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Abstract Let B% be an (N;, d)-fractional Brownian motion with Hurst index «;
(i=1,2), and let B®! and B*? be independent. We prove that, if 2’—11 + 2/—22 > d, then
the intersection local times of B%! and B“? exist, and have a continuous version. We
also establish Holder conditions for the intersection local times and determine the
Hausdorff and packing dimensions of the sets of intersection times and intersection
points.

One of the main motivations of this paper is from the results of Nualart and Ortiz-
Latorre (J. Theor. Probab. 20:759-767, 2007), where the existence of the intersection
local times of two independent (1, d)-fractional Brownian motions with the same
Hurst index was studied by using a different method. Our results show that anisotropy
brings subtle differences into the analytic properties of the intersection local times as
well as rich geometric structures into the sets of intersection times and intersection
points.
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1 Introduction

Let B} = {B} (1), u € RP} be a p-parameter fractional Brownian motion in R with
Hurst index y € (0, 1), i.e., a centered, real-valued Gaussian random field with co-
variance function

1
E[BY (u1)BY (u2)] = 5(|u1|2V + ua|® = |uy — ua|?). (1.1)

It follows from (1.1) that E[(B} (u1) — By (u2))*] = |u1 — u2|* and B} is y-self-
similar with stationary increments.
We associate with B(’)/ a Gaussian random field BY = {BY (1), u € R”} in R? by

BY(u)= (B (u),....Bj ), u€eR?, (1.2)

where By, ..., B] are independent copies of Bj. BY is called a (p, q)-fractional
Brownian motion of index y.

Fractional Brownian motion has been intensively studied in recent years and,
because of its interesting properties such as short/long range dependence and self-
similarity, has been widely applied in many areas such as finance, hydrology and
telecommunication engineering.

Let B* = {B%(s),s € RN} and B® = {B*(z),t € RM2} be two independent
fractional Brownian motions in R? with Hurst indices o, o € (0, 1), respectively.
This paper is concerned with the regularity of the intersection local times of B*! and
B*2, as well as the fractal properties of the sets of intersection times and intersec-
tion points. Without loss of generality, we further assume o < o throughout this
paper. For Ny =N, =1and o) =ap = %, the processes are classical d-dimensional
Brownian motions. The intersection local times of independent Brownian motions
have been studied by several authors (see [7, 17]) and are closely related to the
self-intersections (or multiple points) of Brownian motion. The approach of these
papers relies on the fact that the intersection local times of independent Brownian
motions can be seen as the local times at zero of some Gaussian random field. For
the applications of the intersection local time theory for Brownian motions, we refer
to [10, 18], among others.

The self-intersection local times of fractional Brownian motion were studied by
Rosen [16] for the planar case, and by Hu and Nualart [8] for the multidimensional
case. Very recently, Nualart and Ortiz-Latorre [12] proved an existence result for
the intersection local times of two independent d-dimensional fractional Brownian
motions with the same Hurst index.

The aim of this paper is to show that the existence of the intersection local times
for two independent fractional Brownian motions B*' and B*? in R? can be studied
by using a Fourier analytic method and, moreover, this latter method can be applied
to establish the joint continuity and sharp Holder conditions for the intersection local
times. Besides their own interest, these results are useful for studying fractal proper-
ties of the set of intersection times as well as the set of intersection points.

Let X ={X(s,1),(s,1) € ]RN} be an (N, d)-Gaussian random field, where N =
N1 + N», defined by

X(s,1) = BY (s) — B®(1), seRM reRM, (1.3)
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We will follow the same idea as Wolpert [17] and Geman, et al. [7] and treat the
intersection local times of B¥! and B*2 as the local times at O of X, with an intension
to establish sharp Holder conditions. The main ingredients for proving our results are
the strong local nondeterminism of fractional Brownian motions, occupation density
theory (cf. [6]), and newly developed techniques for anisotropic Gaussian random
fields (cf. [2, 23]).

For later use, we mention that, by the self-similarity and stationarity of the incre-
ments of B! and B*?, the Gaussian random field X defined by (1.3) has stationary
increments and satisfies the following operator-scaling property: For every constant
c>0,

[X(cA(s,0)), (5, 1) e RV} £ {cX (5, 1), (5, 1) € RV, (1.4)

where A = (a;;) is an N x N diagonal matrix such that a;; = 1/ay if 1 <i < Ny

and ag;; = 1/ap if N1 +1 <i < N. In the above, 4 denotes equality of all fi-
nite dimensional distributions and ¢4 is the linear operator on RY defined by
A= om0 %-

This paper is organized as follows. In Sect. 2, we give several lemmas which will
be used to prove our main results in the following sections. In Sect. 3, we study the
existence and the joint continuity of the intersection local times of two independent
d-dimensional fractional Brownian motions. We prove that the necessary and suffi-
cient condition for the existence of an intersection local times in L?(P x Ay) actually
implies the joint continuity. We devote Sect. 4 to the study of the exponential integra-
bility and Holder conditions for the intersection local times. The later results imply
information about the exact Hausdorff measure of the set of intersection times of B“!
and B*2. Finally, in Sect. 5, we determine the Hausdorff and packing dimensions of
the set of intersection points of B*! and B*2.

Throughout this paper, we use (-, -) and | - | to denote the ordinary scalar product
and the Euclidean norm in R”, respectively, no matter what the value of the integer
p is, and we use A, to denote the Lebesgue measure in R”. We denote by O (u, r)
a p-dimensional ball centered at u with radius r, and Oy, p,(u,7) := Op, (U1, 7) X
Op,(u2,r), where u = (uy, up) with u; € R?! and up € R”2. In Sect. i, unspecified
positive and finite constants will be numbered as ¢, ,, ¢, ,, .. ..

2 Preliminaries

In this section, we provide necessary preparations for the proofs of our main results
in the later sections.

It follows from Lemma 7.1 of [13] that, for any y € (0, 1), the real-valued frac-
tional Brownian motion Bg ={ Bg (u), u € RP} has the following important property
of strong local nondeterminism: There exists a constant 0 < ¢2,1 < oo such that for
all integers n > 1 and all u, uy,...,u, € RP,

Var(B( ()| Bj (1), ... B} (un)) > c,, r<ni1<1 lu —u)?, 2.1
=K=n

0<k

where VaI(B(})' (u) |B(7)/ (uy),..., Bg (uy,)) denotes the conditional variance of Bg (u)
given Bg (uy),..., Bg (un), and where ug = 0. The strong local nondeterminism
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has played important roles in studying various sample path properties of fractional
Brownian motion. See [19, 21, 22] and the references therein for further information.
It will be the main technical tool of this paper as well.

We consider the real-valued Gaussian random field Xo = {Xo(s, 1), (s, ¢) € RV}
defined by Xo(s, 1) := By" (s) — By (t) for s € RN and t € RM2. Then the coordinate
processes of X defined by (1.3) are independent copies of Xj.

The following Lemma 2.1 is a consequence of the property of strong local nonde-
terminism of fractional Brownian motion, and will be useful in our approach.

