1973), and further developed in Pitt (1978), Geman and Horowitz
(1980), Nolan (1988, 1989), Csorg et al. (1995) and Xiao (1997, 2008). The new
idea is to make use of strong local nondeterminism for estimating high moments
of the local times.

We start by briefly recalling some aspects of the theory of local times. For
excellent surveys on local times of random and deterministic vector fields, we refer
to Geman and Horowitz (1980) and Dozzi (2002).

Let X (t) be a Borel vector field on RY with values in R%. For any Borel set
T C RY, the occupation measure of X on T is defined as

fr(@) =An{t €T : X(t) € o},

which is a Borel measure on RY. If y. is absolutely continuous with respect to the
Lebesgue measure A4, then X (¢) is said to have a local time on T'. The local time,
L(e,T), is defined as the Radon—-Nikodym derivative of p,. with respect to Ay, i.e.,

L(z,T) = 2’;\2 (r), VaeR-
In the above, x is the so-called space variable, and T is the time variable. Some-
times, we write L(z,t) in place of L(z,[0,¢]). It is clear that if X has local times
on T, then for every Borel set S C T, L(x,S) also exists.
It follows from Theorems 6.3 and 6.4 in Geman and Horowitz (1980) that the
local times of X have a version, still denoted by L(z,T), such that it is a kernel
in the following sense:

(i). For each fixed S C T, the function z — L(z,S) is Borel measurable in
z € R4
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(ii). For every x € R, L(z,-) is a Borel measure on B(T'), the family of Borel
subsets of T'.

Moreover, L(x,T) satisfies the following occupation density formula: For every
measurable function f: R — R,

/ FX@)dt= | f(a)L(z,T)dz. (4.1)
T Rd

Suppose we fix a rectangle T' = va:l[ai, a; + h;] in A. If we can choose a
version of the local time, still denoted by L(x, Hﬁil[ai, a; + t,;]), such that it is a
continuous function of (z,ty,--- ,ty) € RY x Hf.vzl[(), h;], then X is said to have a
jointly continuous local time on T. When a local time is jointly continuous, L(x, e)
can be extended to be a finite Borel measure supported on the level set

Xpt (@) ={teT: X(t) =x}; (4.2)

see Adler (1981) for details. Hence local times are useful in studying fractal prop-
erties of level sets and inverse images of the vector field X. See, for example, Ehm
(1981), Monrad and Pitt (1987) and Xiao (1997, 2008).

In the rest of this paper, we study local times of stable random fields under
some general conditions. Let X = {X(t),t € RN} be an (N, d, a) stable random
field defined on some probability space (2, F,P) by (1.1), where X7,..., X, are
independent copies of an a-stable random field X = {X((¢),t* € RV} with values
in R. Let T € A be a fixed closed interval, and we will consider the existence, joint
continuity and Hélder conditions for the local times of X (¢) when t € T.

Many sample path properties of X can be determined by the properties of

o(s,t) = HXO(S) — Xo(t)‘ s, teT,

Ol,
the scalar parameter of the increment X (s) —Xo(t). We will assume that, for some
vector H = (Hy,..., Hy) € (0,1)V, Xy satisfies the following general conditions:

(S1). There exist positive constants c, ,...,c,, such that
c,, <o(t):=0(0,t) <c,,, VteT (4.3)
and
Cap(s,t) <o(s,t) <c,,p(s,t) forall steT. (4.4)

Here p is the metric on RY defined by (2.9).
(S2). The a-stable random field X, has representation (1.2) or (1.6). There exists

a constant ¢, , > 0 such that for all integers n > 2 and all t!,...,t" € T,
al H
1 -1 : k| H;
Io(0) [ Xt Xol D, 2 s 3 i =™
]:

where t? = 0 for every j = 1,...,N. That is, X, satisfies the (two-sided)
sectorial local nondeterminism.
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It is worthwhile to mention that Lemma 4.3 below holds under the one-sided
sectorial local nondeterminism; see (iii) in Definition 2.3. For convenience, we state
it as
(S3). The a-stable random field X has representation (1.2) or (1.6). There exists

a constant ¢, ; > 0 such that for all integers n > 2 and all th, ..., t" € T with

the property that, for some 1 < ¢ < N, té? <ty forall 1 <k <n-—1, we have

1Xo(t™) [ Xo(th), ... Xo(t" )|, 2 ¢, | _min (& — )

First we consider the existence of the local times of stable random fields. It
does not require Xy to have representation (1.2) nor (1.6).

