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Abstract

Let BT = {BH(t),t € RY} be an (N, d)-fractional Brownian sheet with Hurst index
H = (Hy,...,Hy) € (0,1)V. The objective of the present paper is to characterize the
anisotropic nature of B in terms of H. We prove the following results:

(1) B is sectorially locally nondeterministic.

(2) By introducing a notion of “dimension” for Borel measures and sets, which is
suitable for describing the anisotropic nature of B¥, we determine dim, B (FE) for an
arbitrary Borel set E C (0, 00)N. Moreover, when B{® is an (N, d)-fractional Brownian
sheet with index (@) = (o, ...,a) (0 < @ < 1), we prove the following uniform Hausdorff
dimension result for its image sets: If N < ad, then with probability one,

1
dim, B*(E) = —dim,E for all Borel sets E C (0,00)".
!
(3) We provide sufficient conditions for the image B (E) to be a Salem set or to have
interior points.
The results in (2) and (3) describe the geometric and Fourier analytic properties of

BH . They extend and improve the previous theorems of Mountford (1989), Khoshnevisan
and Xiao (2004) and Khoshnevisan, Wu and Xiao (2005) for the Brownian sheet.
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1 Introduction

For a given vector H = (Hy,...,Hn) (0 < H;j <1 forj =1,...,N), an (N, 1)-fractional
Brownian sheet B! = {B!(t),t € RV} with Hurst index H is a real-valued, centered Gaussian
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random field with covariance function given by

N
1

B[BY (s)BY ()] = [[ 5 (1P + 1657 —1sj — 152), s.0e®Y. (L)
j=1

It follows from (1.1) that BJI(t) = 0 a.s. for every t € RY with at least one zero coordinate.
When Hy =--- = Hy = a € (0,1), we will write H = (a).
It is known that Béf has the following two important stochastic integral representations:
e Moving average representation

B =t [ [ aswias), (12)

where W = {W (s),s € RV} is a standard real-valued Brownian sheet and

N
glt.s) =1 (15 = ) 0) ™72 = ((5)0) ™

with s; = max{s,0}, and where k,, is the normalizing constant given by

@I:/_;/_; [jljjlf((l},s)rds

so that E[(B{(t))?] = vazl ‘tj|2Hj for all t € RY. Here (1) = (1,1,...,1) € RV,

e Harmonizable representation
B =1, [ o) Waw, (13)

where W is the Fourier transform of the white noise in RV and

N
Pe(A) = H

J=1

eitj/\j -1
BYEe
and where K, is the normalizing constant so that E[(B{(¢))?] = vazl ‘tj‘QHj for all t € RV,

Let B, ..., Bf be d independent copies of BE . Then the (N, d)-fractional Brownian sheet
with Hurst index H = (Hy,..., Hy) is the Gaussian random field BY = {Bf(t) : t € RV}
with values in R¢ defined by

BH(t) = (B{'(t),....,B] ), teRN. (1.4)

Note that if N = 1, then B is a fractional Brownian motion in R? with Hurst index H; €
(0,1); if N > 1 and H = (1/2), then B is the (N, d)-Brownian sheet, denoted by B. Hence
BH can be regarded as a natural generalization of one parameter fractional Brownian motion
in R? to (N,d) Gaussian random fields, as well as a generalization of the Brownian sheet.



Another well known generalization is the multiparameter fractional Brownian motion X =
{X(t), t € RN}, which is a centered (N, d)-Gaussian random field with covariance function

1
E[X:(5)X;(0)] = 503 (152 + |12 = |s — 1), st € RY, (1.5)

where 0 < Hy < 11is a constant and §;; = 1 if i = j and 0 if 7 # j, and where | - | denotes the
Euclidean norm in RY. The main difference between B¥ and the multiparameter fractional
Brownian motion is that the latter is isotropic and self-similar with stationary increments while
B is anisotropic and does not have stationary increments. It follows from (1.1) that B is
operator-self-similar in the sense that for all constants ¢ > 0,

{(BT(cAt), terV) L {cNBH(t), teRN}, (1.6)

where A = (a;j) is the N x N diagonal matrix with a; = 1/H; for all 1 <4 < N and a;; = 0 if

i# j,and X 2 Y means that the two processes have the same finite dimensional distributions.
The anisotropic property and the operator-self-similarity (1.6) of B¥ make it a possible model
for bone structure [Bonami and Estrade (2003)] and aquifer structure in hydrology [Benson et
al. (2004)].

Many authors have studied various properties of fractional Brownian sheets. For example,
Dunker (2000), Mason and Shi (2001), Belinski and Linde (2002), Kiithn and Linde (2002)
studied the small ball probabilities of an (N, 1)-fractional Brownian sheet BJ!. Mason and Shi
(2001) also computed the Hausdorff dimension of some exceptional sets related to the oscillation
of the sample paths of Béq . Ayache and Taqqu (2003) derived an optimal wavelet series
expansion for the fractional Brownian sheet B{T; see also Kiihn and Linde (2002), Dzhaparidze
and van Zanten (2005) for other optimal series expansions for B{!. Xiao and Zhang (2002)
studied the existence of local times of an (N, d)-fractional Brownian sheet B¥ and proved a
sufficient condition for the joint continuity of the local times. Kamont (1996) and Ayache
(2002) studied the box dimension and the Hausdorff dimension of the graph set of an (IV, 1)-
fractional Brownian sheet Béf .

Recently, Ayache and Xiao (2005) have investigated the uniform and local asymptotic prop-
erties of B¥ by using wavelet methods, and determined the Hausdorff and packing dimensions
of the range B ([0,1]"), the graph GrBY([0,1]") and the level set L, = {t € (0,00)" :
BH (t) = z}. Their results suggest that, due to the anisotropy of B in ¢, the sample paths of
B are more irregular than those of the Brownian sheet or (N, d)-fractional Brownian motion.
Hence it is of interest to further describe the anisotropic properties of B¥ in terms of the Hurst
index H = (Hl, .. .,HN).

The main objective of this paper is to investigate the geometric and Fourier analytic prop-
erties of the image B (E) of a Borel set £ C (0,00)". In Section 2, we prove that fractional
Brownian sheets satisfy a type of “sectorial local nondeterminism” [see Theorem 2.1], extend-
ing a result of Khoshnevisan and Xiao (2004) for the Brownian sheet. This property plays
an important role in this paper and it will be useful in studying other problems such as local
times of fractional Brownian sheets.

In Section 3, we determine the Hausdorff dimension of the image B (E). Unlike the well-
known cases of fractional Brownian motion or the Brownian sheet, dim, B¥(E) can not be
determined by dim, F alone due to the anisotropy of B [see Example 3.4]. To solve the

3



problem, we introduce a new concept of “dimension” [we call it Hausdorff dimension contour]
for finite Borel measures and Borel sets; and we prove that dim,, BH (E) can be represented in
terms of the Hausdorff dimension contour of £ and the Hurst index H.

We believe that the concept of Hausdorff dimension contour is of independent interest
because it carries more information about the geometric properties of Borel measures and
sets than Hausdorff dimension does; and it is the appropriate notion for studying the image
B (E) and the local times of the fractional Brownian sheet B on E, as shown by the results
in Sections 3, 4 and 5. Therefore it would be interesting to further study Hausdorff dimension
contours and to develop ways to determine them for large classes of fractal sets.

For an (N, d)-fractional Brownian sheet B{® with index H = (a), we also prove the
following uniform Hausdorff dimension result for its images: If N < ad, then with probability
one,

1
dim, B (E) = —dim, E for all Borel sets E C (0, co) V. (1.7)

This extends the results of Mountford (1989) and Khoshnevisan, Wu and Xiao (2005) for the
Brownian sheet. Our proof is based on the sectorial local nondeterminism of B{® and is similar
to that of Khoshnevisan, Wu and Xiao (2005).

Let 1 be a probability measure carried by E and let v = p_,, be the image measure of p

under the mapping t — B (t). In Section 4, we study the asymptotic properties of the Fourier
transform (¢) of v as € — oco. In particular, we show that the image B (F) is a Salem set
whenever s(H, E') < d, see Section 3 for the definition of s(H, E). These results extend those
of Kahane (1985a, b) and Khoshnevisan, Wu and Xiao (2005) for fractional Brownian motion
and the Brownian sheet, respectively.

In Section 5, we prove a sufficient condition for B¥ (E) to have interior points. This problem
is closely related to the existence of a continuous local time of B on F [cf. Pitt (1978), Geman
and Horowitz (1980), Kahane (1985a, b)]. Our Theorem 5.1 extends and improves significantly
the previous result of Khoshnevisan and Xiao (2004) for the Brownian sheet.

We end the introduction with some notation. Throughout this paper, the underlying
parameter space is RN or Rf = [(),oo)N . A typical parameter, t € RV is written as t =
(t1,...,tn), or as (c), if t; = --- =ty = c¢. For any s,t € RY such that sj<tj(j=1,...,N),
we define the closed interval (or rectangle) [s,t] = Hé\;l [sj,t;]. We use (-,-) and | - | to denote
the ordinary scalar product and the Euclidean norm in R™ respectively, no matter the value
of the integer m.