Lemma 2.1 There exists a constant 0 < ¢, , < 0o such that for all integers n > 1 and
all (v, w), (s1,11), ..., (5p, tn) € RN, we have

Var(XO(Uv U))|X0(S1, tl)’ LR ] XO(Sn, tl’l))
zc”( min v — s**' + min |w—tk|2°‘2), (2.2)
" \0<k<n 0<k=<n
where sg =19 = 0.
Proof By definition we can write
Var(Xo(v, w)| Xo(s1. 1), ..., Xo(sn. 1n))
" 2
:aieﬁ,‘}iiEnEK"O(”’ w) — ;afxo(si,ri)) } (2.3)
1=
Since B;' and Bj? are independent, we have
Var(Xo(v, w)| Xo(s1, 1), .. Xo(Sn, tn))

n 2
:aieRi,l}fgign{E[<Bgl (U) - ZaiBgl(Si)> :|

i=1

n 2
+]E|:(Bgz(w) - ZaiBgz(t,-)) } }
i=1

n 2
i o — R (.
= cll‘e]Rl,rlliiSnE[<BO (U) Zdl BO (Sl)) i|

i=1

n 2
+bieﬁr11f5i§n]E|:<Bgz(w) - ;biBgz(li)) }

= Var(By' (v)‘Bg' (s1), ..., By (sn))
+ Var(Bg?(w)|By2(t1), . ... By2(ty)). 2.4)

Hence (2.2) follows from (2.4) and (2.1). Il
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Combining Lemma 2.1 with the following well-known fact, which will be used
repeatedly throughout the paper, that

n
detCov(Zy, ..., Z,) = Var(Zy) l_[ Var(Zi|Zy, ..., Zx—1) 2.5)
k=2
for any Gaussian random vector (Zy, ..., Z,), we have that, for any (s, ?1),...,
(snv l}’l) e RN’

detCov(Xo(s1, 1), ..., Xo(Sn, 1))

> [ [[Var(Bg' (s )| BG (s1). ... B (sj-1))
j=1

+ Var(Bg2(t;)| Bg*(11), - ... By (tj-1))]

: 2 : 2
zc’zﬁz]—[( min_[s; —s** 4 min_Jt; — 5] “2). (2.6)

O0<k=<j-1 <k<j-—

j=1

To prove the existence and continuity of the intersection local times of B*! and
B2, we will make use of the following lemmas. Lemma 2.2 is similar to Lemma 8.6
in [23] whose proof is elementary. Lemmas 2.3 and 2.4 are extensions of Lemma 2.3
in [19] and will be useful for dealing with anisotropy of the Gaussian random field
Xo. Lemma 2.5, due to [4], is a technical lemma.

Lemma 2.2 Let B, y and p be positive constants, then for all A € (0, 1)

! Av 6y = p.
BEAORS Ly, TBY>

./0 A g ryp 4= loe(1+A717) i By =p. 27)
! if By < p-

In the above, f(A) < g(A) means that the ratio f(A)/g(A) is bounded from below
and above by positive constants that do not depend on A € (0, 1).

Proof This can be verified directly and we omit the details. g

Lemma 2.3 Ler 8, y and p be positive constants such that y8 > p.

(i) If yB > p, then there exists a constant c, , > 0 whose value depends on y, B and
2,3
p only such that for all A € (0,1), r >0, u* € RP, all integers n > 1 and all

distinctuy, ..., u, € Opu*, r) we have
d p_
/ . - <c, A7 P, 2.8)
0,y [A+min{lu —u;, j=1,...,n}P "

(i) If yB = p, then for any k € (0, 1) there exists a constant c,, > 0 whose value
depends on y, B,k and p only such that for all A € (0,1), r > 0, u* € R?, all
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integers n > 1 and all distinct uy, ..., u, € Op(u*, r) we have

/‘ du
0,y LA +min{lu —u;v, j=1,...,n}]F

1y T ‘
§c2’4nlog|:e~|—<A an/p) :| (2.9)

Proof The idea of proof is similar to that of Lemma 2.3 in [19]. Let

Ti={uec O, r):lu—uil=minflu—u;l, j=1,...,n}}.
Then
n
Op*,ry=Ji and 2,(0,@*, ZAP(F) (2.10)
i=1

For every u € I';, we write u = u; + p8, where 0 < p < p;(0) and 6 € S),_1, the unit
sphere in R?. Then

pi (6) |
Ap(Fi):Cp/ v(d@)/ P dp
Spoi 0

— ﬁ/ pi (0)Pv(d0), (2.11)
P Sp-1

where v is the normalized surface area in S, and C), is a positive constant depend-
ing on p only.

Denote the integral in (2.8) and (2.9) by I;. We first consider the case of y8 > p.
By (2.10), a change of variables and Lemma 2.2, we can write /1 as

- du
" :;/Fi [A+min{ju —u;|”,j=1,....n}]F
- pi®)  op-l
=§cp/ v(d@)/ m dp
L 2p AT i) o
:igcpm /,, 1v(de)/ e

n
<o, Z/ﬁ*ﬂ/s (d6)
i=l1

p—1
L—p
=, nA7 P, (2.12)

This proves inequality (2.8).
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Now we assume y 8 = p. As above, we use (2.10) and a change of variables to get

n AT pi0)  Hp—1
_ B
=y van [ G
< 26 Zf log[e + (A~ p:(6))" |v(d0). (2.13)

In the above, we have used the fact that if 8 = p and « € (0, 1), then for all x > 0

X ppfl J 21 .
_ < —log(e +x").
/o (4 pryp 0= loglet D)

Since the function ¥ (x) = log(e 4+ x*/7) is concave on (0, c0), we apply (2.11)
and Jensen’s inequality twice to derive

n
1
I = Cy sl Z ;wl (A_p/y)‘l’(ri))

i=1

< R
<cnlogle+ | A myrl Mk (2.14)
This finishes the proof of (2.9). Il

Lemma 2.4 Let B > 0 be a constant and let p > 1 be an integer such that f < p.
Then the following statements hold:

@) For all r > 0, u* € RP, all integers n > 1, and all distinct uy,...,u, €
Op(u*, r), we have

d 8
/ i = <c,gnrrP™P, (2.15)
0, *,r) mln{|u_uj|’3,]:1,...,n} »

where ¢, ; > 0 is a constant whose value depends on B and p only.
(ii) For all constants r > 0 and K > 0, all u* € RP, integers n > 1, and all distinct
Ul,...,un € Op(u*,r), we have

/ log[e_’_K(mln“u_u]L‘]:l,,I’l})iﬂ]du
Op(u*,r)

-8
;
< c2v7r1’ log[e + K(m) i|, (2.16)

where c, ; > 0 is a constant whose value depends on B and p only.
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Proof Part (i) is a special case of Lemma 2.3 in [19]. Hence, it only remains to prove
Part (ii). Denote the integral in (2.16) by /. As in the proof of Lemma 2.3, we have

n
]ZZZ/F 10g[e+K(min{|u—uj|,j=L---v”})_ﬁ]d”
=17

n pi ()
:ZC,,/ v(d@)/ p? ' log (e + Kp~P)dp
i=1 1 0

Sp—

n 1
=>.Cp f pi (6)7v(do) f pP~'log (e + Kpi(0) " p~F) dp
i=1 Sp-1 0

<G Zfs P ()" log (¢ + Kp; (0)F)v(db). 2.17)
i=1""pr=

In deriving the last inequality, we have use the fact that log(e 4+ xy) <log(e + x) +
log(e + y) for all x, y > 0. Since 8 < p, we can verify that the function ¥ (x) =
xlog(e + Kx~P/P) is concave on (0, c0). By using Jensen’s inequality twice, we
obtain

n
h<cy ZV’Z(/
i=1 S

p—1

1< p
Scz,gntﬁz(; ZM(W)) §C2,7n1ﬂz<%>. (2.18)

i=1

pi (9)pV(d9)>

This finishes the proof of Lemma 2.4. O

Lemma 2.5 Let Z1, ..., Z, be the mean zero Gaussian random variables which are
linearly independent and assume that

o0 2
/ g)e  dv <

—00

forall ¢ > 0. Then

1 n
/ g(vl)exp|:—§Var<E Uij>]dv1~~-dvn
Rl‘l -
Jj=1

@m)"— D /°° v\ 2
_ dv, 2.19
(etCov(Zy, ...z 2 ) 8\ &, )¢ v 19

where 012 = Var(Z1|2Z», ..., Z,) is the conditional variance of Z given Z3, ..., Z,.
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3 Intersection Local Times and Their Joint Continuity

In this section, we briefly recall the definition of local time as occupation density
(cf. [6]) and then study the existence and joint continuity of the intersection local
times of BY! and B*2.