Theorem 4.1. Let X = {X(t),t € RN} be an (N, d, a)-stable random field defined
by (1.1) and suppose Xq satisfies Condition (S1) on T € A. Then X has a local
time L(x,T) € L*(Px \q) if and only if d < Zjvzl 1/H;. In the latter case, L(z,T)
admits the following L?-representation:

L(z,T) = (27r)_d/ e_i<y’””>/ " X ds dy, Ve R4 (4.5)
Rd T

Proof. The proof is similar to the Gaussian case; see Theorem 8.1 in Xiao (2008).
Hence we only give a brief sketch. The Fourier transform of the occupation measure

wr is
(e = [ X ar
T

By applying Fubini’s theorem twice, we have

E/Rd 17, (6)] de = /Tds/Tdt/RdEexp (i(f, X(s) fX(t)>) de. (4.6)

We denote the right hand side of (4.6) by J(T). It follows from the Plancherel
theorem that X has a local time L(-,T) € L*(P x \y) if and only if J(T) < oo;
see Theorem 21.9 in Geman and Horowitz (1980), or Kahane (1985). Hence it is
sufficient to prove

N
J(T) <oo ifandonlyif d< Z Hi (4.7
— 11

For this purpose we use the independence of the coordinate processes of X and
Condition (S1) to deduce

// dsdt // ds dt
. 4.8
[Xo(s) = Xo(®)[1d N Isy — 5] (48)

By using Lemma 8.6 in Xiao (2008), one can verify that the last integral in (4.8)
is convergent if and only if d < Z;V:l 1/H,. This proves (4.7), and hence Theorem
4.1. O
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The following result on the joint continuity of the local times of stable random
fields is an extension of those proved by Xiao and Zhang (2002), Ayache, Wu and
Xiao (2008), Xiao (2008), Wu and Xiao (2008) for Gaussian random fields.

Theorem 4.2. Let X = {X(t),t € RN} be an (N, d, a)-stable random field defined
by (1.1) and we assume X satisfies Conditions (S1) and (52) on T. If 1 < a < 2
and d < Zjvzl 1/H;. Then X has a jointly continuous local time on T

To prove Theorem 4.2 we will, similarly to Ehm (1981), Nolan (1989), Xiao
(1997, 2008), Ayache, Wu and Xiao (2008), first use the Fourier analytic arguments
to derive estimates on the moments of the local times [see Lemmas 4.3 and 4.7
below] and then apply a multiparameter version of Kolmogorov continuity theorem
[cf. Khoshnevisan (2002)]. We should point out that our method for proving the
moment estimates in Lemmas 4.3 and 4.7 are quite different from those in the
references mentioned above. It will be clear that the sectorial local nondeterminism
[(S2) or (S3)] plays an essential role in the proofs of Lemmas 4.3 and 4.7.

Our starting point is the following identities about the moments of the local
time and its increments from Geman and Horowitz (1980) [see also Pitt (1978)]:
For all z,y € R?, I € A and all integers n > 1,

E[L(x,[)"] - (zw)*”d/n /R exp<—i§n:<uj,x>>

j=1
xE exp (iz <uj7X(tj)>>dﬂ . (4.9)
j=1

and for all even integers n > 2,

E[(L(x,[) fL(y,I))"} =(2r)~ / /Rdﬁ [e—uuﬂm _ 6,i<u.7,y>}

n

(4.10)
x Eexp (z (uj,X(tj)>)du dt,

=1

<.

where 7 = (ul,...,u"), = (t!,...,t"), and each v/ € R%, ¢/ € I C (0,00). In
the coordinate notation we then write u/ = (uf, ... ,ufl).