We will use ¢ to denote an unspecified positive and finite constant which may not be the
same in each occurrence. More specific constants in Section i are numbered as c, |, ¢, ,,...,
and so on.

2 Sectorial local nondeterminism

Recently Khoshnevisan and Xiao (2004) have proved that the Brownian sheet satisfies a type
of “sectorial” local nondeterminism and applied this property to study geometric properties of
the Brownian sheet; see also Khoshnevisan, Wu and Xiao (2005). In the following we prove
that the (N, d)-fractional Brownian sheet BY = {B(t),t € RV} satisfies a similar type of
sectorial local nondeterminism [It is formulated for B{! since the coordinate processes of B



are independent copies of Bé{ |. This property will play an important role in this paper, as well
as in studying the local times, self-intersections and other sample path properties of fractional
Brownian sheets.

Theorem 2.1 (Sectorial LND) For any fized positive number ¢ € (0, 1), there exists a pos-
itive constant c, , , depending on €, H and N only, such that for all positive integers n > 1, and
all u,t', ..., t" € [g,00), we have

N
Var (Béq(u) ‘ Bi(th, .. .,Bé{(t”)) >y, Z min |u;

0<k<n
7j=1

k12H;
— 57, (2.1)

where t° = 0.

Remark 2.2 The proof of the sectorial local nondeterminism of the Brownian sheet in Khosh-
nevisan and Xiao (2004) is based on the properties of independent increments and Gaussian
distributions. The method we use for proving Theorem 2.1 has to be different because frac-
tional Brownian sheets have no independent increments. Our proof is mainly based on the
harmonizable representation (1.3) of B{! and is reminiscent to Kahane (1985a, Chapter 18) or
Xiao (2005).

Proof Let ¢ € {1,...,N} be fixed and denote r, = minp<g<y, ’uz - té’ Firstly, we prove
that there exists a positive constant ¢, such that the following inequality holds:

Var (Bé{(u) ‘ B (th,. .., Bé{(t”)) > ¢, TZQHZ. (2.2)

Summing over ¢ from 1 to N in (2.2), we get (2.1).

In order to prove (2.2), we work in the Hilbert space setting and write the conditional
variance in (2.2) as the square of the L?(P)-distance of B{!(u) from the subspace generated by
{BE#Y),..., B (t")}. Hence it suffices to show that for all a;, € R,

H _ = H .k ? 2H,
E<BO (u) = arBgl(t )) > c,r2e. (2.3)
k=1

It follows from the harmonizable representation (1.3) of BZ! that

< ZakBO tk> —K / wu Zakwtk
n N

wj Zak H zt A
k=1 j=1

(A)dA

where
N

fu) =TT
j=1
Now for every j = 1,..., N, we choose a bump function §;(-) € C*°(R) with values in [0, 1]
such that §,;(0) = 1 and strictly decreasing in |- | near 0 [e.g., on (—¢,¢)] and vanishes outside
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the open interval (—1,1). Let 5 be the Fourier transform of ¢;. It is known that 5 (Aj) is also
in C*°(R) and decays rapidly as A; — co. Also, the Fourier inversion formula gives

Gi(sy) = )" [ TNE O, (2.5)
Let 6?(55) =1, 16,(3£), then by (2.5) and a change of variables, we have
£
577 (s¢) = (2m)~! / e, (1 Ay ). (2.6)
R

By the definition of r,, we have 5?(11@) =0 and 5? (ug —t§) =0 for all k= 1,...,n. Hence it
follows from (2.5) and (2.6) that

IE/RN (jlj':[l(eiuj*n i ljj 5 )ﬁ[ —iusA <g5 )55 7, \e) dX
= @m)¥ Kg}( ) — 5y w))] -
- (2 [kz_jk (g (5 — 1) - @(u»)) (57 tue =)~ 67w
> e [T (- 6

On the other hand, by the Cauchy-Schwarz inequality, (2.4) and (2.7), we have

N n N
IQ < zuj ’Lt >\7 _1 Md\
<[ L -] ™
j=1 k=1 ]:1
R 2
‘(Ha ) o(r,A)| dX
RN fH
2.8
Lo
=K4E(B arBL (tF) > o 2He=2 5i(A)|7dx
(- Sante) ot [ S TR
:cwr;QH" QE( ZakBO tk> .
Combining (2.7) and (2.8) yields (2.2). This finishes the proof of the theorem. O
Given Gaussian random variables Z1, ..., Z,, we denote by Cov (Zl, e Zn) their covari-
ance matrix. The following formula relates the determinant of Cov(Zl, R Zn) with condi-
tional variances:
n
det Cov(Z1,. .., Zn) = Var(Z1) [ [ Var(Zk| 21, ..., Zu1). (2.9)
k=2



Hence the inequality (2.1) can be used to estimate the joint distribution of the Gaussian
random variables B4 (t!),..., BH (t"). It is for this reason why sectorial local nondeterminism
is essential in this paper and in studying local times of fractional Brownian sheets.

The following simple result will be needed in Section 5.

Lemma 2.3 Letn > 1 be a fived integer. Then for all t', ... t" € [e,00)N such that tjl., ...

are all distinct for some j € {1,...,N}, the Gaussian random variables B (t1),..., BH (")
are linearly independent.

Proof Let t!,... t" € [e, oo)N be given as above. Then it follows from Theorem 2.1 and
(2.9) that detCov(Bg (t'),..., B{(t")) > 0. This proves the lemma. O

3 Dimension results for the images

In this section, we study the Hausdorff dimension of the image set B (E) of an arbitrary Borel
set £ C (0,00)N. When E = [0,1]" or any Borel set with positive Lebesgue measure, this
problem has been solved by Ayache and Xiao (2005). However, when E C (0,00)" is a fractal
set, the Hausdorff dimension of BH (E) can not be determined by dim, E and H alone, as
shown by Example 3.4 below. This is in contrast with the cases of fractional Brownian motion
or the Brownian sheet.

To solve this problem, we will introduce a new notion of dimension, namely, Hausdorff
dimension contour, for finite Borel measures and Borel sets. It turns out the Hausdorff di-
mension contour of E is the natural object in determining the Hausdorff dimension and other
geometric properties of BY (E) for all Borel sets E.

We start with the following Proposition 3.1 which determines dim, B¥ (E) when E belongs
to a special class of Borel sets in Rf .

Proposition 3.1 Let BY = {BY(t),t € RN} be an (N,d)-fractional Brownian sheet with
index H = (Hy,...,Hy). Assume that E; (j = 1,...,N) are Borel sets in (0,00) satisfying
the following property: 3{j1,...,in-1} C {1,..., N} such that dim E;, = dim,Ej, for k =
1,...,N—1. Let E=E; x --- x Ex C (0,00)", then we have

N .
E.
dim,, B¥ (E) = min {d; dHZH]}, a.s. (3.1)
j=1 J

In the above, dim, F' denotes the packing dimension of F' which is defined as follows. For
any € > 0 and any bounded set F C R?, let

N(F,e) = smallest number of balls of radius ¢ needed to cover F.

Then the upper boz-counting dimension of F' is defined as

—— log N (F.
dim, F' = lim sup L(’g).
ew0  —loge



The packing dimension of F' can be defined by
dim, F' = inf { supdim,F,,: F C U Fn} (3.3)
n n=1

Further information on packing dimension can be found in Tricot (1982), Falconer (1990) and
Mattila (1995).

For proving Proposition 3.1, we need the next two lemmas that are due to Ayache and
Xiao (2005).

Lemma 3.2 Let BH = {BH(t),t € RN} be an (N, d)-fractional Brownian sheet with index
H = (Hy,...,Hy). For all T > 0, there exist a random variable A1 = Ay(w) > 0 of finite
moments of any order and an event )] of probability 1 such that for every w € 17,

|BH (s,w) — B (t,w)|
sup
stel0T1 SN s — ] Hs \/log (3+s; —t;]71)

< A (). (3.4)

Lemma 3.3 Let B! = {B (t),t € RN} be an (N, 1)-fractional Brownian sheet with index
H = (Hy,...,Hy), then for any 0 < e < T, there exist positive and finite constants c,, and
¢y, such that for all s,t € [e, TV,

N

N
. 2 .
Cor Y5 — P < E[(Béq(S) — B (1)) } Sy, Y |8y — P (3.5)
j=1 J=1

Proof of Proposition 3.1 As usual, the proof of (3.1) is divided into proving the upper and
lower bounds separately. We will show that the upper bound in (3.1) follows from the modulus
of continuity of the fractional Brownian sheet and a covering argument, and the lower bound
follows from Forstman’s Theorem [see e.g., Kahane (1985a, Chapter 10)] and Lemma 3.3.

For simplicity of notation, we will only consider the case N = 2 and dim, E; = dim, Ej.
The proof for the general case is similar.

Upper bound: By the o-stability of dim, and (3.3), it is sufficient to prove that for every
Borel set £ = E; x FEs,

(3.6)

dim, By, | dim, E
dimHBH(E)Smin{d; e | 2}, a.s.