Let Y () be a [random] Borel vector field on R? with values in R?. For any Borel
set E C R?, the occupation measure of ¥ on E is defined as the following measure
on RY:

pe(®)=Ap{t € E:Y(1) €}.

If u is absolutely continuous with respect to the Lebesgue measure A, we say
that Y (¢) has local time on E, and define its local time, L(e, E), as the Radon—
Nikodym derivative of 1, with respect to Ay, i.e.,

du,
dhrg

L(x,E)= (x), VxeRY.

In the above, x is the so-called space variable, and E is the time variable. Note that
if Y has local times on E then for every Borel set F C E, L(x, F) also exists.

It follows from Theorem 6.4 in [6] that the local time has a measurable modifi-
cation that satisfies the following occupation density formula: For every Borel set
E C RP, and for every measurable function f : R? — R,

/f(Y(t))dt:/ f(xX)L(x,E)dx. 3.1
E R4

Suppose we fix arectangle E = [a,a +h] CR?, wherea € R? and h € Ri. If we
can choose a version of the local time, still denoted by L(x, [a, a 4 t]), such that it is
a continuous function of (x,7) € R? x [0, k], Y is said to have a jointly continuous
local time on E. When a local time is jointly continuous, L(x, -) can be extended to
be a finite Borel measure supported on the level set

Yl ={teE:Y(t)=x}; (3.2)

see Theorem 8.6.1 in [1] for details. This makes local times, besides of interest on
their own right, a useful tool in studying fractal properties of Y.

It follows from (25.5) and (25.7) in [6] that, for all x, y € R, E C R” a closed
interval and all integers n > 1,

E nl — o) ) .
[L(x, E)'] = 2m) /1;"'1 /an exp( zZ(u],x))

j=1

x Eexp(i > luy Y(tj)>> du dt 3.3)

j=1
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and, for all even integers n > 2,

E[(L(x, E)— L(y, E 27y [em(i-0) _ gmiioy
(L. )~ Ly E))"] = @) //R]‘[ ]

x Eexp( > luy. Y(q)))dﬁ dt, (3.4)

j=1

where w = (uy,...,u,), t=(t,...,t,;), and each u;j € R9, t; € E. In the coordinate
notation we then write u; = (U 1,...,Ujq).

The main results of this section are the following Theorems 3.1 and 3.3 for the
existence and the joint continuity of the intersection local times of two independent
fractional Brownian motions in R¢.

Theorem 3.1 Ler B*' = {BY (s),s € RV} and B*2 = {B%(t),t € RN} be two
independent fractional Brownian motions with values in R? and Hurst indices o
and oy, respectively. Let X = {X (s,1), (s,t) € RN} be the (N, d)-Gaussian ran-
dom field defined by (1.3). Then, for any given constant R > 0, X has a local time
L(x,Opn,,N,(0,R)) € L%(P x Ag) if and only lfg—l] + 2’—22 > d. Furthermore, if it exists,

the local time of X admits the following L*-representation

L(x, On,.N, (0, R)) = (271)*‘1/‘ e*“y’x)/ B $)=B2M) g dtdy,
Rd 03, 3y O.R)

(3.5)
and the local time L can be chosen as a kernel L(-,-) on R x B(On,,n,(0, R)). In

particular, if N 1 + 2’2 > d, then B*! and B*? have an intersection local time which
can be deﬁned as Lot “2(On,,n,(0, R)) := L(0, On,,n,(0, R)).

Some remarks about Theorem 3.1 are in order.
Remark 3.2 (i) When N =Ny =1, oy =ap = H and Hd < 2, the existence of the
intersection local time was proved by Nualart and Oritz-Latorre [12] as the L2-limit
of
I.(B", B = f / pe(BR(s) — B (1)) dsdt, ase— 0, (3.6)
0 Jo
where p.(x) = 2me)4/? exp(—|x|?/(2¢)). They also proved that if Hd > 2, then
I]E BY BH)] = d limVar[Z,(BY, B")] = cc.
imE[ L ( )]=o00 an 81&1 ar[ 1 ( )] =00
In the above, B = (B¥ (1)1 > 0} and B¥ = (B (1), > 0} are two independent
fractional Brownian motions with values in R? and index H € (0, 1). Similar method

can be applied to show that the intersection local time L*"*2(Op, n, (0, R)) in The-
orem 3.1 can be chosen as the L2-limit of the following approximating functionals

I (BO”, Baz) = / De (BO‘1 (s) — B*? (t)) dsdt, ase— 0. 3.7
Ony N, (0,R)
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Moreover, we are able to show that, if 2’—1‘ + 5—22 =d, then

E[I:(B*', B*)] ~ c(a1, a2, N1, N2) ln(é>, ase — 0, (3.8)
where c(a1, a2, N1, N2) > 0 is a constant depending on «1, a2 and Ny, N3 only. This
raises an interesting question whether I, can be renormalized to converge to a non-
trivial limiting process. This and other related questions will be dealt with elsewhere
since they require different methods.

(ii) It follows from the operator-scaling property (1.4) of X and (3.5) that the
intersection local time L**2(Op, n,(0, R)) has the following scaling property: For
any constant ¢ > 0,

A d [ MyM g
{L92(cA 0Ny, (0, B), R > 0} £ {cor T2~ L2 (0, 0, B)), R > 0.
(3.9)
Here A is the N x N diagonal matrix as in (1.4).
(iii) We say that the sample functions of B®' and B intersect if there exist
s € RV and t € RM such that B*! (s) = B®(¢). It is also of interest to study the
geometric properties of the set of intersection times

My ={(s,1) eRY : B (s) = B (1)}
and the set of intersection points
Dy ={x e R? : x = B* (5) = B (¢) for some (s, 1) e RV},

because they are often random fractals. The existence of the intersection local time
and its properties are closely related to the existence of intersections of the sample
functions of B*! and B®? and the geometric properties of M and D,. Similar to
Theorem 7.1 in [23], we can prove that if g—ll + 2/—22 > d then M; # () with positive

probability. On the other hand, Theorem 3.2 in [20] proved that if 2]—11 + Z—zz <d then
M, = () almost surely. In Sect. 4, we will give more information on the Hausdorff and
packing dimensions of M>, as well as a lower bound for the exact Hausdorff measure
of M. The Hausdorff and packing dimensions of D; are determined in Sect. 5.

Proof of Theorem 3.1 Note that the Fourier transform of the occupation measure

Hoy, xR of X is

ﬁON . <0,R)($):/ HEXGD) go g
12 ONy.N, (0.R)

It follows from the Plancherel Theorem that X has a local time L(x, On,, n,(0, R)) €
L2(P x Aq) with a representation (3.5) if and only if

J = dsdtdvdw/ |Eexp(i{y, X (s.1) — X (v, w)))|dy < co. (3.10)
0%y vy OR) Rd
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See Theorem 21.9 of [6]. Hence, it suffices to prove that (3.10) holds if and only if
N ‘ + 5 N 2 > d. For this purpose, we use the independence of the coordinate processes
ofX (1 3) and (1.1) to deduce that

dsdtdvdw
J= E(X X 21d/2
03, v, 0.R) [E(Xo(s, 1) = Xo(v, w))?]
dsdtdvd
=/ . 3.11)
0%,y O.R) LIS — V[Z1 + |t —w]%2] /

By using spherical variable substitutions and Lemma 2.2, it is elementary to verify
that the last integral in (3.11) is finite if and only if {j—ll + 2’—22 >d.

