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Abstract

Let BH-K = {BH7K(t), t e R+} be a bifractional Brownian motion in R%. By con-
necting it to a stationary Gaussian process through Lamperti’s transform, ! we prove
that Bf-K is strongly locally nondeterministic. Applying this property and a stochastic
integral representation of Bf:X | we establish Chung’s law of the iterated logarithm for
BHE a5 well as sharp Holder conditions and tail probability estimates for the local times
of BTK,

We also consider the existence and regularity of the local times of multiparameter
bifractional Brownian motion Bf-X = {BH’K(t), te Rf} in R? using Wiener-Ité chaos
expansion.
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1 Introduction

In recent years, there has been considerable interest in studying fractional Brownian motion
due to its applications in various scientific areas including telecommunications, turbulence,
image processing and finance. Many authors have also proposed using more general self-
similar Gaussian processes and random fields as stochastic models; see e.g. Addie et al.
(1999), Anh et al. (1999), Benassi et al. (2000), Mannersalo and Norros (2002), Bonami and
Estrade (2003), Cheridito (2004), Benson et al. (2006). Such applications have raised many
interesting theoretical questions about self-similar Gaussian processes and fields in general.
However, in contrast to the extensive studies on fractional Brownian motion, there has been
little systematic investigation on other self-similar Gaussian processes. The main reasons for
this, in our opinion, are the complexity of dependence structures and the non-availability of
convenient stochastic integral representations for self-similar Gaussian processes that do not
have stationary increments.

The objective of this paper is to fill this gap by developing systematic ways to study sample
path properties of self-similar Gaussian processes. Our main tools are the Lamperti transfor-
mation [which provides a powerful connection between self-similar processes and stationary
processes; see Lamperti (1962)] and the strong local nondeterminism of Gaussian processes
[see Xiao (2007)]. In particular, for any self-similar Gaussian process X = {X(¢),t € R}, the
Lamperti transformation leads to a stochastic integral representation for X. We will show
the usefulness of such a representation in studying sample path properties of X.

To illustrate our methods, we only consider a rather special class of self-similar Gaussian
processes, namely, the bifractional Brownian motions introduced by Houdré and Villa (2003).
Given constants H € (0,1) and K € (0, 1], the bifractional Brownian motion (bi-fBm, in
short) in R is a centered Gaussian process Bé{ K= {Bé{ (), t € Ry} with covariance
function

1
R (s,1) i= R(s,1) = 5 | (22 + 52 — |t - s|2HK} (1.1)
and Bé{’K(O) =0.

Let Bfl ’K, e ,Bf’K be independent copies of Béq K We define the Gaussian process
BHK = {BHE () t € R, } with values in R? by

BHE (1) = (BlH’K(t), - Bf’K(t)>, vt € Ry (1.2)

BH’K

By (1.1) one can verify easily that is a self-similar process with index H K, that is, for

every constant a > 0,

{BH»K(at), te R+} 4 {aHKBH’K(t), te R+}, (1.3)

where X £ Y means the two processes have the same finite dimensional distributions. Note
that, when K = 1, B™X is the ordinary fractional Brownian motion in R?. However, if
K # 1, BEE does not have stationary increments. In fact, fractional Brownian motion is the
only Gaussian self-similar process with stationary increments [see Samorodnitsky and Taqqu
(1994)].



Russo and Tudor (2006) have established some properties concerning the strong varia-
tions, local times and stochastic calculus of real-valued bifractional Brownian motion. An
interesting property that deserves to be recalled is the fact that, when HK = %, the quadratic
variation of this family of stochastic processes (which includes the standard Brownian motion
when K =1 and HK = 1) on [0,1] is equal to a constant times ¢. This is really remarkable
since as far as we know these are the only Gaussian self-similar processes with this quadratic
variation and besides the well-known case of Brownian motion, the other members of this
family are not semimartingale. Taking into account this property, it is natural to ask if the
bifractional Brownian motion B#X with KH = % shares other properties with Brownian
motion (from the sample path regularity point of view). As it can be seen from the rest of
the paper, the answer is often positive: for example, the bi-fBm with HK = % and Brown-
ian motion satisfy the same forms of Chung’s laws of the iterated logarithm and the Holder
conditions for their local times.

The rest of this paper is organized as follows. In Section 2 we apply the Lamperti
transformation to prove the strong local nondeterminism of Bgl K This property plays
essential roles in proving most of our results. In Section 3 we derive small ball probability
estimates and a stochastic integral representation for Bér{ K Applying these results, we prove
a version of the Chung’s law of the iterated logarithm for bifractional Brownian motion.

Section 4 is devoted to the study of local times of one-parameter bifractional Brownian
motion and the corresponding N-parameter fields. In general, there are mainly two methods
in studying local times of Gaussian processes: the Fourier analysis approach introduced by
Berman and the Malliavin calculus approach. It is known that, the Fourier analysis approach
combined with various properties of local nondeterminism yields strong regularity properties
such as the joint continuity and sharp Holder conditions for the local times [see Berman
(1973), Pitt (1978), Geman and Horowitz (1980), Xiao (1997, 2007)]; while the Malliavin
calculus approach requires fewer conditions on the process and establishes regularity of the
local times in the sense of Sobolev-Watanabe spaces [see Watanabe (1984), Imkeller et al.
(1995), Eddahbi et al. (2005)]. In this paper we make use of both approaches to obtain more
comprehensive results on local times of bifractional Brownian motion and fields.

Throughout this paper, an unspecified positive and finite constant is denoted by ¢, which
may not be the same in each occurrence. More specific constants in Section ¢ are numbered

as c, ,,C

0,19 Ci,20 0 e

2 Strong local nondeterminism
The following proposition is essential in this paper. From its proof, we see that the same
conclusion holds for quite general self-similar Gaussian processes.

Proposition 2.1 For all constants 0 < a < b, Bé{’K 1s strongly locally p-nondeterministic
on I = [a,b] with o(r) = r**K_ That is, there exist positive constants c,, and ro such that
forallt € I and all 0 < r < min{t, ro},

Var(Bé{’K(t)‘BéT{’K(s) csel, r<|s—t| < 7'()) > ¢y, (7). (2.1)



Proof We consider the centered stationary Gaussian process Yy = {Yy(t),t € R} defined
through Lamperti’s transformation [Lamperti (1962)]:

Yo(t) = e HE? BgI’K(et), for every t € R. (2.2)
The covariance function 7(t) := E(Yp(0)Yo(t)) is given by
1
(1) = ge < [(eth L)E e - 1;2“]
. (2.3)
HKt —2Ht\ K —t|2HK
:276 [(1+e ) *‘1*6 | ]

Hence r(t) is an even function and, by (2.3) and the Taylor expansion, we verify that r(t) =
O(e™P) as t — oo, where f = min{H (2 — K), 1 — HK}. Tt follows that r(-) € L'(R). Also,
by using (2.3) and the Taylor expansion again, we also have

1
r(t) ~1— oK |t 2K as t— 0. (2.4)
The stationary Gaussian process Y is sometimes called the Ornstein-Uhlenbeck process
associated with Béq K [Note that it does not coincide with the solution of the fractional
Langevin equation, see Cheridito et al. (2003) for a proof in the case K = 1|. By Bochner’s
theorem, Yy has the following stochastic integral representation

Yo(t):/ReWW(dA), vVt eR, (2.5)

where W is a complex Gaussian measure with control measure A whose Fourier transform is
7(+). The measure A is called the spectral measure of Y.