For future use, we prove the following lemma under weaker conditions than
those in Theorem 4.2. Without loss of generality, we assume from now on that

Lemma 4.3. Let X = {X(t),t € RN} be an (N,d, «)-stable random field defined

by (1.1) and we assume X, satisfies Conditions (S1) and (83) on T. Let T €
{1,..., N} be the integer such that

1 T
1 1
—<d<Y — 412
He ~ - (=1 HE ( )

T

L

~
Il

1
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with the convention that 22:1 Hig := 0. Then for all integers n > 1, there exists a
positive and finite constant c, ., = ¢, ,(n) such that for all hypercubes I = [a,a +
(r)] € T with side-length r € (0,1) and all x € R?

E[L(z,)"] <c,, P (4.13)
where B =% ,_4 Ié—; +N—-7—H.d.

Remark 4.4. e If X is a Gaussian random field and (4.11), (4.12) hold, then
Br = 22:1 g—; + N — 7 — H,d is the Hausdorff dimension of the level set L,
[cf. Ayache and Xiao (2005), Xiao (2008)]. It can be proved that this remains
true for harmonizable stable random fields in Sections 3.1-3.3. Details will
have to be given elsewhere.

e We point out that the upper bound in (4.13) is not sharp because it is not
known how ¢, , relies on n. For Gaussian random fields with the property
of strong local nondeterminism in the metric p, one can prove the following
sharp inequality:

E[L(z, T)"] < )y (nl)N=Fr pn b (4.14)

In order to prove Lemma 4.3, we will make use of the following technical
lemmas, both are from Ayache, Wu and Xiao (2008).

Lemma 4.5. For any q € [072521 H; Y, let 7 € {1,...,N} be the integer such
that

7—1 T
1 1
— < —. 4.15
S i<y (19
=1 (=1
Then there exists a positive constant 6, < 1 depending on (Hy, ..., Hy) only such

that for every § € (0, d,), we can find T real numbers p; > 1 (1 < € < 1) satisfying
the following properties:

1 H,
Y- =1, 2y =17 (4.16)
“ py e
and
~ Hq ~ H,
1-0)S 2 < g gvr -5 21 417
( ); ” ;He (4.17)

Lemma 4.6. For all integers n > 1, positive numbers a, r, 0 < b; < 1 and an
arbitrary so € [0,a/2],

/ H( 75]'—1) idsy--- dsy,
a<s;<--<sp<a+r

=1

n
Sj
j= (4.18)
P P
S ng (n')% ?:1 bj*l/rni ?:2 bj’
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where ¢, , > 0 is a constant depending on a and b;’s only. In particular, if b; = «
forallj=1,...,n, then
n
H(Sj — ijl)_a d81 tee dSn
a<s1<Ssp<atr j1g (4.19)

<c, (nhyo—t pr=1=3)e)

Proof of Lemma 4.3. Since X1,---, X, are independent copies of Xy, it follows
from (4.9) that for any interval I = ijzl[aj, a; + ;] €T and all integers n > 1,

d

E[L(z,I)"] < (2W)—nd/l H{/nexp(_

" k=1

1 Xo(t)

a) dUk} df, (4.20)

where Uy = (uj, - ,u}) € R™ It is clear that in order to bound the inte-
gral in dt it is sufficient to consider only the integral over I;i ={tel":
th, ..., t" are distinct}.

Let t € I; and k € {1,...,d} be fixed and denote the inside integral in (4.20)

Jk:/ exp(

For every 1 < ¢ < N, there exists a permutation m; of {1,...,n} such that

by

JXO t7)

> dUy. (4.21)

ap < 7' <17 <<t < gy 4oy (4.22)