When the later holds, one can apply Theorem 6.3 in [6] to choose a version of the
local time of X, still denoted by L, such that it is a kernel in the following sense: For
every x € R, L(x, -) is a finite measure on B(Oy;, n, (0, R)) and, for every Borel set
E € B(On,,n,(0, R)), x = L(x, E) is a measurable function. This proves the main
conclusion of Theorem 3.1. Finally, by taking x = 0 we prove the last conclusion of
Theorem 3.1. O

Theorem 3.3 Let B! and B*? be defined as that in Theorem 3.1. If Z—l‘ + g—zz >d,

then B! and B®2 have almost surely a continuous intersection local time on RN1 N2

As in the proof of Theorem 3.1, we will prove a stronger result that X has almost
surely a jointly continuous local time on RV1+¥2_ The proof is based on the following
Lemmas 3.4 and 3.6. They will also play an essential role in Sect. 4 for establishing
Holder conditions for the intersection local times.

Under the condition 5—1‘ + Z—zz > d, define

1 d (3.12)
T = .
2 if{j—;gd<{j—;+{j—;
and
N —oyd ifr=1, 313
Pe= N+ @ENi—ad ifT=2. (3.13)

(Recall that we assumed o1 < «p throughout the paper, and N = N1 + N;.) We will
also make use of the following notation:

wd ifr=1,
Ne = { M (3.14)

ad _ Ny e
v, T 1= o ift=2.

Note that, if N| = «1d, then 8; = N> and n,; = 1. To emphasize the importance of 3,
and n,, we point out that 8, is the Hausdorff dimension of the set M; of intersection
times and 1, is useful for determining the exact Hausdorff measure of M>. See Sect. 4
for more information.
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Lemma 3.4 Suppose the assumptions of Theorem 3.3 hold. Then, there exist positive
and finite constants € € (0, 1/e) and Cy1s which depend on a1, a2, N1, N2 and d only,
such that for all r € (0,¢), D := On, N, (u, 1), where u = (uy1,u3) € RV, all x e R4
and all integers n > 1, we have

.~ N
 (nymrh if gt >d,
(W N
E[L(X, D)n] < cgln!r"Nz H?‘:] 10g(€+%) lfa—ll :d,
.~ N N N
¢y, ()t fa<d<g+a-

(3.15)

In the above, y* = max{y, 0} for every y € R.

Remark 3.5 From (3.13) and (3.14), it can be verified that

N — T
Pt <N e (3.16)

We observe that the power of n! in (3.15) becomes (N — 8;)/N when X is an
isotropic Gaussian field as in [19] and is N — B; when X is anisotropic in every
coordinate (with the same scaling or Holder index) as in [2]. These seem to be the
extreme cases. In the present paper, if we assume N1 # N, and o1 # oy, then strict
inequalities in (3.16) may hold and if, in addition, N1 = «1d, then extra logarithmic
factors appear in the estimate (3.15). Lemma 3.4 suggests that the local time L (x, -)
may satisfy a law of the iterated logarithm which is different from those for the lo-
cal times of an (N, d)-fractional Brownian motion or an (N, d)-fractional Brownian
sheet with index (c, ..., @); see (4.10), (4.12) and (4.13) below. This leads us to ex-
pect that the exact Hausdorff measure function for M> may be different from those
for the level sets of fractional Brownian motion and fractional Brownian sheets, re-
spectively. It would be interesting to investigate these problems.

Proof of Lemma 3.4 Even though the proof of Lemma 3.4 follows the same spirit
of the proofs of Lemma 2.5 in [19] and Lemma 3.7 in [2], there are some subtle
differences (see the remark above). Hence we give a complete proof. In particular,
we provide a direct way to estimate the last integral in (3.17) below. We believe that
this method will be useful elsewhere.

It follows from (3.3) and the fact that X1, ..., X; are independent copies of X
that, for all integers n > 1,

[L(x D) < Qn)” nd/ H{/ exp[—EVar(Zuj kXO(sj,tj)ﬂdﬁk}df

:(2n)_”d/2/ [detCOV(Xo(sl,tl),...,Xo(s,,,tn))]_%df, (3.17)
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where uy = (U1 k,...,unk) € R", t=(s1,4,...,5,,t,) and the equality follows
from the fact that for any positive definite n x n matrix I,

det(I")]'/2 1
&exp<— —x’rx) dx =1. (3.18)
Rn (27-’:)"/2 2
In order to prove (3.15), we consider the three cases separately: 2’—11 >d, 2’—11 <

N M N
d<a1 —i—m,andml =

In the case 2’—11 > d, thanks to (2.6), we have

E[L(x, D)"]

n
1 —
<cl | | dsdt
—C3v2/mj_1min{|sj—s,-|a1d,05isj—1} '

n
1
=c" / / . — ds | dt
2 Oy, (u2,r) \J O, (ur.r) ]1:[1 (min{|s; —s;|*1,0<i < j— 1hH4

" 1

=c" N2 / , — ds, (3.19)
3,3 oy, ) ik m1n{|sj'—sl~|oz1d70§l <j—1}
where so:=0,5=(s1,...,sp) and t = (¢1, ..., 1,).
Since N > a1d, we integrate the last integral in (3.19) in the order ds,,, ..., ds;
and apply Part (i) of Lemma 2.4 iteratively. This yields
ayd
E[L(x, D)"] < (nh) M pNimend) o pnla — o2 (ympnbi, (3.20)

which proves (3.15) for the case g—l‘ >d [ie.,T=1].
In the second and third cases [i.e., 5—1‘ <d < 2’—1‘ + 2’—22] we use (3.17) and (2.6) to
obtain

E[L(x, D)"]

n
1 _
<c / . . dsdi. (3.21)
34 Jpn 11:[] (ming<k<j—1|sj — sk|% 4+ ming<g<j1 |t; — 1x|*2)4

To estimate the last integral in (3.21), we will integrate in the order of ds,, dt,,, ...,

dsy, dty. In the case of % <d < 1;/—11 + 5—22, we apply Part (i) of Lemma 2.3 with

. ! )
A =mino<g<p—1 |t — |*? to derive

f dsy
O, (ur,ry (MIN0<k<p—1 [Sp — 8k|*1 +Mino<k<p—1 |tn — fe|e2)d

C2'31’l

=

(3.22)

a--
[man§k§n—l [tn — 1|*2] «
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Since oo (d — g—l‘) < N», it follows from (3.22) and Part (i) of Lemma 2.4 that

/ ds,dt,
p (Ming<k<p—1 |sp — Sk|% + mino<g<n—1 |ty — 1x|*2)4

- dt,
= Ga0 o N

. d——1
Na (u2.r) (mln0§k§n—l |tn - tk|a2) “1

ap(ayd—Ny)
=¢Cy5n 12

—a@d-M
Nemead=gh _ C&Snnzrﬁz_ (3.23)

Repeating the above procedure yields (3.15) for the case of ]:—1' <d < g]—: + 2’—22

Finally, we consider the case of % =d. Let k € (0, 1) be a constant such that
ko /a1 < No. Applying Part (ii) of Lemma 2.3 with A = ming<x<p—1 |t, — t%|*?, we
have

/ ds,
O, (ur,r) (MiNO<k=n—1 ISy — sk + Ming<g<p—1 [t — t&]*2)

. w\ Ve "
=cenloglet <0<5€n<1;1_1 ltn — 1k ) ) | (3.24)

It follows from (3.24) and Part (ii) of Lemma 2.4 (with 8 = ka2/a; and K =
(rnfl/Nl)") that

/ ds,dt,
p (Ming<i<p—1 |$p — $k|% + mino<g<n—1 tn — 1x[%2)4

comfwfer (i o) (o) Ja
C3 6T ogle min _
m On, (u2.7) & okzn—1 "k Sy n

N r —Kkay /o r K
§C3Y7I’l}" 210g|:€+ (nl/—Nz) <nl/—Nl> ]

L] 9]
n M TN\ K/
= M og| e +
=c,,nr g pr—"

=< C3’8nrN2 log(e + n . ) (3.25)

(Recall that y* = max{y, 0}.)
By iterating the procedure and integrating ds,_1, dft,—1, ..., dsy, dt;, we obtain

n . v
E[L(x, D)n] < C;z’l(n!)nzrnﬁz 1_[ log<e + J,»OlT) (3.26)
j=1

This finishes the proof of the moment estimate (3.15). Il
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The following lemma estimates the higher moments of the increments of the local
times of X. Combined with Kolmogorov’s continuity theorem, it immediately implies
the existence of a continuous version of x — L(x, D).