H,q Hy

For any V~; > dimg Ey, 72 > dim, Ey, we choose and fix 74 € (dim, E,72). Then there
exists an 7, > 0 such that, for all » < r,, E can be covered by N(Ej,r) < r~" many small
intervals of length r; and there exists a covering {U,,n > 1} of Es such that r, := |U,| < r,
and

Yomr<l (3.7)
n=1

For every n > 1 and any constant 6 € (0,1) small enough, let {V;,,,, : 1 < m < N,} be

N, = N(El,rﬁlHQ_é)/(Hl_d)) intervals of length 7“7(LH2_5)/(H1_6) which cover E;. Then the
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rectangles {Vy, , X Up : n > 1,1 <m < N, } form a covering of £y x Es, that is,

co Np

Ec|J U VamxUn,

n=1m=1

and thus
oo Np

BY(E)c | | B (Vaum x Un). (3.8)

n=1m=1

It follows from Lemma 3.2 that, almost surely, B (Vim x Uy) can be covered by a ball
of radius crf2=°. By this and (3.8), we have covered B¥(FE) a.s. by balls of radius cr/2=°

(n=1,2,...). Moreover, recalling that N,, < oy 1 (H2=0)/(H1 =0 ), we have
oo Np
33 ( )17111+H2 - Z — 253 .T;HQ—é)(%+L22)
n=1m=1 (39)

Now we choose § > 0 small enough so that

_ (Hg—é_Hg—é)_572> /
PEMH s T T H, H %
Then (3.7) and (3.9) imply that
oo  Np a4
Y3 (r52—5> MUTH (3.10)
n=1m=1

It should be clear that (3.6) follows from (3.10).
Lower bound: Choose 71, 72 such that 0 < v; < dimy, E1, 0 < 72 < dimy F» and ;I—ll—i—% <
d, then there exist probability measures 1 on E; and o2 on E5 such that

(d (dt (d (dt
/ / g1(dsi)on el oildsi)ouldh) _ / / 72(ds2)o 722) < . (3.11)
B JE |81 -t B JE,  |s2 —to

Let 0 = 01 X 09. Then o is a probability measure on E. By Lemma 3.3 and the fact that
Tt 7 72 < d, we have

E//E|BH U(dS);id§i£+lg

// 01 d81 Jl(dtl)UQ(d32)U2( 2)
(Is1 :

1
— P 4 sy — )2 ) 2GR

(o] dSQ g2 dtg
<C/ / Jldslaldtl // H( ) ( 21 TP
B JE E2(|31_t1‘ 1+132_t2| 2)H1 Hy

(3.12)




By an inequality for the weighted arithmetic mean and geometric mean with 8 = 2%

= Hovyi+Hivz
and o =1— 1 = W’glw, we have
|51 — t1 |0+ |59 — to] 2
> B st —t1|" + By |sp — to]
By B (3.13)
> (|S1 - tl\Hl) <\52 - t2|H2)

HyjHovp HjHovo
= |51 — tl‘H2W1+H172 ‘52 — t2’H271+H1W2 .

Therefore, the last denominator in (3.12) can be bounded from below by [s1 — t1|" |s2 — to| 2.
It follows from this and (3.11), (3.12) that

o(ds)o(dt)
E Y1 2 0.
JoJ B - B

This yields the lower bound in (3.1). O

The following simple example illustrates that, in general, dim,F alone is not enough to
determine the Hausdorff dimension of BY (E).

Example 3.4 Let BY = {BH(t),t € R?} be a (2,d)-fractional Brownian sheet with index
H = (Hy,Hy) and Hy < Hy. Let E = Ey X FEy, F = FEy x Ey, where Fy C (0,00) satisfies
dim, Fy = dim, E; and Ey C (0,00) is arbitrary. It is well known that

dim, F = dim, F 4+ dim, F» = dim F,

cf. Falconer (1990, p.94). However, by Proposition 3.1 we have

im, P im,, P
dim,, BY (E) = min {d; dim,, + dim,, Ly }

Hy Hy

im, B im, F
lelHBH(F) — min {d, dlmH 2 + dlmH 1 }

H,y Hy
We see that dim, BY (FE) # dim, BY (F) unless dim, F; = dim,, E>.

Example 3.4 shows that in order to determine dim, B (E), we need to have more infor-
mation about the geometry of E than its Hausdorff dimension. We have found it is more
convenient to work with Borel measures carried by FE.

Recall that the Hausdorff dimension of a Borel measure p on RY (or lower Hausdorff
dimension as it is sometimes called) is defined by

dim, p = inf {dim, F : p(F) >0 and F C R" is a Borel set}. (3.14)

The packing dimension of u, denoted by dim,u, is defined by replacing dim, F" in (3.14) by
dim, F.
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Hu and Taylor (1994) proved the following characterization of dimy u: If 4 is a finite Borel
measure on RV then

dim p1 = sup {'y >0: limsup r "pu(U(t,r)) =0 for prae. te RN} , (3.15)

r—0+t

where U(t,r) = {s € RV : |s —t| < r}. There is a similar identity for dim,u as well; see Hu
and Taylor (1994, Corollary 4.2) and Falconer and Howroyd (1997) for further information. It
is easy to see that for every Borel set E C RY, we have

dim, E = sup {dim,p: p € M} (E)}, (3.16)

where M (E) denotes the family of finite Borel measures on E with compact support in E.

From (3.15), we note that dim, 4 only describes the local behavior of p in an isotropic way
and is not quite informative if we want to characterize the anisotropic nature of u, as what
we are dealing with in this paper. To overcome this difficulty, we introduce the following new
notion of “dimension” for E C (0, co)¥ that is natural for studying B (E).

Definition 3.5 Given a Borel probability measure i on RY, we define the set A, C Rf by

R(t
Ap=32=(\,..., y) eRY: limsupw =0, for p-a.e. t e RV}, (3.17)
7‘*)04, ’["<)‘7H >
where R(t,r) = Hévzl[tj — rl/HJ,tj + rl/HJ'] and H! = (%1’ el ﬁ)

Some basic properties of A, are summarized in the following lemma. For simplicity of
notation, we assume H; = min{H; : 1 < j < N}.

Lemma 3.6 A, has the following properties:
(i) The set A, is bounded:

N
AHQ{A:()\l,...,AN)eRf: (A,H‘1>§H}. (3.18)
1

(ii) For every B € (0,1]Y and X € A, we have Bo X € Ay, where Bo X = (BiA1,..., 8 N)
is the Hadamard product of B and .

(iii) The set A, is convex, i.e., VA, n € Ay and 0 <b <1, bA+ (1 —b)n € A,.

)N

(iv) For every a € (0,00)7, supyep, (@, A) is achieved on the boundary of A,,.

Because of (iv) and its importance in this paper, we call the boundary of A, denoted by
OA,,, the Hausdorff dimension contour of p.
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Proof Suppose A = (A1,...,An) € A,. Then
w(R(t,r
hrnizlip 7~(<>\H‘1>)) =0 for p-a.e. t € RY. (3.19)

Fix a t € RY such that (3.19) holds. Since for any a > 0, the ball U(t,a) centered at t with
radius a can be covered by R(t, a’t). It follows from (3.19) that

p(U(t a))

W e 0 for p-a.e. t € RY. (3.20)
a )

lim sup
r—0+

It follows from (3.15) and (3.20) that dim, u > Hy(\, H~1). Hence we have (\, H~') < N/Hj.
This proves (i).

Statements (ii) and (iii) follow directly from the definition of A,. To prove (iv), we note
that for every a € (0,00)", Property (i) implies Supjep,, (@, A) < 0o. On the other hand, the
function A — (a, A) is increasing in each coordinate A;. Hence supyey, (@, A) must be achieved
on the boundary of A,,. O

As examples, we mention that if m is the Lebesgue measure on Rf , then

N s N 1
Am:{(Al,...,AN)eRf: ZHJ<ZH} (3.21)
j=1""7  j=17

and supyep, (H™1,A) = Zjvzl H% More generally we can verify that, if 4 = o1 X -+ X oy,
where o (j =1,...,N) are Borel probability measures on R such that dim,c;, = dim,o;, for
some {j1,...,jn-1} C{1,..., N}, then

N s N ﬂ
Au:{()\h...,)\N)ERf: E FJ<§ H]}’
j=1""7 j=1""

where 3; = dimy0; for j = 1,..., N. In the special case of H; = --- = Hy = o € (0,1), we
derive from (3.15) that for every Borel measure p,

N
Ay = {(/\1,...,>\N) € Rﬂf : Z)\j < dimHM}- (3.22)
j=1

For any Borel measure p on Rf , its image measure under the mapping ¢ — B (t) is defined
by
P (F) = ,u{t € Rf . BE(t) ¢ F} for all Borel sets F' C R%

We will make use of the following result.

Proposition 3.7 Let B = {BH(t),t € RN} be an (N,d)-fractional Brownian sheet with
index H € (0,1)N. Then for every Borel probability measure jn on Rf,

dimyp,, <su(H)Ad a.s., (3.23)

where s,(H) = supyep, (H™', A).
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Remark 3.8 Applying a moment argument [see, e.g., Xiao (1996)] and the sectorial local
nondeterminism of BY, we can actually prove that the equality in (3.23) holds. Since this
result is not needed in this paper and its proof is rather long, we omit it.