It follows from Lemma 2.6 and Condition (S3) that for every 1 < ¢ < N,

ixowd Z oo (779 =7 U7 (42)

where ¢(n) > 0 is a constant dependlng on n and
(’Uli,h"-’vlg,z) = (u7kfe(1)7 uze(n))Ae (4.24>

for an n x n lower triangle matrix A, = (a;;) with a;; =1 for all 1 <4 < n.
Summing up (4.23) over £ € {1,..., N} and combining it with (4.21), we
obtain

n

N
Ti < / exp( ZZ ”Uch’ Tr/(]) Trz(jl))ozHl> U,
- L (4.25)
< / Hexp(_c( Z ’%,z’a (tzre(j) _ tzz(jl))aH[> AU,
" =1 j=1

where 7 is the integer in (4.12). In order to estimate the last integral, we will
separate the integrand so that the integration is taken with respect to the variables

(v,iye, . ’UZ,4)~
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Since (4.12) holds, we apply Lemma 4.5 with § = n~! and ¢ = d to obtain 7
positive numbers p1,...,p, > 1 satisfying (4.16) and (4.17). It follows from (4.25),
the generalized Holder inequality and a change of variables by using (4.24) that

i 1/pe
Ji < H [/ exp( Z |v]£| 'rr/z(] w(j—l))aHz) U,
¢=1 L/R"

(4.26)

n

T 1
= ¢(n) H H (tTrz(j) i tw(j—l))Hl/W '
(=1 14 4

1

j=
Combining (4.20), (4.21), (4.25) and (4.26), we derive

1 _
]EI:L(x I Z /F Wg(j) _ tZZ(j_l))Hld/pe dt (427)

1oy VTN é 1j= 1 tg

In the above, the summation is taken over all permutations 71, ..., 7x of {1,...,n}
and
D(my,...,mn) = {(t', ..., #") € I" : (4.22) holds for every 1< /¢ < N}.

To evaluate the integrals in (4.27), we first apply Lemma 4.6 to integrate
dtjdt? ...dty for € = 1,...,7, and then continue to integrate dt;dt?...dt} for
{=7+1,...,N. This yields

E[L(z, 1)"] < c(n) J[ o= Hed/vo H rp (4.28)
=1 l=1+1

Now we consider the special case when I = [a,a + (r)] is a cube, ie. r =
- =ry = 1. It follows from (4.28) and (4.17) with § = n~! and ¢ = d that

P,
E[L(z, 1)"] < ¢, (n) " (N=0=n") "1 Hed/n0)
< e (n) 7

This proves Lemma 4.3. i

Lemma 4.3 implies that for all I C T and n > 1, L(x,I) € L"(R?) a.s. [see
Geman and Horowitz (1980, p. 42)]. Our next lemma estimates the moments of
the increments of L(x, I) in the space variable x.

(4.29)

Lemma 4.7. Suppose the assumptions of Theorem 4.2 hold and assume (4.12) holds
for some 7 € {1,...,N}. For all even integers n > 2 and all v € (0,1) small
enough, there exists a positive and finite constant ¢, ,, = c, ,,(n) such that for all
hypercubes I = [a,a+ (r)] C T, x, y € R? with |z —y| <1,

B[(L(e, 1) = Ly, 1))"] < ey, Ja =yl pn 280, (4:30)

Proof. Let v € (0,1) be a constant such that

T—1 T

1 1
E — <d+2v< E —. 4.31
= He ! = He 3y
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Applying Lemma 4.5 with 6 = 1/n and ¢ = d 4 27, we obtain 7 positive numbers,
still denoted by p1,...,pr > 1, satisfying (4.16) and (4.17).
Note that by the elementary inequalities

le — 1| < 287 |u|? forall uweR (4.32)
and |u +v|? < |u|” + |v|7, we see that for all ul,...,u", z, y € RY,
11 ’eﬂwm _ 67i<u'7,y>‘ <200 gy 37 T, I, (4.33)
j=1 j=1
where the summation y  ” is taken over all the sequences (k1,--- , k,) € {1,--- ,d}™.