Lemma 3.6 Suppose the assumptions of Theorem 3.3 hold. Then, there exist positive
constants c,, and k1, depending on €, a1, a2, N1, N2 and d only, such that, for any
r>0, D:=O0n,N,u,r) foru=u,u) e RN, all x,y € RY with |x — y| <1, all
even integers n > 1, and all y € (0, 1) small enough, we have

E[(L(x, D) — L(y, D))"] < ()= 17 |x — |V pPe=r17), (3.27)

Proof Let y € (0, 1) be a small constant whose value will be determined later. Note
that by the elementary inequalities

le* — 1] <2'77|u|” forallu eR (3.28)
and |u +v|” <|u|” + |v|¥, we see that for all uy,...,u,, x, y € RY,
n , n
1_[|e—i(uj,x) _ e—i<uj,y)| < 2(=y)n Ix — y|"Y Z 1_[ |Mj,kj v, (3.29)
j=1 j=1
where the summation Z/ is taken over all the sequences (k1,...,k,) € {1,...,d}".

It follows from (3.4) and (3.29) that for every even integer n > 2,
E[(L(x, D) = L(y, D))"]
< Qm) MU e —y

n n
X Z’/n /Rnd 1_[ |um,km|VEexp<—i ;(“j»X(Sij))) du dt

m=1

/ _
SC;l‘10|x _y|ny Z /n dt
‘ 1 n 1/n
X 1_[1 { /Rnd | ko " exp|:_§Var<Z<Mj»X(S.,',t.,')>):|dﬁ} . (3.30)
m=

Jj=1

where the last inequality follows from the generalized Holder inequality.

Now we fix a vector k = (k1, ko, ..., k,) € {1,...,d}" and n points (s1, 1), ...,
(sn, ty) € D\{0} such that sq, 1, ..., sy, t, are all distinct [the set of such points has
full n N -dimensional Lebesgue measure]. Let M = M (k, t, y) be defined by

n n 1/n
1 _
M= ,E] {/Rd |t 1, " exp|:—§Var<j§(uj, X (s}, t,»)))} du} . 33D

Note that X, (1 < £ < d) are independent copies of X(. By the strong local nondeter-
minism of fractional Brownian motions B! and B;j> and (2.6), the random variables
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X¢(sj,tj) (1 =€ <d,1<j<n)are linearly independent. Hence Lemma 2.5 gives

n

n 1 _
/R,,d |”21m} Y exp|:—§Var<Z(uj, X(sj, tj)>):| du

j=1

(2n)(nd—l)/2 v ny 2
= — ~-Td
[detCov(Xo(s1, 1), - -, Xo(Sn, £n))]4/2 /R(Gm) ‘ ’

DI 1

< -
~ [detCov(Xo(s1, 1), ..., Xo(sn, tu)14/2 07

C

(3.32)

where 0,%, is the conditional variance of Xy, (sy, tm) given X;(s;, t;) (i # ky ori =
k,, but j # m), and the last inequality follows from Stirling’s formula.
Combining (3.31) and (3.32) we obtain

" (n)Y n

1
< L —. 3.33
M - [detCOV(XO(Sl,tl), "'aXO(Sn’t)’l))]d/zml_[:l Gr)n/ ( )

The second product in (3.33) is a “perturbation” factor and will be shown to be
small when integrated. For this purpose, we use again the independence of the coor-
dinate processes of X, (2.2) and (2.1) to derive

o = Var(X, (Sm. tm) | Xi, (5j, 1)), j #m)
> Var(By! () | BLL (), j #m) + Var(Bp2 (tn) | BE (1)), j #m)
> ¢? (min{|sm —sj|2"‘1 D ;ém} +min{|tm — tj|2°‘2 D #m}) (3.34)

— 3,12

As in the proof of (3.15), we will prove (3.27) by cases.
If g—ll > d, then we take y € (0, %(g—ll —d)) so that

a1(d+2y) < Np. (3.35)
For any n points (s1,?1),..., (S, n) € D\{0}, we define a permutation s of
{1,2, ..., n} such that
|Sm(1)| =min{|s,-|,i= 1,...,11},

IS7,(j) — Smy(j—nl =min{ls; — sz, j—pl. i € {1, ..., n}\{ms (D), ..., 7 (j — D}}.

Then, by (3.34), we have

LS| - 1
—V S
et Om ey CanallSzoom) = Sz n—n 1" A IS on1) = S |17
n
1
—n
5 63,12 1_[

|Sny(m) - Srrx(m—l)|2aly

<c !
c .
- e [detCov(Bg‘1 (s1), ..., Bg‘ ()14

m=1

(3.36)
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It follows from (3.33), (2.6) and (3.36) that

n ny n
< (n!)

1
< J—
M= [detCov(By' (s1), ..., By (sp))1%/? rl_:[l om

1
<c" nY
= ) eCov (BT (o0, ... BY (o)) @272

n
1
n ! V4
<, /]j[l il @ 0T < 1) (3.37)
Therefore, by (3.35) and Lemma 2.4, we have
z 1
ML y)di < " n!y/ dt
/Dn (kty)dt=c, o Dnjl.j[lminns,- — @@ 0<i<j—1)
< Cn (n,)al(;{vtzy)+)/rn(N1—oz1(d+2y)) X rnNz
— 3,15 :
— oyt -2, (3.38)
3,15

We combine (3.30) and (3.38) to obtain

2a

E[(L(x, D) — L(y, D))"] < cglé(nz)”1+(vf+‘)y|x — gy B2y (330)

By choosing the constant x| > max{zl\}il1 + 1, 21}, we prove (3.27) for the case 2’—11 >

d@Ge.,t=1).
Now we prove (3.27) for the case of g—ll <d< g—ll + 5—22 Inspired by Lemma 3.4

in [2], we choose
1/N N.
y € (O, —(—1 + =2 —d)>,
4\ o o

1 N N
8=—min{1,a1(—1+—2—d>,a1y} (3.40)
2 o o2
and set
1 N1 -6 1 1
— = , —=1-—. (3.41)
D1 ad j2) D1
Clearly, we have
1 1
p1> 1, p2 > 1, — 4+ —=1 (3.42)
P1 p2
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and
M =N; -8 <Ny,
p (3.43)
M=Ol2<d—&—i-i> < Na,
P2 a o«

where the last inequality follows from the fact that § < % (2]—11 + 5—22 —d). By asimple
computation, we also have

d ad
NE 20N +aad - %N1+<%— 1>5=N—,32+ (ﬁ - 1)5 (3.44)
4 )2 al o] a1
and

d d N 1 1
L 1+(a2 )3=n2+(a2 ——)a.