Proof To prove the upper bound in (3.23), note that, without loss of generality, we may and
will assume the support of u is contained in [E,T]N for some 0 < ¢ < T < oo. Furthermore,
if s,(H) > d, then dimyp_,, < s,(H) A d holds trivially. Therefore, we will also assume that
su(H) < d.

Now, for any 0 <~ < dimyp_,, by (3.15) we have

f (U(u, p))

. . o B d
hr;lj(l)lp e =0 for p, ,-ae ueR" (3.24)
This is equivalent to
li 1 1 ds)=0 f teRY 3.25
D g H1B -1z} #A) =0 for pae. tE Ry (3.25)

Note that V4§ € (0,1), Lemma 3.2 implies that Vs, t € [, T]V
N
B (s) = BE(t)| <c > [s; —t;[H0=70) a.s. (3.26)
j=1

It follows from (3.25) and (3.26) that almost surely

. 1 1
lim sup - ,u(R(t,pl%)) =0 for p-a.e. t € Rf. (3.27)
p—0 P
We claim that v < s,(H). In fact, if v > s,(H), then there exists 8 ¢ A, such that
(B, H™1) < ~. Since 3 ¢ A, there is a set A C [¢, T with positive y-measure such that

u(R(t,r))

lim sup G

r—0

>0 forevery t € A. (3.28)

Now we choose § > 0 small enough such that (1 —§)y— (3, H~) > 0, then (3.28) implies that
for every t € A,

. 1 I 1 p(R(t, 7))
lu;ljélpmu<R(t,p1 5)) —llI?jélp oG X aHT o (3.29)

This contradicts (3.27). Therefore, we have proved that v < s,(H). Since v < dimypu , is
arbitrary, we have
dimyp,, <s,(H)Ad, as. (3.30)

This finishes the proof of Proposition 3.7. [l
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The following corollary follows directly from Proposition 3.7 and (3.21). It is related to
Theorem 3.1 in Ayache and Xiao (2005).

Corollary 3.9 Let m be the Lebesque measure on ]Rf, then
AN
dimym , < E:l i, Ad, a.s. (3.31)
j:

For any Borel set £ C (0, c0)¥, we define
AME)= | A (3.32)
HEMS (E)

Recall that M (E) is the family of finite Borel measures with compact support in E. Similar
to the case of Borel measures, we call the set Uentt( E)GA“ the Hausdorff dimension contour

of E. It follows from Lemma 3.6 that, for every a € (0,00)", the supremum SUPeA(E) (A, @)
is determined by the Hausdorff dimension contour of E.
The following is the main result of this section.

Theorem 3.10 Let B be an (N, d)-fractional Brownian sheet with index H € (0,1)N. Then,
for any Borel set E C (0,00)",

dim,BH(E) =s(H,E)Ad a.s., (3.33)
where s(H, E) = supyep gy (A H™).
We need the following lemmas to prove Theorem 3.10.
Lemma 3.11 Let E C RN be an analytic set and let f : RN — R? be a continuous function.

If 0 <7 < dimy, f(E), then there exists a compact set Ey C E such that T < dim, f(Ey).

Proof The proof is the same as that of Lemma 4.1 in Xiao (1997), with packing dimension
replaced by Hausdorff dimension. O

Lemma 3.12 Let E C (0,00)" be an analytic set. Then for any continuous function f :
RN — R9,

dim,, f(E) = sup {dimyps : p€ M (E)}. (3.34)
Proof For any € M7 (E), we have uy € MI(f(E)). By (3.16), we have

dim,, f(E) = sup {dim v : v € M (f(E))}, (3.35)

which implies that
dimy, f(E) > sup {dim, ps : p € MS(E)}. (3.36)

To prove the reverse inequality, let 7 < dim, f(F). By Lemma 3.11, there exists a compact
set Ey C E such that dim, f(E) > 7. Hence, by (3.35), there exists a finite Borel measure
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v € M (f(Ep)) such that dim,v > 7. It follows from Theorem 1.20 in Mattila (1995) that
there exists p € M (Ep) such that v = pg, which implies sup{dim,us : p € MI(E)} > 7.
Since 7 < dim,, f(F) is arbitrary, we have

dim, f(E) < sup{dim, us: u € MI(E)}. (3.37)

Equation (3.34) now follows from (3.36) and (3.37). O

Proof of Theorem 3.10. First we prove the lower bound:
dim,BY(E) > s(H,E)Ad  as. (3.38)

For any 0 < v < s(H, E) A d, there exists a Borel measure p with compact support in E such
N,
that v < s,(H) Ad. Hence we can find X = (\],..., Ny) € A, such that v < Zjvzl 7, Ndand

t
hr;r:s(l)lp m =0 for p-a.e. t € RY. (3.39)
For € > 0 we define
E. = {t € E: p(R(t,r)) < N forall 0<r < E}. (3.40)

Then (3.39) implies that u(E.) > 0 if € is small enough. In order to prove (3.38), it suffices to
show dim, B (E.) > v a.s.
The proof of the latter is standard: We only need to show

() ()
=, [, e s << (341)

By Lemma 3.3 and the fact that v < d, we have

/E/E |BH(t) s /5/5 id’tz)H )7/2 (3.42)

1 |51

Let t € E. be fixed and let ng be the smallest integer n such that 27" < e. For every n > ny,
denote
Dy ={seRY: 27 HD/H; 50 i) <27 Hi forall 1 < j < NJ.

Then by (3.40) we have

p(ds) p(ds)
/Jw-~PHWJ+Z/ _erHW

1155 n=no
P )
<c+c Z o " Sl (3.43)

This and (3.42) yield (3.41). So we have proven (3.38).
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Now we prove the upper bound in (3.33). It follows from Proposition 3.7 that for any
w € M7 (E) we have

dimyp,, <su(H)ANd a.s. (3.44)

Hence by (3.32) and (3.34) we derive
dim,BH(E) <s(H,E)Ad  as. (3.45)
Combining (3.38) and (3.45) finishes the proof. O

Corollary 3.13 Let B = {B{(t),t € RN} be an (N,d)-fractional Brownian sheet with
Hurst index H = (o) and E C (0,00)" be a Borel set. Then with probability 1,

dim, B*)(E) = min {d, 1dimHE}. (3.46)
«

Proof This is a direct consequence of (3.22) and Theorem 3.10. O

The following theorem gives us a uniform Hausdorff dimension result for the image sets of
B{®)_ Tt extends the results of Mountford (1989) and Khoshnevisan, Wu and Xiao (2005) for
the Brownian sheet.

Theorem 3.14 If N < ad, then with probability 1

1
dim,, B*)(E) = o dimy, E for all Borel sets E C (0,00)". (3.47)

Our proof of Theorem 3.14 is reminiscent to that of Khoshnevisan, Wu and Xiao (2005) for
the Brownian sheet. The key step is provided by the following lemma, which will be proven
by using the sectorial local nondeterminism of B{®),

Lemma 3.15 Assume N < ad and let 6 > 0 and 0 < 2a — 6 < 8 < 2« be given constants.
Then with probability 1, for all integers n large enough, there do not exist more than 2"0%
distinct points of the form t/ = 47" kI, where k% € {1,2,...,4"}, such that

B () — B9 <3-27"  fori#j. (3.48)

Proof Let A, be the event that there do exist more than 2°¢ distinct points of the form
47"kJ such that (3.48) holds. Let N, be the number of n-tuples of distinct ¢!, ... ¢" such that

(3.48) holds. Then
AnC {N > <[2"5d+ ”)}
= n — n .

Plan < <[<N>]>
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In order to estimate E(IV,,), we write it as

[ZZ Zl (3.48) holds]

2
distinct (350)
=Y Z Z { ‘B (t) B<°‘>(tj)‘ <3-27"0 Vi< n}
tl
%,_/
distinct
Now we fix n — 1 distinct points t',...,t" ! and estimate the following sum first:
ZP{ ’B<a>(ti) - B<a>(tﬂ')) <3.27" Vi< n} (3.51)

t

Note that for fixed t! = k'47" ... "1 = k"~147" there are at most (n — 1)V points 7% =
(t1,...,7x;) defined by
T =t for some j =1,...,n — 1.
We denote the collection of 7%’s by T',, = {7%}. Clearly, t!,...,#""! are all included in T,.
It follows from Theorem 2.1 that, for every t" ¢ I'),, there exists 7%» € I'), such that

Var (BO (™) B\ (t ),...,B§“>(t"*1)) > e, [E7— T2 (3.52)

In this case, since B§a>, . ,Béf‘> are the independent copies of Béa>

argument and (3.52) yield

, a standard conditioning

IP{ ’BW)(#) - B<°‘>(tj)‘ <3.27"0 Vi< n}

< IP’{ )B<0‘>(tl) - B<a>(t1)‘ <3.27" Vitj<n-— 1} : < i ) .
csls [t — Tun|®
If t" € I',,, then we use the trivial bound
P{ )B<a>(ti) - B<a)(tj)‘ <3.27 Vi< n}
(3.54)
< IP’{ ‘B@(ti) - B<a>(tf)) <3.27" Vitj<n-— 1}.
Hence, by combining (3.53) and (3.54), we obtain
> IP{ ‘B<a>(ﬁ') - B<0‘>(tj)‘ <327 VWi#£j< n}
t'n
< P{ [BOE) - B W) <327, Vigj<n- 1} (3.55)
3.9-n8 \d N
| 2 o () s o]
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Note that