It follows from (4.10) and (4.33) that for every even integer n > 2,

E[(La,1) - Ly, 1)"] < (2m) 200" |z —

<2 / /Rnd 1 w2, " Eexp ( —iy (ud, X(tj))) At dr
m=1 j=1

<le—y™y | di
n . 1/n
Z (W, X)) >du ,
: «@

I’IL
n
< [1 {/ ug,, "7 eXp<
m=1 Rrd
where the last inequality follows from the generalized Holder inequality.
Now we fix a vector k = (ki,...,k,) € {1,---,d}" and n distinct points

(4.34)

t,...,t" € I. Let m; be the permutations of {1,...,n} as in the proof of Lemma
4.3. For simplicity of notation, we assume that they are all identities. In order
words, we assume that for every £ € {1,..., N},

ag <tp <t < <th <ap+ry (4.35)

Let M(k,t,v) be defined by

it T [ ron -

In order to prove (4.30), it is sufficient to show that there exists a constant c, ,
such that

n

>l X(#)

j=1

a) dﬂ}l/n. (4.36)

e}

_ Tl 1
M(k,t,7) <c,,,(n) H | e 1‘(H4d+2’y)/pz (4.37)

for every k = (ki,ka, ..., k,) € {1,--- ,d}". Then, as in the proof of Lemma 4.3,
(4.30) will follow from (4.34), (4.37) and (4.19).

Now we proceed to prove (4.37). For concreteness, we assume k = (1) 1=
(1,1,...,1) and proceed to derive the desired upper bound for M := M( 1),¢,7).
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The method is the same for all the other sequences k € {1,---,d}". By the
independence of the coordinate processes, we have
«
)dUl

M= ] /IU’lnlmeXp(—
m:l R”L
o 1/n
>dUk} .

xlflz/nexp<—

Note that the integrals for k& > 2 are Ji in the proof of Lemma 4.3 and one-
sided local nondeterminism is sufficient to derive desired upper bounds for them.
It only remains to estimate the first integral in (4.38), which will be denoted by
Jm. Here the extra factor |u]*|™” makes things more complicated and we will use
the (two-sided) sectorial local nondeterminism to deal with it.

> ud Xo(t)
= (4.38)

> u Xo(t?)
j=1

In order to make an effective change of variables, we apply Lemma 2.6 by
“conditioning” in the order Xo(t™), Xo(t"),..., Xo(t™ 1), Xo(t™1), ..., Xo(t}).
In this way, v} is mapped into v} for every £ € {1,..., N}. More precisely, we
have

> ul Xo(t?)
j=1

> c(n) (WFI 1o (e™)| Xo ()i # m,

+ 0 WilIXo() | Xo(),i < Li#m|, (4.39)
j=m+1

m—1

+ > Wl Xo()| Xo(t),i < j — 1||a>.

j=1

Condition (S2) and (4.35) together imply the following three inequalities: For
every 1 < ¢ < N, we have

1Ko ()| Xo(t'),i # 4|, = e min {Jet =™, g — 27T}, (4.40)

[ X0 (¢ 1) Xo(#),i < m — 1 > e|ertt — et (4.41)
and

| (4.42)

X)) Xo(t),i <5 =1, 2 elty — 177"

forall 1 <j<nandj#m,m+1.
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It follows from the generalized Holder inequality, (4.39) — (4.42) and a change
of variables by (4.24) [recall that v} = u* for every £] that

.
< T b1 emm (o i (e a7 o =)
=1 /R"

s (=l [y e e )

n 1/172
X exp (c(n) Z |vz|a ’ti — té_llaHe) dUk}

J=1,j#m,m+1

1 1
m tzn—l’HZ‘i‘n’Y} ‘tm+1 tzn—l‘Hé

.
M et

n

1 1/pe
B

L |tJ _
j=1,j#mm+1 [“¢ 0

(4.43)

Since |tm+1 t;”il‘ ’th tﬂ + |t?T — t2”71|, one can verify that

n

1 1
Jm < e(n) H { |tm+1 t;"|n“r/pe |t;" _ tznfl|n'\//P15 H |tfz _ ti71|sz/P14 } (4-44)