Nipi  Napy Ny a1V aN, Ny aiN, Ny
(3.45)
Furthermore, from the way we define y, § and p,, we know
ord
— 4+ 2a2y < N». (3.46)
P2
For any n points (sq,t),..., (sn,#;) € D\{0}, we define a permutation m; of
{1,2, ..., n} such that
|l‘m(1)| =min{|t,-|,i= 1,...,7’1},

|t (j) — tr (-1l = min{lti — tz,j—pyl.i € {1, ..., a\{m (D), ..., m( — D}}.
Then, by (3.34), we have

n

15 =11 !

oo om oy Gl = =112 Atz ant 1) = L om) [4217

1
- . 3.47
=G0 [detCov(By* (1), - .., By (ta)]” o

Recall from (2.6) that

detCOV(X()(Sl 1),y Xo(sy, tn))
> detCOV(Bg' (s1), ..., Bgl (Sn)) + detCOV(Bg2 (t),..., Bgz (l‘n)). (3.48)

Hence,
[detCov(Xo(s1, 1), ..., Xo(su, t,,))]_%

< [detCov(Bg" (s1), ..., By (sn))]‘# [detCov(By2(t1), ..., By> (zn))]‘i.
(3.49)
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It follows from (3.33), (3.47) and (3.49) that

n ] }/ n
03,11(’1')

1
M < —
- [detCOV(XO(Sl ’ t1)7 LR XO(Sn» tn))]d/z n11:[1 013;

n Y4
<y (n?)

=< d_ d 4,
[detCOV(Bgl (1), ..., Bgl (sp))]%71 [detCOV(BS[2 (t), ..., Bgz (th))]%72 tr

(3.50)

Combining (3.50), (3.43), (3.46) and Lemma 2.4, we obtain

_ _ ds
/ /\/l(k,t, y)dt5c217(n!)y/ il -
" OR, @1.r) [detCov(BS! (51, ..., B (s,))1771

/ dt

X

0% (uz.r) o @, 120 Y
Ry @20 [detCov(BE (1), . .., B (t,))]772

2 apd 2(Y_2 _\2 M_
<cl (n!)ZK=' Nepe T4 )Y V=2 57 —eay)
< C;th(n!)n2+K1Vrn(ﬁz—K1)/). (3.51)

In the above, the constant x| > O is chosen appropriately by taking into account
(3.44), (3.45) and (3.39). The value of «; depends on a1, a2, N1, N2 and d only.
We combine (3.30) and (3.51) to obtain

E[(L(x. D) — L(y. D))"] < c?, (n)PH17 |x — y|¥ prPr=sar), (3.52)
This proves (3.27) for the case of 2]—1‘ <d < g—: + g—zz (i.e., T = 2). The proof of
Lemma 3.6 is complete. O

Now we are ready to prove Theorem 3.3.

Proof of Theorem 3.3 The proof of the joint continuity of the local time of X is
similar to that of Theorem 3.1 in [2] (see also the proof of Theorem 8.2 in [23]).
Hence we only give a sketch of it.

It suffices to show that for any fixed u = (u1, us) € RY and R > 0, the local time
L(x,(s,t)) := L(x,[uy,u; + s] x [up,up + t]) has a version which is continuous
in (x,s5,1) € R? x [0, R]" almost surely. For simplicity of notation, we assume u =
(0, 0). Observe that for all x,y € R4, (s,1), (v, w) € [0, R]Y and all even integers
n > 1, we have

E[(L(x, [0, 5] x [0,£]) — L(y,[0, v] x [0, w]))"]
< 2""ME[(L(x,[0,s] x [0, 1) — L(x, [0, v] x [0, w]))"]
+E[(L(x,[0,v] x [0, w]) — L(y, [0, v] x [0, w]))"]}.  (3.53)
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Since L(x,-) is a finite Borel measure, the difference L(x,[0,s] x [0,t]) —
L(x,[0,v] x [0,w]) can be bounded by a sum of finite number of terms of
the form L(x, D;), where each D; is a closed subset of [0, RIN of the form
On, (-, 7) x O, (-, r) with the radius r < J|(s, ) — (v, w)| := 1 /Is — w2 + |t — w2
We can use (3.15) to bound the first term in (3.53). On the other hand, the second term
in (3.53) can be dealt with by using (3.27). Consequently, there exist some constants
y € (0, 1) and ng such that for all x, y € R, (s, 1), (v, w) € On.N, (0, R)N Rﬁ and
all even integers n > no,

E[(L(x, [0, 5] x [0,£1) — L(y, [0, v] x [0, w]))"]
<cl (Ix =yl +|6.0— @ w)|)". (3.54)

- 3,19

It follows from (3.54) and the multiparameter version of Kolmogorov’s continuity
theorem (cf. [9]) that there exists a modification of the local times of X, still denoted
by L(x, (s,1)), such that it is continuous for x € RY, (s,1) € [0, R]Y. This finishes
the proof of Theorem 3.3. O

4 Exponential Integrability and Holder Conditions for the Intersection Local
Times

In this section, we investigate the exponential integrability and asymptotic behavior
of the local time L(x, ) of X. As applications of the later result, we obtain a lower
bound for the exact Hausdorff measure of the set M» of the intersection times of B*!
and B2,

The following two technical lemmas will play essential rdles in our derivation.

Lemma 4.1 Under the conditions of Theorem 3.3, there exist positive and finite con-
stants € € (0, 1/e), ¢, , and c,,, depending on a1, az, N1, N2, and d only, such that
the following hold:

(i) Forall (ai,a>) € RN and D = On,. N, (a1, a2), r) with radius r € (0,¢€), x € RY

and all integers n > 1,

[ rhra
E[L(x + X(a1,a2), D)"] < (822t

i N2 N N
chn!r”Nz H;l':l 10g(€ + jr“T) lfot_ll =d.
4.1

(ii) Forall (a1, a2) € RN and D = On, n,((a1,a2),r) with radiusr >0, x,y € R4
with |x — y| <1, all even integers n > 1 and all y € (0, 1) small,

E[(L(x + X(a1,a2), D) — L(y + X (a1, a2), D))" ]

< cfz(n!)"’+'(1y|x _ y|n)/rn(ﬂr—K1)/)' 4.2)

In the above, k1 > 0 is the same constant as in Lemma 3.6.
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Proof For any fixed (aj,ar) € RY, we define the Gaussian random field ¥ =
{Y(s,1), (s,1) € RV} with values in R? by Y (s, 1) = X (s, 1) — X (a1, a2). It follows
from (3.1) that if X has a local time L(x, S) on any Borel set S, then Y also has a
local time L(x, S) on S and, moreover, L(x + X (ay, a2), S) = Z(x, S). Since X has
stationary increments, both Lemmas 3.4 and 3.6 hold for the Gaussian field Y. This
proves (4.1) and (4.2). O

The following lemma is a consequence of Lemma 4.1 and Chebyshev’s inequality.

Lemma 4.2 Assume the conditions of Theorem 3.3 hold. For any b > 0, there exist
positive and finite constants ¢ € (0, 1/e), Cy35CaqsCys (depending on a1, an, N1, N
and d only), such that for all (a1, az) € RN, D= On, n,((ar1,a2),r) withr € (0, &),
x € R and u > 1 large enough, the following inequalities hold:

(1) If N1 # o1d, then
P{L(x + X (a1,a2), D) > C4,3r5’u’7’} <exp(—bu). 4.3)
(i) If N1 = a1d, then

22 9 y+

P{L(x + X (a1, az), D) > c4_4rN2ulog<e + v

r(xz—a]

)} <exp(—bu). (4.4)

(iii) Forx,y eR% with |x —y| <1 and y > 0 small,

P{|L(x + X(a1,a2), D) — L(y + X (a1, a2), D)

>c,5lx — y|”r’3’7’”’u’7f+"y} < exp(—bu). 4.5)

Proof The proofs of Parts (i) and (iii) based on Lemma 4.1 and Chebyshev’s inequal-
ity are standard, hence omitted. In the following we prove (ii). Define the random
variable A = L(x + X (a1, a2), D)/r™2. For u > 0 large, let n = |u], the largest pos-
itive integer no bigger than u. We apply Chebyshev’s inequality and Lemma 4.1 to
obtain

prmcE
P{A > culog(e + W)}
n _(;‘\%7%11#
3 (q_,l)”l_[,/zllog(eJrW) <<c4_,1)” “46)
~\ec (#-Fht “\ec )’ '
log" (¢ + "5 —)

where ¢ > 0 is a constant whose value will be determined later, and where we have
used the fact that for j € {1,2,...,n},

R W B
IOg(e + W) f log(e + r012—<¥l>'
By taking ¢ = ¢, , large so that log(c, , /(ec)) < —b, we obtain (4.4). Il
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The following result about the exponential integrability of L(x, D) is a direct con-
sequence of Lemma 4.2. We omit its proof.