Since 7(-) € L'(R), the spectral measure A of Y has a continuous density function f(\)
which can be represented as the inverse Fourier transform of r(-):

oy =1 /0 (1) cos(EN) dt. (2.6)

s

We would like to prove f has the following asymptotic property
FOO ~ ey ATOFHE) g X — o0, (2.7)

where ¢,, > 0 is an explicit constant depending only on HK. Note that (2.4) and the
Tauberian theorem due to Pitman (1968, Theorem 5) only imply [{° f(z) dx ~ c|A|7275 as
A — o0o. Some extra Tauberian condition on f is usually needed if we wish to obtain (2.7)
by using the Tauberian theorem; see Bingham et al. (1987).

In the following we give a direct proof of (2.7) by using (2.6) and an Abelian argument
similar to that in the proof of Theorem 1 of Pitman (1968). Without loss of generality, we
assume from now on that A > 0. Applying integration-by-parts to (2.6), we get

1 (o.9)

) === | @iy dr (2.8)
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with

HK
T’/(t) — oK eHKt (1 _|_672Ht)K71(1 _672Ht) _ (1 —f—eit)(l _ eft)QHKfl . (29)

We need to distinguish three cases: 2HK < 1, 2HK =1 and 2HK > 1. In the first case, it
can be verified from (2.9) that 7/(t) = O(e™"*) as t — oo, hence 7/(-) € L*(R), and

r(t) ~ 21K | PHE as t— 0. (2.10)

We will also make use of the properties of higher order derivatives of r(t). It is elementary
to compute r”(t) and verify that, when 2HK < 1, we have

(t) ~ 2" EHK(2HK — 1) [t]2HE2 as t— 0 (2.11)

and r”(t) = O(e™P*) as t — oo which implies 7’(-) € L'(R). Moreover, we can show that
r”(t) > 0 for all ¢ large enough and 7”(t) is eventually monotone decreasing.
The behavior of the derivatives of r(t) is slightly different when 2HK = 1. (2.9) becomes

(1) et/? [(1 +e 2R _ o720y g e—t} , (2.12)

= 2K +1

and

1
' (t) = K2 et/? [(1 + e—QH'f)K—2<1 +2(4H — 1)e 21t 1 e_4Ht) — 1+ e_t} . (213)

Hence we have r/(0) = =275 ¢”(0) = H/2, and both 7’/(-) and ”(-) are in L'(R).

When 2HK > 1, it can be shown that (2.11) still holds, r”(t) = O(e™?") as t — oo,
r’(t) > 0 for all ¢ large enough and r”(¢) is eventually monotone decreasing. We omit the
details.

Now we proceed to prove (2.7). First we consider the case when 0 < 2HK < 1. By a
change of variable, we can write

f) = 7&2/:) 7! <;> sint dt. (2.14)
Hence ) o (/)
—(mN) TN /0 (i) St (2.15)

Let p € (0,00) be a fixed constant such that 7”/(¢t) > 0 on [p, c0). It follows from (2.10) and
the dominated convergence theorem that

2 g
lim/ r (/) sintdt:/ $2HE=1 gin ¢ . (2.16)
A—oo Jo T'(1/A) 0

On the other hand, integration-by-parts yields

oo 1 o0
/ v’ (t/\) sintdt = 1" (p/\) cosp + )\/ " (t/\) cost dt. (2.17)
P P
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Using the Riemann-Lebesgue lemma, we derive

' (p/\) cosp

/ ' (t/\) sintdt‘ <
p

+‘1/ " (t/\) cost dt
AJp

(2.18)
<27 (p/N)|.
Hence we have - (t/A)
,
lim su / sintdt‘ < op?HK-1 2.19
msup =TivY p (2.19)

Combining (2.15), (2.16), (2.19) and letting p — oo, we see that, when 0 < 2HK < 1, (2.7)
holds with ¢,, = 21" K HK =1 [ ¢2HK =1 sint dt.
Secondly we consider the case 2HK = 1. Since 7/(t) is continuous and 7'(0) = —27%,
(2.16) becomes
P P
lim r’ (t/\)sintdt = r'(0) / sintdt = r'(0)(1 — cosp). (2.20)
0

A—o0 Jo

Using (2.17) and integration-by-parts again we derive

o0 1 o0
/ ' (t/\) sintdt =1’ (p/\) cosp + )\/ " (t/\) costdt. (2.21)
P P

It follows from (2.21), (2.13) and the Riemann-Lebesgue lemma that

o0

/\lim ' (t/\) sintdt =1’ (0) cosp. (2.22)
—0 Jp

We see from the above and (2.14) that
1
f(A) ~ ﬂ |A|72 as A — oo, (223)

This verifies that (4.10) holds when 2HK = 1.

Finally we consider the case 1 < 2HK < 2. Note that (2.16) and (2.19) are not useful
anymore and we need to modify the above argument. By using integration-by-parts to (2.8)
we obtain . -

0=z

Note that we have —1 < 2HK — 2 < 0. Hence 7”(t) is integrable in the neighborhood of
t = 0. Consequently the proof for this case is very similar to the case of 0 < 2HK < 1. From
(2.24) and (2.11) we can verify that (2.7) holds as well and the constant c,, is explicitly
determined by H and K. Hence we have proved (2.7) in general.

It follows from (2.7) and Lemma 1 of Cuzick and DuPreez (1982) [see also Xiao (2007) for
more general results] that Yo = {Yo(¢),t € R} is strongly locally ¢-nondeterministic on any
interval J = [T, T] with ¢(r) = r*& in the following sense: There exist positive constants
¢ and ¢, ; such that for all ¢ € [T, T] and all r € (0, [t| A ),

" (t) cos(t) dt. (2.24)

Var (Yo(t)|Yo(s) :s € J, r < |s —t| < 8) > ¢, o(r). (2.25)
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Now we prove the strong local nondeterminism of Bé{ K on I. To this end, note that
Bé{’K(t) = t"KYy(logt) for all t > 0. We choose 19 = ad. Then for all s,t € I with
r <|s—t| <ry we have
< |log s —logt| < 4. (2.26)

S 3

Hence it follows from (2.25) and (2.26) that for all ¢ € [a,b] and r < 79,
Var(Bgl’K(t)‘Bé{’K(s) csel, r<|s—t| < ro)

= Var(tHKYo(logt)‘sHKYo(logs) csel, r<|s—t| < To)

> (2K Var(YO(logt)‘Yo(logs) csel, r<|s—t| < ro) (2.27)
> aQHKVar(Yb(logt)‘Yg(logs) csel, r/b<|logs—logt| < 5)
> Cy50(7)-

This proves Proposition 2.1. O

For use in next section, we list two properties of the spectral density f(\) of Y. They
follow from (2.7) or, more generally, from (2.4) and the truncation inequalities in Loéve (1977,
p-209); see also Monrad and Rootzén (1995).