Jj=1

Combining (4.38), (4.26) and (4.44), we obtain

Mg C4,12 HH J ] 1 (HedJrQV)/Pe (445)
{=1j=1 |t — 1ty |

Hence we have verified (4.37).
It follows from (4.34), (4.36) and (4.37) that

E[(L(z,I) - L(y,1))"]

_ (4.46)
< ¢aa(n) [z —y[™ / HH ’tg —tj 1 sz+2v)/m dt,

”Z 1j5=1

where
I, ={(t...,t") € I": (4.35) holds for every 1</ < N}.
Similar to the proof of Lemma 4.3, we apply Lemma 4.6 to derive

E[(L(z,I) - L(y,1))"]

T N
n n(1=(1=3)(Hed+27)/pe) n
SC4,14‘x_y|’y]‘—[7dz ’ H Ty -
=1 {=T1+1

(4.47)
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When I = [a,a + (r)], it follows from (4.47) and (4.17) that
E[(L(z,1) = L(y,1))"] < ¢,y (n) |z —y["7 ¢ P =207, (4.48)

This proves Lemma 4.7. ]

Now we are ready to prove Theorem 4.2.
Proof of Theorem 4.2. It follows from Lemma 4.7 and the multiparameter version
of Kolmogorov’s continuity theorem [cf. Khoshnevisan (2002)] that, for every fixed
interval I € A such that I C T, X has almost surely a local time L(x,I) that is
continuous for all z € R?,

The proof of the joint continuity of the local times is similar to that of
Theorem 8.2 in Xiao (2008), which is included for completeness. For all z,y € R9,
s,t € T and all even integers n > 1, we have

E[(L(z, [e,5]) = L(y [=.1))"] < 2"—1{1@[@(3;, e,s]) = L(, [2,])"]
(4.49)

+E[(L(x, [ 1)) - Ly, [.1])"] }

Since the difference L(z, [e, s])— L(x, [¢,t]) can be written as a sum of finite number
(which only depends on N) of terms of the form L(x,I;), where cach I; € Ais a
closed subinterval of T' with at least one edge length < |s —¢t|. By further splitting
these intervals into cubes of sides < |s — t|, we can use Lemma 4.3 to bound the
first term in (4.49). On the other hand, the second term in (4.49) can be dealt with
using Lemma 4.7 as above. Consequently, for some 7 € (0, 1) small, the right hand
side of (4.49) is bounded by ¢, ., (n) (|z—y|+|s—t|)", where n > 2 is an arbitrary
even integer. Therefore the joint continuity of the local times L(x,t) follows again
from the multiparameter version of Kolmogorov’s continuity theorem. This finishes
the proof of Theorem 4.2. O

Lemmas 4.3 and 4.7 also provide some information about the modulus of
continuity of L(zx,t) as a function of x and ¢. For example, by modifying the proof
of Theorem 8.10 in Xiao (2008) one can prove the following Holder condition for
the random measure L(z,-). We leave the details to an interested reader.

Theorem 4.8. Let X = {X(t),t € RN} be an (N, d, a)-stable random field defined
by (1.1) and we assume Xg satisfies Conditions (S1) and (S3) on T. Suppose
l<a<2andt e {l,...,N} is the integer so that (4.12) holds. Let L be the
jointly continuous local time of X. Then, for every 0 < n < (., there is a finite
constant c, ,, such that with probability one,
L(z,U(t
lim sup L@, Ult,r)) <¢, (4.50)
r—0 r7 '
holds for L(x,-)-almost all t € T. In the above, U(t,r) is the open or closed ball
[in the Euclidean metric| centered at t with radius .
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Ayache, Roueff and Xiao (2008) proved that if, in addition to the conditions
in Theorem 4.8, Xj is a linear fractional stable sheet Z| then

L t
oy L@ U (E:7)
r—0 @(T)
holds for L(x,-)-almost all ¢ € T. Here ¢(r) = r?7 loglog(1/r).
Since the arguments in Ayache, Roueff and Xiao (2008) are based on some

special properties of Z¥, it is not clear how to establish such results under the
general condition (S2) or (S3). It would be interesting to pursue this problem.

(4.51)

= %417
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