Theorem 4.3 Assume that the conditions of Theorem 3.3 hold and let D :=
On, N, (0, 1). Then there exists a constant § > 0, depending on a1, oz, N1, N2 and d
only, such that the following hold:

(1) If N1 # a1d, then for every x € R4
E(ePL-P0) <1, .7

where n; is the constant given in (3.14).
(i1) If Ny = a1d, then

E(efS'/f.%(L(X,Dl))) <1, (4.8)

where Y3(y) = y/log(e + y) forall y > 0.

Now we study the local Holder condition of the intersection local time L*!-%2(-)
and its connection to fractal properties of the set of intersection times M, of B“!
and B2,

Since M is the zero-set of X, namely, M> = X -1 (0), and the Gaussian random
field X satisfies the conditions in [23]. It follows from Theorem 7.1 in [23] that

dim, My = dim, M = B, (4.9)

with positive probability. In the above, dim,; and dim, denote Hausdorff and packing
dimension, respectively; see [5] for more information. In Corollary 4.6 below, we
will show that (4.9) holds with probability 1.

It is an interesting problem to determine the exact Hausdorff and packing measure
functions for M5. For this purpose, the limsup and liminf type laws of the iterated log-
arithm need to be established, respectively, for the intersection local time L%!-%2(-).

In the following, we consider the limsup laws of the iterated logarithm for the local
time L(x,-) of X. By applying Lemma 4.2 (with (a;, a2) = (0,0)) and the Borel-
Cantelli lemma, one can easily derive the following result: There exists a positive
constant c, such that for every x € R4 and (s,1) e RN,

L(x, Ony N, ((5,0), 1))

limS(l)lp o) <44 A8, (4.10)
r—
where
rPr(loglog(1/r))" if N| #a1d,
o1(r)= G-t 4.11)
V2 (loglog(1/r)) log(e + Qeloelmy 2 Ty ip ) — 4.

It is worthwhile to compare (4.10) with the corresponding results for (N, d) fractional
Brownian motion of index « in [19] and the (N, d) fractional Brownian sheets with
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index (o, ..., ) € (0, 1)V in [2]. In the former case, X is isotropic and its local time
L(x, -) satisfies

L(x, On(t,
lim sup N d(x Nt 1)) N =Ciqs  AS., 4.12)
r—0 YT (IOg 10g 1/,,)05 / '

while the local time of the (N, d) fractional Brownian sheet with index («, ..., a) €
0, DV satisfies

L L 0N )
C )
o rN = (loglog 1/r)d = 8

a.s. (4.13)

Note that, the anisotropy of the fractional Brownian sheet only increases the power
of the correction factor loglog 1/r. For the Gaussian random field X defined by (1.3)
with N1 = «1d, (4.10) suggests that the asymptotic properties of the local times of X
may be significantly different from those in (4.12) and (4.13). In fact, when N| = «1d
and as r | 0, we have

rM2loglog(1/r)logloglog(1/r) if ap =ay, &

2

>
@1(r) ~ { rV2loglog(1/r) if(xz:otl,a—zzf—ll,

rN21og(1/r)loglog(1/r) if ap > ay.

However, in this later case, it is unclear to us whether the logarithmic correction factor
in (4.11) is sharp. It would be interesting to study this problem and establish sharp
laws of the iterated logarithm for the local times of X. For such a result for the local
times of a one-parameter fractional Brownian motion, see [3].

As a consequence of (4.10) we have for the intersection local time of B*! and B*2
that, for every (s, 1) € RV,

. Lal’az(ONl,Nz((Svt)vr))
lim sup
r—0 (Pl(”)

< €4 AS. 4.14)

It follows from Fubini’s theorem that, with probability one, (4.14) holds for
Ay-almost all (s, 1) € RY. Now we prove a stronger version of this result, which
is useful in determining the exact Hausdorff measure of M5.

Theorem 4.4 Assume that 211_11 + 5—22 > d. Let T € {1,2} be the integer defined in
(3.12) and let D = Op, N, (0, R) be fixed. Let L*1*2(-) be the intersection local time
of B®! and B®?, which is a random measure supported on the set M. Then there
exists a positive and finite constant c, , such that with probability 1,

L2 (0N, 3, (5,0, 7)) _

lim sup <y (4.15)

r—0 @1 (l’)
holds for L1°2(-)-almost all (s, t) € D, where @1 (r) is defined in (4.11).

Proof Again we work on the random field X defined by (1.3). For every inte-
ger k > 0, we consider the random measure L(x,e) on the Borel subsets C of
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On,,n, (0, R) defined by

k|1 X (s, 1) —x|?
Lk(x,C)z/.(Zﬂk)d/zexp(—M) dsdt
C

2
[/dexp<—ﬁ+z(g X (s, r)—x))dsdsdz. (4.16)
R

Then, by the occupation density formula (3.1) and the continuity of the function
y+ L(y,C), one can verify that almost surely L (x, C) — L(x, C) as k — oo for
every Borel set C € On,, N, (0, R).

For every integer m > 1, denote f,(s,t) = L(x, Oy, n,((s,t),27™)). From the
proof of Theorem 3.3 we can see that almost surely the functions f;, (s, t) are contin-
uous and bounded. Hence we have almost surely, for all integers m,n > 1,

/ [fn(s. D] L(x,dsdt) = lim [fn(s. D] Li(x, ds dt).
On,.N, (O.R) k=00 Joy, ,(0.R)
(4.17)

It follows from (4.17), (4.16) and the proof of Proposition 3.1 of [13] that, for every
positive integer n > 1,

IE/ [fin(s. D] L(x,dsdt)
On, N, (0,R)

1 (n+1)d n+1 '
—(— exp| —i ) (x,u/)
(277) /ONI,N2 (O.R) /;)NI,NZ((s,z),zm)n /I?&("“)d ;

n+l1
x Eexp(i >l X (s t,))) dudt, (4.18)

j=1

where @ = (u!, ..., u"t") e R"*tD4 and t = (s,¢, 51,11, ..., Sn. t). Similar to the
proof of (3.15) we have that the right hand side of (4.18) is at most

410 dt
/0,\,1 N, (0.R) /ONl N, (5,0),2-my [detCov(Xo(s, 1), Xo(s1,11), - .. Xo(sn, ta))]19/2
¢, ()2, if Ny # a1d,
<{ AL | 10g(e+] fvllﬁzwrwm) if Ny =a1d,

411

(4.19)

where Cyil is a positive finite constant depending on «, a2, N1, N2, d and R only.
Let p > 0 be a constant whose value will be determined later. We consider the
random set

Dy(@) = {(5.1) € Ony ;0 R) & fon (s, 1) = p1 27™)).

Denote by u,, the restriction of the random measure L(x,-) on Oy, n,(0, R), that
is, wuw(E) = L(x, E N On, N,(0, R)) for every Borel set E C RY. Now we take
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n = [logm]. Then, by applying (4.19) and by Stirling’s formula, we have

E [fn(s, )] L(x,dsdt)
Eite(Dy) < Jon 0 — <m™2, (4.20)
[pp1(27™)]"

provided p > 0 is chosen large enough, say, p > chez :=c¢,,. This implies that
(o8]
E(Z uw(Dm)) < 0.
m=1

Therefore, with probability 1 for 1, almost all (s, t) € On,, N, (0, R), we derive

li L(x, ONl,Nz((sst)vzim))
imsup — = Cuo-
m—>00 p1(27™) '

4.21)

Finally, for any r > 0 small enough, there exists an integer m such that 27" <r <
2-m+1 and (4.21) is applicable. Since ¢ () is increasing near r = 0, (4.15) follows
from (4.21). O

As an application of Theorem 4.4, we derive a lower bound for the exact Hausdorff
measure of the set M of intersection times. The corresponding problem for the upper
bound remains open.