Lemma 2.2 There exist positive constants c,, and c, ; such that for u > 1,
/ A2FN)dX < e, , u?0—HE) (2.28)
IAl<u ’

and
/ FO) dX < ¢, u™ K, (2.29)
AZu ’
We will also need the following lemma from Houdré and Villa (2003).

Lemma 2.3 There exist positive constants c, s and c,, such that for all s,t € Ry, we have

2
o [t = 2T < B[ (B () = B () | < e It = 55 (2.30)

3 Chung’s law of the iterated logarithm

As applications of small ball probability estimates, Monrad and Rootzén (1995), Xiao (1997)
and Li and Shao (2001) established Chung-type laws of the iterated logarithm for fractional
Brownian motion and other strongly locally nondeterministic Gaussian processes with station-
ary increments. However, there have been no results on Chung’s LIL for self-similar Gaussian
processes that do not have stationary increments [Recall that the class of self-similar Gaussian
processes is large and fBm is the only such process with stationary increments.

7



In this section, we prove the following Chung’s law of the iterated logarithm for bifrac-
tional Brownian motion in R. It will be clear that our argument is applicable to a large class
of self-similar Gaussian processes.

Theorem 3.1 Let BgI’K = {BgI’K(t), t € Ry} be a bifractional Brownian motion in R.
Then there erists a positive and finite constant ¢, , such that

lim inf R AXee (0] ‘Bé{’K(t)‘ B 31
gy rHK [(loglog(1/r))HK ~ Caa -5 (3:1)

In order to prove Theorem 3.1, we need several preliminary results. Lemma 3.2 gives
estimates on the small ball probability of Bé{ K

Lemma 3.2 There exist positive constants c,, and c,, such that for all to € [0,1] and
z € (0,1),

Cy, HEK HEK G,
exp ( - xl/?};l{)) <P {tgl[ﬁa,}f] |By " (t) — By " (to)| < fb“} < exp ( - 331/51‘?1)K)> (3:2)

Proof By Proposition 2.1 and Lemma 2.3, we see that Béq K satisfies Conditions (C1) and
(C2) in Xiao (2007). Hence this lemma follows from Theorem 3.1 in Xiao (2007). O

Proposition 3.3 provides a zero-one law for ergodic self-similar processes, which comple-
ments the results of Takashima (1989). In order to state it, we need to recall some definitions.

Let X = {X(t),t € R} be a separable, self-similar process with index . For any constant
a > 0, the scaling transformation Sy , of X is defined by

(SpaX)(t) =a"X(at), VteR. (3.3)

Note that X is k-self-similar is equivalent to saying that for every a > 0, the process
{(Sk,aX)(t),t € R} has the same finite dimensional distributions as those of X. That is,
for a k-self-similar process X, a scaling transformation Sy, preserves the distribution of
X, and so the notion of ergodicity and mixing of S, , can be defined in the usual way, cf.
Cornfeld et al. (1982). Following Takashima (1989), we say that a r-self-similar process
X ={X(t),t € R} is ergodic (or strong mixing) if for every a > 0,a # 1, the scaling transfor-
mation Sy, , is ergodic (or strong mixing, respectively). This, in turn, is equivalent to saying
that the shift transformations for the corresponding stationary process Y = {Y(¢),t € R}
defined by Y (t) = e "* X (e?) are ergodic (or strong mixing, respectively).

Proposition 3.3 Let X = {X(t),t € R} be a separable, self-similar process with index k.
We assume that X (0) = 0 and X is ergodic. Then for any increasing function ¢ : Ry — R,
we have P(E, ) =0 or 1, where

E.,= {w . there exists 6 > 0 such that sup |X(s)| > t"¢(t) for all0 <t < 5} . (3.4)
0<s<t



Proof We will prove that for every a > 0, the event Ej , is invariant with respective to
the transformation Sy ,. Then the conclusion follows from the ergodicity of X.

Fix a constant a > 0 and a # 1. We consider two cases: (i) a > 1 and (ii) a < 1. In the
first case, since 1 is increasing, we have 1(au) > ¥ (u) for all u > 0. Assume that a.s. there
is a 0 > 0 such that

sup | X (s)| > tFy(t) forall 0 <t <o, (3.5)
0<s<t
then
sup |a™" X (as)| =a™" sup |X(s)| > t"p(t) forall0<t<d/a. (3.6)
0<s<t 0<s<at

This implies that E., C S ! (En,w)- By the self-similarity of X, these two events have
the same probability, it follows that ]P{EH,¢AS,;§L (E,w,)} = 0. This proves that Ej 4 is
Sk.q-invariant and, hence, has probability 0 or 1.

In case (ii), we have ¥ (au) < 9(u) for all u > 0 and the proof is similar to the above. If
Sk,aX € Ey 4y, then we have X € E . This implies Sﬁ_}l (E,.m/,) C Eyy and again E, , is
Sk,a-invariant. This finishes the proof. O

By aresult of Maruyama (1949) on ergodicity and mixing properties of stationary Gaussian
processes, we see that Bé{ K is mixing. Hence we have the following corollary of Proposition
3.3.

Corollary 3.4 There exists a constant c,, € [0,00] such that

(loglog 1/t)7K B
104 - {HK Orggi(t ‘B (S)‘ = C34» a.s. (3.7)

Proof We take ¢.(t) = ¢ (loglog l/t) K and define o =sup{c>0:P{E, 4 } = 1}
It can be verified that (3.7) follows from Proposition 3.3.

It follows from Corollary 3.4 that Theorem 3.1 will be established if we show c; , € (0, c0).
This is where Lemma 3.2 and the following lemma from Talagrand (1995) are needed.

Lemma 3.5 Let X = {X(t),t € R} be a centered Gaussian process in R and let S C R be a
closed set equipped with the canonical metric defined by
971/2

d(s, t) = [E(X(s) — X(t)) } .

Then there erists a positive constants ¢, ; such that for all u >0,

P{;g& X(s) = X(0)] 2 e, <u v 7 iog Nal5.5) d)} < p(—;f) (3.8)

where Ny(S,e) denotes the smallest number of open d-balls of radius € needed to cover S and
where D = sup{d(s,t) : s, t € S} is the diameter of S.

Now we proceed to prove Theorem 3.1.



Proof of Theorem 3.1 We prove the lower bound first. For any integer n > 1, let r,, = e™".
Let 0 <~ < ¢, 4 be a constant and consider the event

A, = {oglsaé |B(§I’K(s)| < *yHKer/(loglog 1/7“n)HK}.