S (2 ¥ z<|i S >d

tngly, TUED, tnAT
d 8d (3.56)
S Z 3 27" Z ’tn Tu‘ad
Tuvel'y trETu

< Cyr (TL . 1)N—|—1 2n(2a—,8)d’
where, in deriving the last inequality, we have used the fact that if N < ad then for all fixed

T,
§ : <ec- 22and
’ tn 7-u|o¢d —
tn?g u

Plug (3.56) into (3.55), we get

/_/H

<a>(tj)‘ <327 VWi#£j< n}

, , 3.57
_P{‘B<a>(tz)—B<a>(tJ)‘ <3.27"8 Vz’#jén—l} (3:57)
X €y g (n - 1)N+l 2n(2a75)d.
Therefore, by iteration, we obtain
PSS IP’{ B @) — B 3.2, vigj< n}
2
. , (3.58)
distinct
S cg’g [(n _ 1)|] N+1 2712(204*,8)62
which implies
2
E(N,) <, (n— 1)tV g (a=f)d, (3.59)
By (3.49), (3.58) and the elementary inequality
od néd n n28d
<[2” +1]>><2 +1> >2 7
n - n - n"
we obtain .
P(Ay) < ', (n— 1)"(NH2) g (Ga=f=0)d (3.60)
Since 0 < 2o — B < 6, by (3.60), we get >, P(A,) < co. Hence the Borel-Cantelli Lemma
implies that P (limnAn) = 0. This completes the proof of our lemma. ]
Forn=1,2,... and k = (ki,...,kn), where each k; € {1,2,...,4"}, define
'={te[0, 1)V : (k- 14" <t; <k4d™ foralli=1,...,N}. (3.61)

The following lemma is a consequence of Lemma 3.15 and the modulus of continuity of the
fractional Brownian sheet [cf. Lemma 3.2].
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Lemma 3.16 Let § > 0 and 0 < 2a — 6§ < B < 2. Then with probability 1, for all large
enough n, there exists no ball O C R? of radius 2="8 for which the inverse image

(B~H0) = {teRY : B(t)c O}
intersects more than 2% cubes 1.
Now we are ready to prove Theorem 3.14.

Proof of Theorem 3.14 For simplicity, we shall only prove (3.47) for all Borel sets £ C
(0,1]V. By Lemma 3.2, we know that almost surely B(*(t) satisfies a uniform Hélder condition
on [0,1]" of any order smaller than . It follows from Theorem 6 in Chapter 10 of Kahane
(1985a) [or Proposition 2.3 in Falconer (1990)] that

1
P{dimHB<a>(E) < —dim, E for every Borel set E C [0, 1]N} =1.
«

To prove the lower bound we need only to show that almost surely for every compact set
F C R,
dim, {t € (0,1]V : BY(t) € F} < adim,, F. (3.62)

This follows from Lemma 3.16 and a simple covering argument as in Khoshnevisan, Wu and
Xiao (2005). Therefore, the proof of Theorem 3.14 is finished. O

4 Salem set

Let us recall from Kahane (1985a, b) the definitions of Fourier dimension and Salem set.
Given a constant 3 > 0, a Borel set F' C R¢ is said to be an Mg-set if there exists a probability
measure v on F such that

(&) =o(|€]77)  as € — oo (4.1)
Note that if 3 > d/2, then (4.1) implies that 7 € L?(R?) and, consequently, F has positive
d-dimensional Lebesgue measure. For any Borel set F' C RY, its Fourier dimension dim, F' is

defined by
dim, F =sup{y>0: Fisan M, -set }. (4.2)

It follows from Frostman’s theorem and the following formula for the v-energy of v:

Lo = [ pofea (4.3)

[see Kahane (1985a, Ch. 10)] that dim, F' < dim,, F for all Borel sets F' C R

We say that a Borel set F' C R? is a Salem set if dim,F = dim,F. Such sets are of
importance in studying the problem of uniqueness and multiplicity for trigonometric series;
see Zygmund (1959, Chapter 9) and Kahane and Salem (1994) for further information.

Let X = {X(t),t € RN} be a centered Gaussian random field with values in R¢. When
X is an (N, d)-fractional Brownian motion of index v € (0,1), Kahane (1985a, b) studied the
asymptotic properties of the Fourier transforms of the image measures of X and proved that,
for every Borel set E C RY with dim,F < vd, X(FE) is a Salem set almost surely. Kahane
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(1993) further raised the question of studying the Fourier dimensions of other random sets.
Recently, Shieh and Xiao (2004) extended Kahane’s results to a large class of Gaussian random
fields with stationary increments and Khoshnevisan, Wu and Xiao (2005) proved similar results
for the Brownian sheet.

In this section, we study the asymptotic properties of the Fourier transforms of the im-
age measures of the (N, d)-fractional Brownian sheet B¥. The main result of this section is
Theorem 4.2 below, whose proof depends crucially on the ideas of sectorial local nondeter-
minism and Hausdorff dimension contour. Moreover, by combining Theorems 3.10 and 4.2 we
show that, for every Borel set £ C (0,00)", BH(E) is almost surely a Salem set whenever
s(H,FE) < d. Recall that s(H, E) is defined in Theorem 3.10.

Let B{f be an (N, 1)-fractional Brownian sheet with index H = (Hy,...,Hy). Let 0 <
e < T be fixed. Foralln > 2, t' ... ,t" s ...,s" € E C [g,T]V, denote s = (s',...,s"),
t=(t!,...,t") and

n

2
wist) = E| S (B0 - B ()] (4.4

k=1
For s € E™ and r > 0, we define

n n N
=1  iy=1j=1
This is a union of at most nV rectangles of side-lengths 2r1/Hi . 2pM/HN — centered at
(s1,...,s%). Let
G(s,r)={t=(t",....t"): th e F(s,r) for 1 <k < n}. (4.5)

The following lemma is essential for the proof of Theorem 4.2.

Lemma 4.1 There exists a positive constant c,,, depending on €,T, H, N only, such that for
allr € (0,¢] and all s,t € E™ with t ¢ G(s,r), we have (s, t) > ¢, 1%

Proof Sincet ¢ G(s,r), there exist kg € {1,...,n}and jo € {1,..., N} such that - ?0 >
r/Hio for all k =1,...,n. It follows from (1.3) that
n N - N 2
(s, t) = Z <H ("% —1) = T] ( "IN 1) > frr(\) dA, (4.6)

k= 7=1 7j=1
where

N
. —2H,;—1
=[]
j=1

Let 0;(-) € C*(R) (1 < j < N) be the bump functions in the proof of Theorem 2.1. We
define
5T (ujo) =~/ 9o (Tﬁl/HjO ujo)
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and
55(“]) =19 (e u]) if j # Jo-

Then, by using the Fourier inversion formula again, we have
5T (um) (277)71 / eiwjo)\jogjo (rl/HjO )‘jo)d)‘jo
R
and similar identities holds for 0% (u;) with j # jo.

Since 7 € (0,¢), we have 6} (tfg) =0 and 6§(t§0) = 0 for all j # jo. Similarly, 67 (t?g —s?o) =
0 for all k =1,...,n. Hence,

n N N
— zt Aj zs kX
7= [ (e - THe )
N
< [Te ™" ; ( H d;(eX;) >S (rt/ Mo\ ) dX
J=1 J#jo
= (277)N zn: ( ﬁ (5§(t§0 - tég) - 5J€'(t§0))> <5;0 (tfg o t?o) - 5;0 (tf(?)) o
k=1 *j#jo
n N
VY ( T (6t — sy — 5;(15?0))) (5;0 (tho — sk ) — a7 (tg?g))
k=1 > j#jo

> (2m)N e (V=1 =1/ Hjg

In the above, all the terms in the first sum are non-negative and the second sum equals 0.
On the other hand, by the Cauchy-Schwarz inequality, (4.6) and (4.7), we get

J? < K%U(t,s)

N
11 3(=A) ) 5 (r VHJ‘oAjO)fdA

RN fH foird

P A 2 (4.8)
= K%I\I/(t,s) 672(N71)72 i#do Hi r2- 2/H; H/ ‘)\ ’2H i+l j ])’ dAj
=C,,T 272/ Hio g (¢, ).
Square the both sides of (4.7) and combine it with (4.8), the lemma follows. O

For any Borel probability measure y on Rﬁ\_f ,let v = O be the image measure of p under
BH . The Fourier transform of v can be written as

p(€) = /R B () (4.9)

The following theorem describes the asymptotic behavior of V() as £ — oo. Compared to
the results for the fractional Brownian motion and the Brownian sheet mentioned above, the
behavior of 7(£) is more delicate.
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Theorem 4.2 Let B = {BH(t),t € RN} be an (N,d)-fractional Brownian sheet. Assume
that, for every j =1,..., N, the function 7; : Ry — R is non-decreasing such that 7;(0) =0
and 7;(2r) < ¢, 5 7i(r) for all ¥ > 0 [i.e., 7; satisfies the doubling property]. If ju is a Borel
probability measure on [e, TN such that

N
p(R(t,)) <c,, [[r(r'"), vVteRY, (4.10)

where R(t,r) = Hj.vzl[tj — M Hi 4V H) . Then there exists a positive and finite constant o
such that almost surely,

i o)
im sup

1 o (4.11)
fel—oo \/<H§v1 (1€l 7™)) log? ¢

Proof The argument is similar to that of Kahane (1985a). First note that by considering the
restriction of p on subsets of its support and the linearity of the Fourier transform, we see that,
without loss of generality, we may and will assume y is supported on a Borel set E C [g, T]V
with diamFE < /"1 [we have assumed that H; = min{H; : 1 < j < N}]. The reason for this
reduction will become clear below.