Theorem 4.5 Let B! = {B¥ (s),s € RV} and B* = {B*2(t), t € RN} be two in-
dependent fractional Brownian motions with values in R¢ and Hurst indices a1 and

oy, respectively. Assume that % + % > d. Then, for every R > 0, there exists a

positive constant c, |, such that with probability 1,
@1-m(M> 0 Oy N, (0, R)) > ¢, , L(x, Oy, N, (0, R)), 4.22)
where @1-m denotes the ¢1-Hausdorff measure.

Proof As in the proof of Theorem 4.1 in [19], (4.22) follows from Theorem 4.4 and
the upper density theorem of [15]. We omit the details. g

As a corollary of Theorem 4.5, we have the following result which is stronger than
(4.9).

Corollary 4.6 Let B*! and B®? be defined as that in Theorem 4.5. If g—ll + 5—22 >d,
then with probability 1,

- N
N —ayd if a—ll >d,

dim, M, = dim, M, =
! Y Nz—i-g—TN]—(xzd ifi\l/—llfd<g—ll+g—22.

(4.23)

Proof 1Tt is known from Theorem 7.1 in [23] that dim, M < B; almost surely. In or-
der to prove dim, M, > B, almost surely, thanks to Theorem 4.5, it is sufficient to
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show that with probability 1, the intersection local time L*"*2(On, n,(0, R)) >0
for R large enough. We can actually prove a stronger result than this last statement.
First note that, when x = 0, (3.17) becomes an equality. Thus, one can verify that
E[L*%2(On,,n, (0, 1))] > 0, which implies that L*>*2(Ox, N, (0, 1)) > 0 with pos-
itive probability. More precisely, there exist positive constants §; and 8, such that
P(L**2(Opn,,N,(0, 1)) = 81) = 85.

For any integer n > 1, define the event

N N-
Aw={L(0,10, 277/ 1M 0,272 ) = 512‘”‘—1'+a—§_d)}.

By the scaling property (3.9), we have P(A,) > &, for all n > 1. It follows from
this and Fatou’s lemma that P(limsup,,_, ., An) > 6. This implies that with positive
probability

Leve ([0, 71/ x [0, r1/e2]V2))
lim sup > 4.

N M
r—0 por Tay 4

(4.24)

Finally, note that the Gaussian field X has stationary increments and satisfies the
condition of Theorem 2.1 of [14], which is a zero-one law for X at 0. Hence (4.24)
holds with probability 1 which, in turn, implies L*"*2(On, n,(0, R)) > 0 for all
R >0. O

5 Hausdorff and Packing Dimensions of D;

In this section, we determine the Hausdorff and packing dimensions of the set D>
of intersection points of B*! and B2, defined by D; = {x € R?: x = BY (s) =
B®(t) for some (s,7) € RV}. Note that we can rewrite D, as D, = B (RN1) N
B2 (RM).

Theorem 5.1 Let B*' and B®? be defined as that in Theorem 4.5. If i\(/_ll + 21—22 >d,
then with probability 1,

d if N\ >a1d and Ny > aad,
g—zz if NI > a1d and Ny < aad,
dimy Dy =dim, Dy = Ny .1

o if N\ <a1d and Ny > aad,
N N .
a_:+a_22_d if N1 <a1d and Ny < apd.

In order to prove Theorem 5.1, we will make use of the following two lemmas
which are corollaries of the results in [11].

Lemma 5.2 Let B = {B%(¢t),t € R?} be a fractional Brownian motion with values
in RY and index a € (0, 1). If p > ad, then almost surely B*(RP) =R<.

Lemma 5.3 Let B = {B%(t),t € R} be a fractional Brownian motion with values
in R? and index o € (0, 1). If p < ad, then for any constants R > 1, & > 0 and p > 0
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such that 0 < o — ¢ < B < «, the following statement holds: With probability 1, for
large enough n and for all balls U € R? of radius 27", the inverse image (B*) ™1 (U)
can intersect at most 2"¢¢ cubes 1,  of the form

Inylgz{te[O, R :(ki—127" <t; <k;27", i=1,2,...,p},
wherel;:(kl,...,kp)andl <ki<R2"fori=1,...,p.

Proof of Theorem 5.1 We prove (5.1) by considering the four cases separately.

Firstly, we assume that N1 > o1d and N> > aad. It follows from Lemma 5.2 that
almost surely B (RV1) = B®2(RM2) = R4. Hence D, = B* (RV1) N B2 (RM2) =
R4 a.s., which implies that dim,; Dy = dim, D, = d almost surely.

Secondly, we assume that N; > o1d and Ny < ard. Then D, = B* (RM) N
B (RM?) = B®(RM) a.s., which yields dim,, D, = dim, D, = N2 /a; almost surely.
The proof for the case N1 < «1d and N> > «,d is similar.

Finally, we consider the case of N1 < a1d and N, < «pd (in addition to g—l‘ + 2’—22
> d). Let S, be the projection of M> on RM2. Then B%(S,) = D;. Since, for every
e >0, B*2(t) satisfies a uniform Holder condition of order a2 — € on every compact
interval of RV, we have

dim, B ($) < ~dimps, < 2+ 2 g as, 52)
[2%) o] 2%)
where the last inequality follows from (4.23).
It only remains to prove dimy Dy > 2]—11 + 2/—22 — d almost surely. For this pur-

pose, we denote £ = 2’—1' + Z—zz — d and define an (N, 2d)-Gaussian random field
Z={Z(s,1),(s,t) e RN} by

Z(s,t)=(B"(s), B(1)), (s,1) eRM.
Set Dy = {(x,x):x € Dy}. Then
Z=Y(Dy) = M. (5.3)

Fix an w € Q2 such that the conclusion of Lemma 5.3 holds. Assume that for some
constant n > 0, dim, D> (w) < £ — n. (We will suppress w from now on.) Then, for
any n large enough, there exists a sequence of balls {U;} in R? with radius < 27",
such that

Dyc|Jui and ) diamUp“ T <1, (5.4)
i i
where diam U denotes the diameter of U. Choose positive constants ¢, y; < o) and
y2 < & such that

v <ys and ed(@ n 1) <2 (5.5)
Y1 2
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Let m; and n; be integers that satisfy
27t < djamU; <277 and 27D <diamU; <2772 (5.6)
By (5.3) and Lemma 5.3, we have

MN[0, RIN | Jz™' Wi x Up)

1

C U{the union of at most 2184 cybes Ly, 7 % In,-,lE}- 5.7

1

Denote the cubes in the right-hand side of (5.7) by C;;. Note that, since y| < y2, we
derive from (5.6) that diam C;; <3 - 27" for i (or n) large enough. Combining this
with (5.4), (5.6) and (5.6), we derive that for all n large enough,

Zz(diam Cij)yz(f—%) <c, Zz(mi"!‘"i)Sd(z—ni)Vz(Z—%)
— = ;

! J

IA

. v

1

C55 Y (diam Uy ™" < ¢y, (5.8)

i

IA

It follows from (5.7) and (5.8) that

om0 (=) <o -1)

Hence we have proven that, for any n > 0,
P{dimHDz >f— n} > I[D{dimH (Mz N[0, R]N) > az(ﬁ - g) } 5.9)

Letting R 1 oo and n | 0 along the rational numbers and by using (4.23), we obtain
dimy, Dy > € almost surely. This finishes the proof. g
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