Then the self-similarity of Bé{ K and Lemma 3.2 imply that
P{A,} <exp < _ G log n) =n"%a/7, (3.9)
Y

Since Y 2 P{A,} < oo, the Borel-Cantelli lemma implies

HK
lming et [Bo 7O (3.10)
n—oo 1!t [ (log log(1/74)) ’

It follows from (3.10) and a standard monotonicity argument that

H,K
it 2o [Bo O]
r—0 rHE /(loglog(1/r))HEK — 7
The upper bound is a little more difficult to prove due to the dependence structure of
Bé{ K In order to create independence, we will make use of the following stochastic integral

a.s. (3.11)

representation of Bé{ K. For every t > 0,
B (1) = 11K / MBI (d)). (3.12)
R

This follows from the spectral representation (2.5) of Y and its connection with Béq K
For every integer n > 1, we take

-

and  d, = n”, (3.13)

t,=mn

where 3 > 0 is a constant whose value will be determined later. It is sufficient to prove that
there exists a finite constant ¢, such that

H,K
i inf el [Bo ") a.s. (3.14)
n—oo tfIK/(loglog(1/t,))HK = 77

Let us define two Gaussian processes X,, and )~(n by

X, (1) = 17K / ¢INOEL T (42 (3.15)
‘)\|E(dn717dn]
and
X, (t) =K / MBSt (dN), (3.16)
A€ (dn—1,d]

respectively. Clearly BgI’K(t) = X, (t) + X, (t) for all ¢ > 0. It is important to note that the

Gaussian processes X, (n = 1,2,...) are independent and, moreover, for every n > 1, the
processes X,, and X,, are independent as well.
Denote h(r) = r% (loglog 1/7‘)7HK. We make the following two claims:

10



(i). There is a constant v > 0 such that

ZIP’{ max | X, (s)| <75 h(tn)} = 0. (3.17)
1 s€[0,tn]
(ii). For every € > 0,
ZP{ max |X s)| > 6h(tn)} < 0. (3.18)
— s€[0,tn]

Since the events in (3.17) are independent, we see that (3.14) follows from (3.17), (3.18) and
a standard Borel-Cantelli argument.

It remains to verify the claims (i) and (ii) above. By Lemma 3.2 and Anderson’s inequality
[see Anderson (1955)], we have

IP’{ max | X, (s)| gVHKh(tn)} 2[[”{ max_|By"" (s)] < HKh(tn)}

S€[0,tn] $€[0,tn] K
> exp ( — C—log (nlogn) ) (3.19)
= (n log n) 63’2/7.

Hence (i) holds for v > ¢, ,.

In order to prove (ii), we divide [0,t,] into p, + 1 non-overlapping subintervals J, ; =
[@nj—1, anj], (i =0,1,...,p,) and then apply Lemma 3.5 to X,, on each of JInj. Let B3>0
be the constant in (3.13) and we take J, o = [0, tnn*ﬁ]. After J, ; has been defined, we
take @y j+1 = an ;(1+n""). It can be verified that the number of such subintervals of [0, #,]
satisfies the following bound:

pn+1 < cnPlogn. (3.20)

Moreover, for every j > 1, if s,t € J,, ; and s < ¢, then we have t/s—1< n~— " and this yields
t

t—s<sn P and log <7> <nP. (3.21)
s

Lemma 2.3 implies that the canonical metric d for the process X, satisfies
d(s,t) <c|s —t|TE  forall s,t>0 (3.22)

and d(0,s) < ctITK n=PHK for every s € J,, . It follows that Dy := sup{d(s,t);s, t € Joo} <
ctHK n=BHEK and
tn nP

Nd(']n,O) E) <c m

(3.23)

Some simple calculation yields

tHEK p—BHEK

Do t,n—"8
< nc
/ \/log Ny(Jno,€) de / log<€1/(HK)) de
A 3.24
:thnﬂHK/ log (—) du (3:24)
0 u

JHK [ —BHK
38 n °

11



It follows from Lemma 3.5 and (3.24) that

n2BHK >

T (3.25)

SEJn,o

]P’{ max | X,,(s)| > eh(tn>} < exp < ~ % log

nlogn

For every 1 < j < p,,, we estimate the d-diameter of J,, ;. It follows from (3.16) that for
any s,t € J, ; with s <t,

E(Xn@) - )?”(t)>2 B /|)\|<dn_1

. . 2
tHK 6z)\logt _ SHK 6z)\logs

FOA) dA

+/ ‘tHK piMlogt _ JHK iXlogs Qf(/\) X (3.26)
IA|>dn
=71 +Js.
The second term is easy to estimate: For all s,t € J, ;,
Jo < 420K /M| ) FO) AN < ¢y 1205 200K (3.27)
>dn

where the last inequality follows from (2.29).
For the first term J1, we use the elementary inequality 1 — cosz < 22 to derive that for
all s,t € J, ; with s <1,

_ HK _ _HK)\2 HK _HK (1 _ f
jl_/|>\<dn_1 [(t sU)T 2t s (1 cos (Alogs)ﬂ FA) dA

" 2HK "

< 2HK (f _ 1) / FON) dA 4 262K 1602 (7> / A2 F(A) dA (3.28)
S R S JIN<dn—1

< $2HK [ =2BHE

where, in deriving the last inequality, we have used (3.21) and (2.28), respectively.
It follows from (3.26), (3.27) and (3.28) that the d-diameter of J,, ; satisfies

Dj < ¢, tHE n=FHK, (3.29)
Hence, similar to (3.25), we use Lemma 3.5 and (3.29) to derive
- n2BHK
P{ max | X, (s)| > eh(tn)} < exp (— c 2HK>' (3.30)
s€Jn,; (log(nlogn))

By combining (3.20), (3.25) and (3.30) we derive that for every £ > 0,

) o0 Pn
;]P’{ sIEI[l(%ii] | Xn(s)| > ah(tn)} < Z Z]P’{ sléli),(j | Xn(s)| > 5h(tn)}

n=1 j=0

00 28HK 3.31
ScZnﬁognexp(—c n 2HK> ( )
= (log(nlogn))
< oQ.
This proves (3.18) and hence the theorem. O
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Remark 3.6 Let ¢y € [0, 1] be fixed and we consider the process X = {X(t),t € R} defined
by X(t) = BgI’K(t +tog) — BgI’K(to). By applying Lemma 3.2 and modifying the proof of
Theorem 3.1, one can show that

HK HK
¢l < liminf maXie(o,r] |BO " (t+to) — By (to)‘
312 = 70 rHE /(loglog(1/r))HK

<3 a.s., (3.32)

where ¢, ,, > 1 is a constant depending on H K only.

Corresponding to Lemma 3.2, we can also consider the small ball probability of Béq K
under the Hélder-type norm. For « € (0,1) and any function y € Cy([0,1]), we consider the
a-Holder norm of y defined by

[ylla = sup ly(s) —y(@®)

(3.33)
s,t€[0,1],s7#t |S - t’a

The following proposition extends the results of Stolz (1996) and Theorem 2.1 of Kuelbs,
Li and Shao (1995) to bifractional Brownian motion.

Proposition 3.7 Let BgI’K be a bifractional Brownian motion in R and o € (0, HK'). There
exist positive constants c, ,, and c, ,, such that for all € € (0,1),

exp ( — C315 5_1/(HK_°‘)) < IP’{HB(?’KHQ < 5} < exp ( — C314 5_1/(HK_°‘)). (3.34)

Proof It follows from Theorem 3.4 in Xiao (2007). O

4 Local times of bifractional Brownian motion

This section is devoted to the study of the local times of the bi-fBm both in the one-parameter
and multi-parameter cases. As we pointed out in the Introduction there are essentially two
ways to prove the existence and regularity properties of local times for Gaussian processes:
the first is related to the Fourier analysis and the local nondeterminism property; the second is
based on the Malliavin calculus and Wiener-Ito6 chaos expansion. We will apply the Fourier
analysis approach for the one-parameter case and the Malliavin calculus approach for the
multiparameter case.