For any positive integer n > 1, (4.9) yields

B(p(e) ") =k [ [ e R BB sy at)
RnN R‘ILN

(4.12)
— 2 n n
. /R N / el SIE (s, 6)) " (ds)u" ().
where p"(ds) = p(ds') - - - u(ds™).
Let s € [, T]™V be fixed and we write
1 2 1 2 n
/ o (gl ) at) = L e (= gleuts v) wa -

exp (— SIEP (s, 0)) " (db).

+z/

Since p is supported on E with diamFE < el/H1 the above summation is taken over the integers
m such that r2™ < e. Hence we can apply Lemma 4.1 to estimate the integrands.
By (4.10), we always have

/G(S,T) eXp(_;f'Q‘I’(S’t)) "(dt) < (44” HT (rt/H) ) : (4.14)

G(s,r2m)\G(s,r2m—1)
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Given ¢ € RN{0}, we take r = [¢|~!. Tt follows from Lemma 4.1, the doubling property of
functions 7;, and (4.10) that

1
/ exp (= 51¢20(s,0)) (@)
G(s,r2m)\G(s,r2m—1)

N n
e EP2mh)?) - <c4,4 || TJ(QmTI/Hj)> (4.15)

<exp( -5
2 e

N n
< <c4,4 nN H Tj (Tl/Hj)> exXp < G5 22m) ) Cfl\,[;nn'
j=1

We will also need to use the following elementary inequality:

o0
1+ Z exp ( —Cys 22m> iVJ”” <cfn, (4.16)

m=1

where p = N/(2logc, ,).
Combining (4.14), (4.15) and (4.16), we derive an upper bound for the integral in (4.13):

/nNeXp<_;|£|2\IJ(S,t)>un(dt) <Nt (HTJ €| ™ > ) (4.17)

Integrate the both sides of (4.17) in u"(ds), we get

E([7(¢)["") < (HTJ € ) (4.18)

where o = N + p.
The same argument as in Kahane (1985a, pp. 254-255) using (4.18) and the Borel-Cantelli
lemma implies that almost surely

lim sup W(Z)‘

2€7Z%,|z]—00 N L
\/ (Hjm-(w HJ)> log? 2]

Therefore (4.11) follows from (4.19) and Lemma 1 of Kahane (1985a, p.252). This finishes the
proof of Theorem 4.2. O

< 0. (4.19)

Now we determine the Fourier dimension of the image set B (E).

Theorem 4.3 Let BY = {BH(t),t € RN} be an (N, d)-fractional Brownian sheet with Hurst
index H € (0,1)N. Then for every Borel set E C (0,00)N with s(H, E) < d, BY(E) is almost
surely a Salem set with Fourier dimension s(H, E).
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Proof It follows from (3.33) and the fact that dim, F' < dim,, F for all Borel sets F' C R? that
for every Borel set E C (0,00)" satisfying s(H, F) < d, we have dim, B (E) < dim, B (E) =
s(H,E) a.s

To prove the reverse inequality, it suffices to show that if s(H,E) < d then for all v €
(0,s(H, E)) we have dim, B > v a.s.

Note that for any 0 < 7 < s(H,FE), there exists a Borel probability measure p with
compact support in E such that v < s,(H). Hence we can find ' = (X},...,Xy) € A, such

that v < Z;VZI I);—J] and (3.39 ) holds. Let p. be the restriction of u to the set E. defined by

(3.40). Then p. satisfies the condition (4.10) with 7;(r) = N (j=1,...,N).
Let v be the image measure of . under B¥. Then by Theorem 4.2 we have almost surely,

©) = (% € 27 g @), weow (4.20)

This and (4.2) imply that dim,B?(E) > Zévzl % a.s., which yields dim, B (E) > v a.s.

Therefore dim, B (F) = dim, BY(E), i.e., B (E) is a Salem set. O
Applying Theorems 4.2 and 4.3 to B{®, we have the following corollary.

Corollary 4.4 Let B\ = {B{®)(t),t € RN} be an (N,d)-fractional Brownian sheet, and let
T7:Ry — Ry be a non- decreasmg function satisfying 7(0) = 0 and the doubling property. If u
is a probability measure on [¢,T|™ such that

w(B(z,r)) < cyq7(2r), vz e RY, r >0. (4.21)

Then there exists a positive and finite constant o such that

lim sup f |
l=o0 \ [ (Jel~*) log? €]

Moreover, for every Borel set E C (0,00)N with dim, E < ad, B“)(E) is almost surely a
Salem set with Fourier dimension édimHE.

< 00, a.s. (4.22)

5 Interior points

By using the Fourier analytic argument of Kahane (1985a), it is easy to show the following: If
a Borel set E C (0,00)" carries a probability measure p such that

Sl

then almost surely, B (E) has positive d-dimensional Lebesgue measure. In particular, it
follows from the proof of Theorem 3.10 that, if £ C (0,00)" satisfies s(H, E) > d, then
BH(E) has positive d-dimensional Lebesgue measure. It is a natural question to further ask
when B (E) has interior points. This question for Brownian motion was first considered

| WG )d/2 p(ds)p(dt) < oo, (5.1)
1 Sj
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by Kaufman (1975), and then extended by Pitt (1978) and Kahane (1985a, b) to fractional
Brownian motion and by Khoshnevisan and Xiao (2004) to the Brownian sheet. Recently,
Shieh and Xiao (2004) proved similar results under more general conditions for a large class of
Gaussian random fields.

In the following, we prove that a condition similar to that in Shieh and Xiao (2004) is
sufficient for BY (E) to have interior points almost surely. This theorem extends and improves
the result of Khoshnevisan and Xiao (2004) mentioned above.

Theorem 5.1 Let B = {BH (t),t € RN} be an (N, d)-fractional Brownian sheet with index
H € (0,1)N. If a Borel set E C (0,00)N carries a probability measure p such that

! UV+1hf< !
sup / log, ~ - | p(ds) < ¢, (5.2)
teRY JRY (Z;\le |sj — tj\QHj)d/2 > =118 — [

for some finite constants c,, >0 and v > N, where log, x = max{l,logz}. Then BH(E) has
interior points almost surely.

From Theorem 5.1 we derive the following corollaries.

Corollary 5.2 If E C (0,00)" is a Borel set with s(H, E) > d, then BY(E) a.s. has interior
points.

Proof It follows from the proof of Theorem 3.10 that, if s(H, E) > d, then there is a Borel
probability measure p on F satisfying (5.2). Hence the conclusion follows from Theorem 5.1.
O

Corollary 5.3 Let B/ = {B(t),t € RN} be an (N,d)-fractional Brownian sheet with
Hurst index H = (). If a Borel set E C (0,00)" carries a probability measure p such that

1 (N+1)y 1
— 1 ( ) < .
sup /Rf ’S _ t’ad og ‘S - t’ M(dS) > Gy (5 3)

N
teRY

Jor some finite constants c;, >0 and v > N. Then B'Y(E) has interior points almost surely.

The existence of interior points in B (E) is related to the regularity of the local times of
BH on E. Let us recall briefly the definition of local time of B on E. For any Borel probability
measure £ on E, let o, be the image measure of . If P,y 1s absolutely continuous with
respect to the Lebesgue measure mg in R%, then B is said to have a local time on E. The
local time [, () is defined to be the Radon-Nikodym derivative dyu ,, /dma(z) and it satisfies
the following occupation density formula: for all Borel measurable functions f : R — R,

[ 1B @) as) = [ s de (5.4)
E R4

It is known from Geman and Horowitz (1980) and Kahane (1985a) that, when (5.1) holds,
then [,,(z) € L2(RY) a.s.
In order to prove Theorem 5.1, we will need to use the following continuity lemma of Garsia

(1972).
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Lemma 5.4 Assume that p(u) and V(u) are two positive increasing functions on [0,00), p(u) |
0asu ] 0, ¥(u) is conver and ¥(u) T oo as u T co. Let D denote an open hypercube in Re. If
the function f(x): D +— R is measurable and

A(D, f) = // ( x_y’/(yf)g)dmdy@o, (5.5)

then after modifying f(x) on a set of Lebesque measure 0, we have

|z—y|
@) — f)l <8 /0 () dp(u)  for all zy € D. (5.6)

We take the function p(u) in Garsia’s lemma as follows: Let v be the constant in (5.2) and
define

0, if u=0,
pu) =14 log77(£), if0<u<l, (5.7)
yu—y+1, if u>1.