4.1 The one-parameter case

Let BIK = {BHK(1)t € R.} be a bifractional Brownian motion with indices H and K in
R¢. For any closed interval I C R, and for any = € R?, the local time L(z,I) of BA-K is
defined as the density of the occupation measure pu; defined by

pur(A) = /I]lA(BH’K(S)) ds, A € B(R%).

13



It can be shown [cf. Geman and Horowitz (1980) Theorem 6.4] that the following occupation
density formula hods: For every Borel function g(¢,z) > 0 on I x R?,

/Ig(t,BH’K(t)) dt = /Rd/lg(t,x)L(x,dt) dzx. (4.1)

Lemma 2.3 and Theorem 21.9 in Geman and Horowitz (1980) imply that if 1/(HK) > d
then Bf'K has a local time L(xz,t) := L(z, [0,t]), where (x,t) € R? x [0,00). In fact, more
regularity properties of L(x,t) can be derived from Theorem 3.14 in Xiao (2007) which we
summarize in the following theorem. Besides interest in their own right, such results are also
useful in studying the fractal properties of the sample paths of BH:X.

Theorem 4.1 Let BTK = {BH:E (1) t € R} be a bifractional Brownian motion with indices
H and K in R, If 1/(HK) > d, then the following properties hold:

(i) BYE has a local time L(x,t) that is jointly continuous in (x,t) almost surely.

(11) [Local Holder condition] For every B € B(R), let L*(B) = sup,crd L(z, B) be the
mazimum local time. Then there exists a positive constant c,, such that for allto € Ry,

L*(B(t
lim sup 7( (fo, 7))

<c a.s. 4.2
o o1 (7”) > Gy ( )
Here and in the sequel, B(t,r) = (t —r,t + 1) and @1(r) = r'~HE(loglog 1 /r) K4,

(#7i) [Uniform Hoélder condition] For every finite interval I C R, there exists a positive finite
constant c, , such that

L*(B(t
limsup sup M

<c a.s., 4.3
r—0  toel  P2(T) 2 (4.3)

where @o(r) = r1=HEd(log 1 /r)HKd,
Proof By Proposition 2.1 and Lemma 2.3, we see that the conditions of Theorem 3.14 in

Xiao (2007) are satisfied. Hence the results follow. O

The following states that the local Holder condition for the maximum local time is sharp.

Remark 4.2 By the definition of local times, we have that for every interval @ C R,

d
QI = /L(x, Q)dz < 1*(Q) - ( max [BH(s) - BIE (1)) (4.4)
BHKE(Q) $EQ
By taking @ = B(to,r) in (4.4) and using (3.32) in Remark 3.6, we derive the lower bound
in the following
L*(B(t
o < i B0 1)

<c a.s., 4.5
nst o) S Caa (4.5)
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where ¢, ; > 0 is a constant independent of ¢y and the upper bound is given by (4.2). A
similar lower bound for (4.3) could also be established by using (4.4), if one proves that for
every interval I C R,

e 1B () - B
iminf inf max
r—0 tel seB(tr) rHk/(logl/r)HE = "5

a.s. (4.6)

Theorem 4.1 can be applied to determine the Hausdorff dimension and Hausdorff measure
of the level set Z, = {t € R, : BT (t) = 2}, where x € R%. See Berman (1972), Monrad and
Pitt (1987) and Xiao (1997, 2007). In the following theorem we prove a uniform Hausdorff
dimension result for the level sets of BfK,

Theorem 4.3 If 1/(HK) > d, then with probability one,
dim,Z, =1— HKd for all x € R% (4.7)

where dim,, denotes Hausdorff dimension.

Proof It follows from Theorem 3.19 in Xiao (2007) that with probability one,
dim,Z, =1—- HKd forall z €O, (4.8)
where O is the random open set defined by

0= U {xGRd: L(z,[s,t]) >O}.

s,t€Q; s<t

Hence it only remains to show @ = R? a.s. For this purpose, we consider the stationary
Gaussian process Y = {Y(t),t € R} defined by Y (t) = e K BH.K (¢!) using the Lamperti
transformation.

Note that the component processes of Y are independent and, as shown in the proof of
Proposition 2.1, they are strongly locally ¢-nondeterministic with o(r) = r2#5 . Tt follows
from Theorem 3.14 in Xiao (2007) that Y has a jointly continuous local time Ly (z,t), where
(z,t) € RY x R. From the proof of Proposition 2.1, it can be verified that Y satisfies the
conditions of Theorem 2 in Monrad and Pitt (1987), it follows that almost surely for every
y € R? there exists a finite interval J C R such that Ly (y,J) > 0.

On the other hand, by using the occupation density formula (4.1), we can verify that the
local times of B™X and Y are related by the following equation: For all z € R? and finite
interval I = [a, b] C [0, 00),

L(z,I) = / eU=HE)s [ (e HES 1 ds). (4.9)
[log a,logb]

Hence, there exists a.s. a finite interval I such that L(0,1) > 0. The continuity of L(x,I)
implies the a.s. existence of § > 0 such that L(y,I) > 0 for all y € R? with |y| < 4.
Observe that the scaling property of BA% implies that for all constants ¢ > 0, the scaled
local time ¢~ —HED [,(z ct) is a version of L(c~ "z t). It follows that a.s. for every z € R?,
L(z,J) > 0 for some finite interval J C [0, c0). O
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Since there is little knowledge on the explicit distribution of L(0, 1), it is of interest to
estimate the tail probability P{L(0,1) > x} as  — oo. This problem has been considered
by Kasahara et al. (1999) for certain fractional Brownian motion and by Xiao (2007) for a
large class of Gaussian processes. Our next result is a consequence of Theorem 3.20 in Xiao
(2007).

Theorem 4.4 Let BHE = {BHK(t) t € R} be a bifractional Brownian motion in R? with
indices H and K. If 1/(HK) > d, then for x > 0 large enough,

—logP{L(0,1) > z} < 2K, (4.10)

where a(z) =< b(z) means a(x)/b(z) is bounded from below and above by positive and finite
constants for allr large enough.

Proof By Proposition 2.1 and Lemma 2.3, we see that the conditions of Theorem 3.20 in

Xiao (2007) are satisfied. This proves (4.10). O

Let us also note that the existence of the jointly continuous version of the local time and
the self-similarity allow us to prove the following renormalization result. The case d =1 has
been proved in Russo and Tudor (2006).

Proposition 4.5 If 1/(HK) > d, then for any integrable function F : R® — R,

tHKd—l/ F(BHK(u)) du ﬂ ﬁL(O, 1) as t— oo, (4.11)
[0.,2]

where F = Jga F(x) dx.

Proof It holds that

/ F(B™X (u)) du :t/ F(B™E (tv)) du it/ F(t"KBEE () dv.  (4.12)
(0,4 0,1] 0,1]

By using the occupation density formula, we derive

/ F(BHK(U)) du = t/ F(tHK:ﬁ) L(x,1)dx = t'-HEd / F(y) Lyt 85 1) dy. (4.13)
[0,¢] R4 R4

Since the function y — L(y,1) is almost surely continuous and bounded, the dominated
convergence theorem implies that, as t — oo, the last integral in (4.13) tends to F L(0,1)
almost surely. This and (4.12) yield (4.11). O

16



4.2 Oscillation of bifractional Brownian motion

The oscillations of certain classes of stochastic processes, especially Gaussian processes, in
the measure space ([0, 1], A1), where A; is the Lebesgue measure in R, have been studied,
among others, by Wschebor (1992) and Azais and Wschebor (1996). The following is an
analogous result for bifractional Brownian motion.

Proposition 4.6 Let B"K be a bi-fBm in R with indices H € (0,1) and K € (0,1]. For
every t € [0,1], let

_ BH’K(t+€) _ BH’K(t)

- cHE :

Z(t)
Then the following statements hold:

(i) For every integer k > 1, almost surely,

/1 (Zg(t))k dt — B(p") as € — 0,
0

where p is a centered normal random variable with variance o = 217K

(i) For every interval J C [0,1], almost surely, for every x € R

MfteJ: Z.(t) <z} — M(J)P(p < 2) as ¢ — 0.

Proof Let us denote .
Yok = / (Z.(t)F dt.
0
It is sufficient to prove that

Var(YE’k) <c(k)e®  for some ¢(k) and 3 > 0. (4.14)

Then the conclusions (i) and (ii) will follow as in Azais and Wschebor (1996) by the means
of a Borel-Cantelli argument.
Note that

1 1
Var(YE’k) —/0 /0 COV(ZE(u)k, Ze(u)k) dudv.

We will make use of the fact that for a centered Gaussian vector (U, V),

COV(Uk, Vk) = Z c(p, k) [Cov(U, V)]* [Var(U)Var(V)}k P,
1<p<k

Since the random variable Z. has clearly bounded variance [cf. Lemma 2.3], it suffices to
show that for every 1 < p <k,

1 1
/0 /0 [E(Z:(u)Z(v))]" dudv < ¢, ; €” (4.15)
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We can write

/ / P dodu = 2 / / toveo) [E(Z2(w) Z2(0))]P dvdu

+2/ / ]l(u_vzg) [E(ZE(U)ZE(U))]dedU
0 Jo

= A+ B.
Clearly A < ce, hence it suffices to bound the term B. Note that

E(Z Ze( dbd .
( () Z:(v) 52HK/U E/v . 0adb @

> 2HK -
ggb(a,b) =Sk [(QQH I sz)K 2 2H-132H-1 _ QHK —1)|a— b‘zHKfQ} 7
a

we have

1 pu—ce 1 U v K—2 p
B<c(p,HK) / / L_QHK / / (a* + 1) aQH—leH—ldbda} dvdu
0 JO u—e Jv—e

1 u—e 1 u v p
+c(p,H,K)/O /0 |:52HK/ / \a—b|2HK2dbda} dvdu

:= By + Bs.

Since

The term Bs can be treated as in the fBm case [see Azais and Wschebor (1996), Proposition
2.1] and we get By < ce” for some constant 3 > 0. Finally, since 2% + p2HEK > gHEKpHK
we can write

1 pu—e 1 u v p
B; <c¢(p, H, K)/ / [QHK/ / oI 1pH K1 dbda] dvdu
0 JO € u—e Jv—e
1 pu—e s, HK HKN\P 7, HK HEKN\ P
ut — (u—¢) v — (v —¢)
_c(p,H,K)/O /0 < K > ( HK ) dvdu
2
1/ HK HEKN\P
ut — (u—¢)
<c [/0 ( HK > dvdu] .

A change of variable shows that By < ce2(1=H#K)  Combining the above yields (4.15). There-
fore, we have proved (4.14), and the proposition. O

The above result can be extended to obtain the almost sure weak approximation of the
occupation measure of the bi-fBm B#¥ by means of normalized number of crossing of BH ’K,
where Bf K represents the convolution of B with an approximation of the identity ®.(t) =
%CD (é) with @ = 1j_; . If g is a real function defined on an interval I, then the number of
crossing of level u is

Nu(g, ) = ##{t € I : g(t) = u},
where #FE denotes the cardinality of E.
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Proposition 4.7 Almost surely for every continuous function f and for every bounded in-
terval I C Ry,

<g> v et~ it /OO f(u)NU(Bf’Kvl) du — /Oo f(u)L(u,I)du as € — 0.

Proof The arguments in Azais and Wschebor (1996, Section 5) apply. Details are left to
the reader. Il

4.3 The multi-parameter case

For any given vectors H = (Hy,...,Hy) € (0,1)" and K = (Ki,...,Ky) € (0,1]%, an
(N, d)-bifractional Brownian sheet B?X = {BH:X(t),t € RY} is a centered Gaussian random
field in R? with i.i.d. components whose covariance functions are given by

N
1 2H,  2H\%i e
B (B ()8 0) =11 5k; [(Sj )T - SjIZHJKJ]‘ (4.16)
j=1

It follows from (4.16) that, similar to an (N, d)-fractional Brownian sheet [cf. Xiao and
Zhang (2002), Ayache and Xiao (2005)], B¥¥ is operator-self-similar in the sense that for
all constants ¢ > 0,

{BTE (cAt), t e RV} £ {CNBH’K(t), tERN}, (4.17)

where A = (a;;) is the N x N diagonal matrix with a; = 1/(H;K;) for all 1 < i < N and

a;; =0if 7 # j, and X 2 Y means that the two processes have the same finite dimensional
distributions. However, it does not have convenient stochastic integral representations which
have played essential roles in the studies of fractional Brownian sheets. Nevertheless, we
will prove that the sample path properties of B¥-X are very similar to those of fractional
Brownian sheets, and we can describe the anisotropic properties of B! in terms of the
vectors H and K.

We start with the following useful lemma.

Lemma 4.8 For any € > 0, there exist positive and finite constants c,, and c, s such that
for all s,t € g, 1]V,

N N

K HK HE )2 K
c4,72|sj—tj|2HJKJSE[(Bl (s) = BIW) | S e Do Iy~ P, (48)

J=1 J=1

and
N N
O S R detCov(Bf{’K(s),Bf’K(t)> < Y lsp— PN (419)
j=1 j=1

Here and in the sequel, detCov denotes determinant of the covariance matriz.
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Proof We will make use of the following easily verifiable fact: For any Gaussian random
vector (21, Za),
detCov(Z1, Z3) = Var(Zy)Var(Zs|Zy), (4.20)

where Var(Z;) and Var(Z3|Z;) denote the variance of Z; and the conditional variance of Zs,
given Z7, respectively.
By (4.20) we see that for all s,¢ € [¢, 1]V,

detCov (B{LK(S), B{LK(t)) - E[B{M(s)ﬂ Var(BiH’K(tMBlH’K(s))

<E[B{"(s)?] E[(BfLK(S) _ Bf,K(t)y} (4.21)

Since Var (BfK(s)) is bounded from above and below by positive and finite constants, it is
sufficient to prove the upper bound in (4.18) and the lower bound in (4.19). Both of them
are proven by induction.