Clearly, the function p(u) is strictly increasing on [0, 00) and p(u) | 0 as u | 0.

Proof of Theorem 5.1 First note that, since p is a Borel probability measure on F, without
loss of generality, we can assume that E is compact. Hence there are constants 0 < ¢ < T < o0
such that E C [¢,T)V. Since B (F) is a compact subset of R?, (5.4) implies that {x : [,,(x) >
0} is a subset of B (E). Hence, in order to prove our theorem, it is sufficient to prove that
the local time [,(x) has a version which is continuous in x; see Pitt (1978, p.324) or Geman
and Horowitz (1980, p.12). This will be proved by deriving moment estimates for the local
time [, and by applying Garsia’s continuity lemma.

Secondly, as in Khoshnevisan and Xiao (2004), we may and will assume that the Borel
probability measure p in (5.2) has the following property: For any constant ¢ > 0 and ¢ =
1,...,N,

w{t=(t1,...,tny) € E: ty=c} =0. (5.8)
Otherwise, we can replace BH by an (N — 1, d)-fractional Brownian sheet BH and prove the

desired conclusion for B (E,), where E, is the set in (5.8) with positive y-measure.
Consider the set

En:{fz(tl,...,t")eE": £ =t for some i £ j and 1§€§N}. (5.9)

It follows from (5.8) and the Fubini-Tonelli theorem that x"(E,) = 0.
The following lemma provides estimates on high moments of the local time, which is the
key for finishing the proof of Theorem 5.1.

Lemma 5.5 Let p be a Borel probability measure on E C [e, T|N satisfying (5.2) and (5.8)
and let p(u) be defined by (5.7). Then for every hypercube D C R® there exists a finite constant
cs3 > 0, depending on N, d, v, p and D only, such that for all even integers n > 2,

], (o) et < o o, (5.10)
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We now continue with the proof of Theorem 5.1 and defer the proof of Lemma 5.5 to the
end of this section.
Let U(u) = wexp(u?), where 6 € (V, +) is a constant. Then ¥ is increasing and convex
n (0,00). It follows from Jensen’s inequality, the Fubini-Tonelli theorem and Lemma 5.5 that
for all closed hypercubes D C R? and all integers n with 6 +1/n < 1,

=/, J, (” |x—y|/f) >|>n0+ldxdy
0+1/n
< (ma(D) 2 " 1/”{ // (l Ix—yl/\f))|> } (5:11)

<t (’I’L') N(0+1/n) (logn) n(N+1)v(0+1/n)

<c, (n))N? log" N+

where ¢, is a finite constant depending on N,d, 0, D and c; ; only.
Expanding ¥ (u) into a power series and applying the inequality (5.11), we derive

o/ [ (m>

SR L) o

S 575 < 0,

the last inequality follows from the fact that N6 < 1. Hence Garsia’s lemma implies that there
are positive and finite random variables A; and As such that for almost all x, y € D with

[z —yl <e”!
lz—yl A
-1 1
/0 v (55) dolw)

sfog (1712~ )] T

Y

() = 1u(y)]

IN

IN

Note that, by our choice of #, we have 6 > 1/ and hence B has almost surely a local time
l,(z) on E that is continuous for all z € D. Finally, by taking a sequence of closed hypercubes
{D,,, n > 1} such that R? = U® | D,,, we have proved that almost surely ,(z) is continuous
for all z € R?. This completes the proof of Theorem 5.1. O

It remains to prove Lemma 5.5. Our proof relies on the sectorial local nondeterminism of
B and on an argument which improves those in Khoshnevisan and Xiao (2004) and Shieh
and Xiao (2004).

We will need several lemmas. Lemma 5.6 is essentially due to Cuzick and DuPreez (1982),
where the extra condition on g is dropped in Khoshnevisan and Xiao (2004). Lemma 5.7 is a
slight modification of Lemma 4 in Cuzick and DuPreez (1982).
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Lemma 5.6 Let Z (k = 1,...,n) be linearly independent centered Gaussian variables. If
g: R — Ry is a Borel measurable function, then

(n—1)/2 o0
/ g(m)e%V”““’Z”d”:(lem/ g(z/o1) e72% dz, (5.13)

where 02 = Var(Zy | Za, ..., Zy) and Q = det Cov(Z1, ..., Z,) is the determinant of the covari-
ance matriz of Z1,..., Zy.

Lemma 5.7 If a > €2/2, then

[e] .’E2
/ log® x exp ( — ?) dx < /7 log® a. (5.14)
1

Consider the non-decreasing function A(u) = 2min{l,u} on [0,00). Later we will make
use of the elementary inequality

e — 1] < A(lu|),  VueR. (5.15)

Lemma 5.8 Assume h(y) is any positive and non-decreasing function on [0,00) such that
h(0) = 0, y™/h™(y) is non-decreasing on [0,1], and floo h=2(y)dy < oo. Then there erists a
constant c, ¢ such that for all integers n > 1 and v € (0, 00),

[ =)

where hy(y) = min{1, h(y)} so that h"(y) = max{1,h " (y)}.

Proof The proof is the same as that of Lemma 3 in Cuzick and DuPreez (1982). O

The following result is about the function p(u) defined by (5.7).

Lemma 5.9 Let p(u) be defined as in (5.7). Then for all o > 0 and integers n > 1,

o o v? e
/0 jn (U>exp< 5 )dv <c, [bg n +log) (a>]' (5.17)
Proof Since m( ) .
—ngy _ J 1og" (£), ifo<z<l,
p+(x)_{1 ifz>1

and log% (zy) < 2%(log% x + log§ y) for all & > 0, we deduce that the integral in (5.17) is at
most

2

[ en(= D) [ ogrwen(-)a
2

(& v
n 2"7/ log"? (f) ex (—7) dv.
o/v<1 S+ o P 2
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It follows from (5.18) and Lemma 5.7 that
2

/ pjr”(g> exp(—v—>dv <c" [logm(n’y) + log!” (E)}
0 v 2 o (5.19)
vy [ €
<cy. [logm n + log” (E)} :
This completes the proof of Lemma 5.9. U

Now we proceed to prove Lemma 5.5.

Proof of Lemma 5.5 By (25.7) in Geman and Horowitz (1980), we have that for every
z,y € R%, and all even integers n > 2,

E [(I,(x) — Lu(y))"] = (2m) " / n /}R ) 11 it _ gt
k=1

. (5.20)
1
X exp [— §Var(z (u, BH(tk)>)] du " (dt).
k=1
In the above, u = (u',...,u"), u¥ € R? for each k = 1,...,n and we will write it coordinate-
wise as uf = (uf, ... ,u’j).
Note that for u', .. , y € R? the triangle inequality implies
n n
H}eXp >)*1‘SH‘ [exp(ﬂzuwe)*exp(*%zuwe)”
k=1 k=1 j=1
n d
< TL[3C lexo(indf ) - 1] (5:21)

>
I

—
<
Il

_

~

Il
(]
::

‘exp(—iu;‘?,C Yip) — 1‘,

B
Il
—

where yp = ué = 0 in the first inequality and the last summation )~ is taken over all sequences

(jla” : 7jn) € {17 7d}n
It follows from (5.20), (5.21), (5.15) and the Fubini-Tonelli theorem that for any fixed
hypercube D C R? and any even integer n > 2, we have

f (U e [ [ [T

X exp [—QVar(Zn: (u®, BH(tk)>>] du p"(dt) dz dy

SO Y 6

n

X exp[—Var<k21< BH(tk)>>] du " (dt) dy.

(5.22)
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In the above, we have made a change of variables and D& D = {x —y : x,y € D}. By our
assumptions on y, we see that the integral in (5. 22) with respect to u™ can be taken over the
set E™\E,,, where E,, is defined by (5.9).

Now we fix t € E™\E,, a sequence j = (ji,...,jn) € {1,...,d}" and define M, (t) =
My (j, t) by

L A ]u kyjk]) n
SRV | S | Ve (3 o B) 0| dwdr. 52

Then the last integral in (5.22) corresponding to the sequence j = (j1,...,Jn) can be written
as
N; = M, (t) p"(dt). (5.24)
En\E,
We will estimate the above integral by integrating in the order p(dt™), u(dt™ 1), ..., u(dtt).
For this purpose, we need to derive an upper bound for M, (t). Observe that for any positive

numbers f1, ..., B, satisfying Y, _, B = n, we can write
|u]kyjk’) [ 1 ok
exp | —= Var (u®, BY(t")) }dudy. (5.25)
/D@D /Rndk Bl (Jy|/v/d) 2 <kZ:1 )

Later it will be clear that the flexibility in choosing i in (5.25) is essential to our proof. More
precisely, by choosing the constants (i (1 < k < n) appropriately, we minimize the effect of
“bad points” [see (5.37) below].

For any n points t!,...,t" € E"\E‘n, Lemma 2.3 implies that the Gaussian random variables
Bf(tk) (j =1,...,d, k =1,...,n) are linearly independent. By applying the generalized
Holder’s inequality, Lemma 5.6 and a change of variables, we see that M, (t) is bounded by

(1 o ol (S are) )

k=1 ¢=1

5 8 5.26
B (t))]4/2 (520

(th)
H{/m/ ) o (- )}

where, for every 1 < k < n, 02 = 0i(t) is the conditional variance of B}Z (t*) given B (t™)

(L #jrand 1 <m <mn, or { = j, and m # k).
Denote the n integrals in the last product of (5.26) by J1,...,dn, respectively. In order to

[detCov(B

estimate them, we will apply the sectorial local nondeterminism of Bé{ . Since B{{ Sy Bf are
independent copies of Bgl , we have
of (¢) = Var (BE (%) [ {Bf (™)}, ) (5.27)
It follows from Theorem 2.1 that for every 1 < k < n,
N

2H,
‘ (5.28)

oR(t) > ¢y, Y miney —f
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In order to estimate the sum in (5.28) as a function of ", we introduce N permutations
Iy,...,I'yof {1,...,n — 1} such that for every £ =1,..., N,

tyW <@ <<y Y, (5.29)

This is possible since té? (1<k<n-—1,1</¢< N) are distinct. For convenience, we denote
t?e(o) =¢ and tgg(n) =Tforalll </<N.

For every sequence (i1, ...,iy) € {1,...,n—1} let 7, .. ;, = (tlfl(il), .. ,t?VN(iN)) be the
“center” of the rectangle

N
Liyoiy = H {tge(w) _ %( Ee(w) _ t?(”_l)), t?(”) + %(t?(lﬁ_l) _ t?e(u))) (5.30)
(=1

with the convention that the left-end point of the interval is € whenever iy, = 1; and the interval
is closed and its right-end is 7" whenever iy = n — 1. Thus the rectangles {I;, .. ;, } form a
partition of [e, T]V.

For every t" € E, let I;; ... ;, be the unique rectangle containing ¢”. Then (5.28) yields the
following lower bound for o2 (t):

2 > Ty (ig) | e
or(t) > ey, Y |t —t, " (5.31)
=1
For every k =1,...,n — 1, we say that I;, .. ;,, cannot see t* from direction ¢ if
Ty L, 1 To(ig—1)\ ,Te(i L/ Ty(ip+1 Ty
t? ¢ [t/(lz) o 5@/(%) o t(z(le ))’ t/(”) + 5(tee(uz ) t/(lz))] (5.32)
We emphasize that if I;, ... ;,, cannot see tk from all N directions, then
1

|ty —t7] > = min |tf —t}"] forall 1 </¢<N. (5.33)

2 m#k,n

Thus t" does not contribute to the sum in (5.28). More precisely, the latter means that

N

2 . k 2H,
o, (t) = ¢ ; mkn |ty — 7] (5.34)

The right hand side of (5.34) only depends on t!,...,#""! which will be denoted by 72 (t).
Because of this, t* is called a “good” point for I, ... iy when (5.32) holds for every £ =1,..., N.

Let 1 <k <n-—1. IfI .. ;, sees the point t* from a direction and t* # Tiy iy, then
it is impossible to control o7 (t) from below as in (5.31) or (5.34). We say that ¢* is a “bad”
point for I, ... ; [Note that by definition n ¢ ©F ; ]. It is important to note that, because

of (5.29), the rectangle I;, ... ;,, can only have at most N bad points t* (1 <k <n—1), i.e., at
most one in each direction. We denote the set of bad points for I;, ... ;,, by

OF iv={1<k<n-—1: t* is a bad point for Ly in }
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and denote its cardinality by #(©7 ;). Then #(©7 ) < N.
Now we choose the constants i, ..., 3, [they depend on the sequence (i1,...,iy)] as fol-

lows: B, = 0 if t* is a bad point for Ii .. iy B =1if t* is a good point for I ... iy and

ﬁn =1+ #(@Z,...,ZN)'

Clearly, B, < N + 1.
By Lemma 5.8 and Lemma 5.9, we have

O N Nt

1)2 A”(v Jn/o'n( ))
<c /Rexp<— 5) d”/o ngny(yj /V/d) ; (5.35)
2

_n on(t v
<t [ () e (<)

<c [log”(NH)VnJrlogn(NH) < ¢ )]
Un(t)

In the above, we have also used the fact that p(|y|/v/d) > p(|y;|/V/d) for all j =1,...,d.
If ¥ is a good point for I, .. then by the monotonicity of the function A we have

SN

Lo R o

<[] A %kf;';/;f; ) o <“‘;>2> a dy

When ¢* is a bad points for I, ...

(5.36)

we use the inequality A(u) < 2 to obtain

SN

Jp <2 / / exp < ) du Ldy <, (5.37)
DoeD

Since there are at most N bad points for I; ... ;, , their total contribution to M,,(t) is bounded
by a constant c; ,,, which depends on D, d and N only.
Combining (5.26), (5.35), (5.36) and (5.37), we derive that

My (t) < [detCov(BH(tlc)?,M N ATONE []Og(N+1)'Yn+]0g(N+l) <anit)>]
u? Y. /0 ué“k 2 1/n
kw ,,,,, {/D@D/ MZ!/%( o (55 ) i}

:[detCov(BH(tl) _ BH(tn1))]d/2

{/D@D / - “J']Zfr/jf)( ) exp ( B w; >2> " dy}un

[ log N +D7 1y 4 Tog{(NV+1)7 <6> }
on(t)

,,,,,

(5.38)
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Note that Condition (5.2) implies

1 e
(N+1)y (N+1)y n
/]. - op(t)d [log n+logs <Un(t)> ] wldt")

1
S6516\/7
Y I iN< N_ n Ff(ie)‘ZHtZ)dm

.....

(5.39)

1
N+1 N+1 n
X I:log( M+ log( u (Zév ) ‘t" _ t?i(ll)|2H¢ )] p(dt")

Integrating M,,(t) as a function of ¢,, with respect to pon I;, ;. and using (5.38) and (5.39),
we obtain

N+

n 5 18 log
/1. Mn(8) uldt”) < [detCov(BE (t1), ..., Bf (tn 1))]d/2

1 ek

(5.40)

kgé@” .

,,,,,

It is important that the right hand side of (5.40) depends on t!,...,¢"~! only and is similar to
(5.26).

Summing (5.40) over all the sequences (iy,...,iy) € {1,...,n — 1}, we derive that the
integral Nj in (5.24) is bounded by

1
1 (N+1)y /
s 108" ”ZN w1 [detCov(BEI (1), ..., BE(tn—1))}4/2
U F uk )2 1/n
{/ / ]ky]k/ o (t)) exp(— (45,) )du dy} p(dt™ Yy L p(dth).
kgé@" DeD " (lyl/Vd) 2

(5.41)

Note that, for different sequences (i1, ...,iy), the index sets O}, iy may be the same. We

say that a set ©" C {1,...,n — 1} is admissible if it is the set of bad points for some I;
It can be seen that every admissible set ©" has the following properties:

TyeetN

(i) #(0©™) < N [recall that there are at most N bad points for each I;; ;. ];
(ii) Denote by x(©") the number of sequences (i1,...,in) such that ©F , = ©". If

#(0") = p, then x (") < cnVN P,
It follows from (i), (ii) and an elementary combinatorics argument that
Zx(@” Z Z = 519”N7 (5.42)
or p=1#(6")=p
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where the first summation is taken over all admissible sets O™ C {1,...,n — 1}.
By regrouping ©}' , in (5.41), we can rewrite

on 1
) /Enl [detCov(BéJ(tl), .. ,Bg“[(t”_l))]d/2

o{f./ v “ﬁzjf/jf)( Ve ( (e )2> d dy}l/n/t(dt”_l)...u(dtl),

(5.43)

Nj < €y log™ 7 ZX

kg¢en

where, as in (5.42), the summation is taken over all admissible sets ©" C {1,...,n — 1}.
We now carry out the procedure iteratively. In order to simplify the computation, we will
make some further reductions:

(iii) Increasing the number of elements in ©™ changes only the integrals in (5.43) by a constant
factor [recall (5.37) and the fact that we have used #(©™) < N in deriving the first
inequality in (5.38)]. Hence we may just consider the admissible sets ©" with #(0") = N
and

(iv) Since det Cov(Bo(tl), ... ,Bo(tnfl)) is symmetric in ¢!,...,#" !, we can further assume
={1,...,N}.

Based on the above observations we can repeat the preceding argument and integrate pu(dt" 1)
[we define n — N — 1 constants G, k € {N +1,...,n — 1} accordingly] and then, in the same
way, continue to integrate pu(dt"~?2),. .., u(dt') respectively. We obtain

N; < 0?,21 log™N+1)7 Z ... ZX(@”) —x(Oh)
er ol (5.44)
<c, ()N log" N+ p

where last inequality follows from (5.42) and, moreover, the positive constant c ,, is indepen-
dent of j.
By combining (5.22), (5.23), (5.24) and (5.44) we derive that

[, Gl o < o g2 (5.45)

This finishes the proof of Lemma 5.5. ([l
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