When N = 1, Lemma 2.3, Proposition 2.1 and (4.20) imply that both (4.18) and (4.19)
hold. Next we show that, if the lemma holds for any BH-% with at most n parameters, then
it holds for B™X with n 4 1 parameters.

We verify the upper bound in (4.18) first. For any s,t € [e, 1]} let 8’ = (s1,. .., 8n, tnt1)-
Then we have

E [(Bf’K(S) = Bf’K(t))Q] < 2E[<Bf’K(S) - Bf’K(Sl)ﬂ

(4.22)
T 2E [(Bf{’K(s’) - Bf{’K(t)>2] .

For the first term, we note that whenever s1,...,s, € [¢,1] are fixed, Bf¥ is a (rescaled)
bifractional Brownian motion in s,11. Hence Lemma 2.3 implies the first term in the right-
hand side of (4.22) is bounded by c|t, — s,|?"+1Kn+1 where the constant c is independent
of s1,...,5, € [6,1]. On the other hand, when t, 1 € [e,1] is fixed, BK is a (rescaled)
(N, d)-bifractional Brownian sheet. Hence the induction hypothesis implies the second term
in the right-hand side of (4.22) is bounded by ¢ > 7_, [¢; — sj|*i%i. This and (4.22) together
prove the upper bound in (4.18).

Suppose the lower bound in (4.19) holds for any
N =n+1, we have

BMK with at most n parameters. For

n+1

detCov (Bf"(s), BM (1)) = [] 62" 21
7j=1

(4.23)

n+1 1 9
-11 9K, {(tiHj 550 |ty — Sj\ZHjKj] :
J
j=1

By splitting the right-hand side or (4.23) and using the induction hypothesis, we derive
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that

detCov(B{"*(s), Bi"™ (1))

n+1
2
_ 2HjKj 2HjKj 2H1K1 2H1K1 1 2H1 2H1 Kl 2H1K1
= Htj 55 s] t] 90K, (tl + 57 ) —|t1—51|

j=2
H Hi\K 2
+ t2 1 +82 1 T tl — 5 2H1K1:|
92K {( 1 ) | (4.24)
ook, omk, 7 1 2H 2H;\ K 2
X{Htj s =1 g (6574 5575 — 1ty — 5205 }
=2 j=2
n+1
>cy syt
j=1
for all s,t € [,1]¥. This proves the lower bound in (4.19). O

Applying Lemma 4.8, we can prove that many results in Xiao and Zhang (2002), Ayache
and Xiao (2005) on sample path properties of fractional Brownian sheets, such as the Haus-
dorff dimensions of the range, graph and level sets and the existence local times, hold for
BHEK a5 well.

Theorem 4.9 is concerned with the existence of local times of BHX.

Theorem 4.9 Let BTE = {BHﬁK(t), te Rf} be an (N, d)-bifractional Brownian sheet with

parameters H € (0,1)N and K € (0,1)N. Ifd < Z;V:1 = then for any N-dimensional
IR

closed interval I C (0,00)N, BHE has a local time L(x,I), x € RY. Moreover, the local time

admits the following L?-representation

L(x,I) = (27r)_d/ e~ Hy) /e"y’BH’K(S)> dsdy, = eR% (4.25)
R I

Remark 4.10 Although the existence of local times can also be proved by using the Malliavin
calculus [see Proposition 4.15 below], we prefer to provide a Fourier analytic proof because:
1) we can compare in this way the two methods and 2) the above theorem gives in addition
the representation (4.25).

Proof Without loss of generality, we may assume that I = [¢, 1]V where ¢ > 0. Let Ay be
the Lebesgue measure on I. We denote by p the image measure of Ay under the mapping
t — BHE(t), That is, u(A) = An{t € I : BEE(t) € A} for all Borel sets A C R%. Then the
Fourier transform of p is

A(e) = / it BIEW) gy (4.26)
I
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It follows from Fubini’s theorem and (4.18) that

B[ m@fac= [ [ [ m(ee s OO deasar
Rd Rd

- // (BPK (s) BHK( ))2}(1/2 dsdt (4.27)

dsdt.
// ‘SJ_HQHK]d/Q

The same argument in Xiao and Zhang (2002, p. 214) shows that the last integral is finite
whenever d < Zjvzl ﬁ Hence, in this case, i € L?(R%) a.s. and Theorem 4.9 follows from
the Plancherel theorem. [l

Remark 4.11 Recently, Ayache, Wu and Xiao (2007) have shown that fractional Brownian
sheets have jointly continuous local times based on the “sectorial local nondeterminism”.
It would be interesting to prove that BH-X is sectorially locally nondeterministic and to
establish joint continuity and sharp Hoélder conditions for the local times of BH-X.

Now we consider the Hausdorff and packing dimensions of the image, graph and level set
of BH:K _In order to state our theorems conveniently, we assume

O<HHK1<..<HyKy<1. (4.28)

We denote packing dimension by dimg; see Falconer (1990) for its definition and proper-
ties. The following theorems can be proved by using Lemma 4.8 and the same arguments as
in Ayache and Xiao (2005, Section 3). We leave the details to the interested reader.

Theorem 4.12 With probability 1,

N
. . . 1
dlmHBH’K([O, 1]N) = dlmPBH’K([O, 1]N) = min {d; Z e } (4.29)
and
dim, GrB™* ([0,1]") = dim, GrB"* ([0, 1]")
N 1 : N 1
{ LomE ¢ oL sl
2j—1 mr, TN —k+ (1 - HgKy)d if >75- mr, Sd4< > i1 K

where Z] | T K, K =0.

Theorem 4.13 Let L, = {t € (0,00)" : BHE(t) = z} be the level set of BHX. The
following statements hold:
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(i) If Zévzl H% < d, then for every z € R* we have Ly =0 a.s.
1) If N: A > d, then for every x € R and 0 < € < 1, with positive probability
7j=1 Hj
dimy, (L, N [g, 1]N) = dim,, (L, N [e, 1]N)

k
H
:min{z;+N—k—de, 1§/<:§N}

i (4.31)

o Ml L

k .
=S TE LN k- Hid, if Y - <d<y
H; < H, < H

4.4 A Malliavin calculus approach

Using the Malliavin calculus approach, we can study the local times of more general bifrac-
tional Brownian sheets. Consider the (N x d)-matrices

F: (Hh"-)ﬁd) and F:(Kl,...,Kd),
where for any i =1,...,d
H;=(H;1,...,H;n) and K;=(K;1,...,K;n)

with H; ; € (0,1) and K;j € (0,1] for everyi=1,...,dand j =1,...,N.
We will say that the Gaussian field BHE s an (N, d)-bifractional Brownian sheet with
indices H and K if

BEE (1) = (Bﬁl (t),...,BHd(t)> . te0,00)N

and for every i = 1,...,d, the random field {BE (), t e Rﬂ\r] } is centered and has covariance
function
- o o N
E (BT () BT R (s)) = RIFu(s, 1) = T R0 (55, ),
j=1

As in Subsection 4.1, the local time L(z, t) (t € RY and z € R?) of BH.K is defined as
the density of the occupation measure u;, defined by

1y(A) = /[0 ﬂ 1A (BTK(s)) ds, A€ BRY).

Formally, we can write



where §, denotes the Dirac function and 5m(B£I K) is therefore a distribution in the Watanabe
sense (see Watanabe (1984)).

We need some notation. For x € R, let p,(x) be the centered Gaussian kernel with
variance o > 0. Consider also the Gaussian kernel on R? given by

d

pg(az):Hpg(xi), x=(z1,...,24) € R
i=1

Denote by H,,(x) the n—th Hermite polynomial defined by Hy(x) = 1 and for n > 1,
dn 2

H,(z) = (—nl')” exp <:U22) Jgn OXP <—%>, z € R.

We will make use of the following technical lemma.
Lemma 4.14 For any H € (0,1) and K € (0,1], let us define the function

RHKE (1, 2)
HK

QH,K(Z) = S (O, 1]

z

and Qu,x(0) = 0. Then the function Qu k takes values in [0,1], Qu (1) = 1 and it is
strictly increasing. Moreover, there exists a constant 6 > 0 such that for all z € (1 -9, 1),

(Qu,k(2)" < exp (—c(6, H,K)n (1 — z)QHK) ) (4.32)

Proof Clearly, the Cauchy-Schwarz inequality implies 0 < Qg x(2) < 1. Let us prove
that the function Qp i is strictly increasing. By computing the derivative Q}iK(z) and

multiplying this by z/%+1 we observe that it is sufficient to show
(1—2)2H5= 1 4 2) — (1 4+ 2K (1 - 22H) > 0 for all z € (0,1). (4.33)
If HK < 3, since (1 + 2#)K=1 < 14 2 the left side in (4.33) can be minorized by

(14 220K ((1 ) kA ZQH) and this is positive since (1 — 2)2#K-1 > 1,
IfHK > %, we note that

(1—2)2HE=0 0 4 2) 4 (14 2 E12H > (1 — ) (1 4 2) + (1 + 22 K152
> (14 22)K1(1 = 22) 4 (14 22)K-1,2 > (1 4 2H)K-1

and this implies (4.33). Concerning the inequality (4.32), we note that

Quk(2)" =exp(nlogQuk(2)) > exp(—n(l — Qu .k (2))).

Now by Taylor’s formula

(14 22K HE < oK L o(H K, 6)(1 — 2)?
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and therefore
1
Qu Kk (%) < 1+C(H,K,5)(1—z)2—2—K(1—2)2HK

1
<1+ c(H K,o)(1 — z)?HE§2-2HE _ g (1- z)HIK,

The conclusion follows as in the proof of Lemma 2 in Eddahbi et al. (2005), since
1
1-Qui(2) > 5 (1- 2)2HK(1 — ¢(H, K, 9))

for any z € (1 —4,1) with § close to zero and with ¢(H, K, ) tending to zero as 6 — 0. [

The following proposition gives a chaotic expansion of the local time of the (IV,d)-
bifractional Brownian sheet. The stochastic integral I,,(h) appeared below is the multiple
Wiener-Ito integral of order n of the function i of nN variables with respect to an (IV, 1)
bifractional Brownian motion with parameters H = (Hy,...,Hy) and K = (Ky,...,Ky) .
Recall that such integrals can be constructed in general on a Gaussian space [see, for example,
Major (1981), or Nualart (1995)]. We will only need the following isometry formula:

N
E(In(ﬂfgﬁ) (]I%’Z]))_n'RHK(t $)"1 1:[ it 5)) Dpnemy  (4.34)

for all s,t € Rf.

Proposition 4.15 For any x € R? and t € (0, 00)N, the local times L(z,t) admits the
following chaotic expansion

L, ) = Z Hp $2H K, € H,, ﬂ (]1[0 s}( )®m) ds, (4.35)
0.4 gniliK; SH

n1,...,ng>0

where s = s1---sy and sHiKi = H;VZI sfi’jKi’j. The integrals If” denotes the multiple Ito

stochastic mtegmls with respect to the independent N -parameter bifractional Brownian motion
BHiyK'

Moreover, if ZJ 1 H*K* > d, where HY = max{H;;:i=1,...,d} and K; = max{K;; :
i=1,...,d}, then L(z, t) is a random variable in L*(9).

Proof The chaotic expression (4.35) can be obtained similarly as in Eddahbi et al. (2005)
or Russo and Tudor (2006). It is based on the approximation of the Dirac delta function
by Gaussian kernels with variance converging to zero. Let us evaluate the L?(€) norm of
L(zx, t). By the independence of components and the isometry of multiple stochastic integrals,
we obtain

L@ o= % /Otdu/Otdeﬁm VB () REF i (w0, (4.36)

m>0ni+--+ng=m i=1
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where

p§2ﬁi?i (xz) i
B, (u) = W H,, GHK; )

By Propositions 3 and 6 in Imkeller et al. (1995) [see also Lemma 11 in Eddahbi et al.
(1995)], we have the bound

B () Bn; (V) < ¢y g ! - ! (4.37)

861
(ni vV 1)% QniHiKiQniHiKi

for any 3 € [f,1). Using the inequality (4.37), we derive from (4.36) that ||L(z, t)3 is at
most

2.z (

m>0ni+---+ng=m i

d
RH”’K” (uj,v)™

du/ dv J

= ) /[Ot] [0,4] HH T“H”K”

i=17=1

1 (1
d

=c> Y (H( )H/ ujdu]/ (HQHM’KZ.J(Z)M>CZZ (4.38)

m>0n1+--+ng=m > i=1 nz\/l
d
et S ([t T ([T m o)
m>0ni+--+ng=m il(

where we have used the change of variables u; = u; and v; = z;ju;. Using the above lemma
and as in the proof of Lemma 2 in Eddahbi et al. (2005), we can prove the bound

1

/ (HQ Hij K >dz<c4um_2H;K;. (4.39)

Here ¢, ,, = ¢, ,,(H,K) depends on H, K. Finally, (4.39) implies that

HL(ac,t)n%s@,mme ) T (ﬁl)

m>1 n1etng=m Ni=1 (n; V1)

(4.40)

PN e td(- 25
304,1327” 112HJK ( 5 ) ’
m>1
where ¢, ,, and ¢, , depend on H, K and t only. The last series in (4.40) converges if

ZN:Z i (1—%61). (4.41)

7=1

;V 1 ﬁ > d implies the required

condition (4.41). O

To conclude, observe that by choosing ( close to %, >
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We recall that a random variable F' = " I,(f,) belongs to the Watanabe space D*? if

1FII2.2 = Y (1 4+m)™ [ Ln(fa)l3 < oo

n>0

Corollary 4.16 For every t g@,m)N and x € RY, the local time L(z,t) of the (N,d)-
bifractional Brownian sheet BT belongs to the Watanabe space D*? for every 0 < a <

ZN _ 1 _ 4
j=12H7K; ~ 2°

Proof This is a consequence of the proof of Proposition 4.15. Using the computation
contained there, we obtain for any 3 € [%, %),
2 sl a0-2Bt) 1N ke
| L(z, t)”a,Q §C4,14(H’K7d’t) Z(1+m)am A

m>1

which is convergent if a < Z;V:1 ﬁ —d(1 -8y 1 Eé\le ﬁ Choosing 3 close
to %, we get the conclusion. O
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